3 Differential Calculus in R"

3.1.
Determine the first order partial derivatives of the following functions, defining them in the largest
possible domain.
2
Tt —yr, yF

a)f(z,y,2) = 3wy + % — zy + 2% b) f(z,y) =
z, Yy ==

Solution: a) fg’D:3y—i-2ac;f?;:?)ac—?i;f;;:_y‘f‘%;qu/;:Df?;:Df;:Rzi
b) fr=2z—yifz#yand f, =0ifx=y=0; fy =—xifz#yand f,=0ifz =y =0
Df, =Df, =R*\{(a,a) : a # 0}

— 1
3.2. Show that f(z,y) = % is a solution of the equation
Ty

of of 2

or Oy x4y

in any of the sets defined by x +y > 0 or z +y < 0.

3.3. Consider the function
eV —(r—y+1)

, TFY
flz,y) = Y
0, =1y
a) Discuss the continuity of f(z,y) at (1,1).
b) Check that f;(a,a)+ f;(a,a) =0, Va € R.
Solution:
a) f is continuous at (1,1).
3.4. Given the function
22 — 42 2 220
fany) = 22 + o2 T2yt F#
0 , x=y=0

compute the directional derivatives at (0,0), whenever they exist.
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Solution: d- f(0,0) exists for ¥ = (o, a) and ¥ = (o, —a), @ € R\ {0}. In that case, & f(0,0) = 0.

3.5. Consider the function f : R? — R defined by

2
Y ,x#0
_ ) ey
f(x7y)_ 9

0 ,x=20

a) Show that f admits a directional derivative at (0,0) along any direction and compute it.

b) Show that f is not continuous at (0,0).

c) Without performing any calculations, state the value of gi(o, 0) and of gf(O, 0).
Y
,82
— se o 75 0 af af
Solution: a) 9, 6 f(0,0) =< ¢ , (o, B) € R?\ {(0,0)}. c) %(0,0) = 8_;1;(070) = 0.
0 sea=0

3.6.

Study the differentiability of the following functions at the proposed points and obtain the expression of
the first order differentials (in case they are differentiable).

Ty, TFY
a) f(z,y) =2* +y°, at point (0,0); b) f(x,y) = ; at (1,1);

zy — 2y + 3z, T FEy
¢) flz,y) = ,at (0,0); d)y=(2*+1,2), at z =1;
22?4+ 32 -2y, x=y

Solution:

a) f is differentiable at (0,0); Df(0,0)(h) = 0;

b) f is not differentiable at em (1,1);

c) f is differentiable at (0,0); Df(0,0)(h) = 3h; — 2hy;
d) y is differentiable at z = 1; Df(1)(h) = (2h, h).

3.7. Write down the expressions of the first order differentials of each given function, at the proposed points:
a) f(xz,y) =y*, at a generic point (a,b), with b > 0;

T — X2 + 3

b) f($1,l‘2,$3) = \/%7—1

, at (1,-3,2).
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Note: Admit that the functions are differentiable.

Solution: a) Df(a,b)(h) = b*logb.hy + ab® L.hy b) Df(1,-3,2)(h) = hy — hy — 2h3.

3.8. Show that the following functions are continuous but not differentiable at the given points:

—3z(y —2)2 4+ 23 |
ST i) £ 02)
a) fz,y) = ,at (0,2).
L 0, if (z,y) = (0,2),
2377y, if 22+ y2 £0
_ ) vat+y?
b) g(z,y) = at (0,0)
0, ife=9=0,
c) h(z,y) = v/|z|cosy, at (0,0).

3.9. Use the chain rule to compute

a) pre where f = 2?93, knowing that z = te e y =t + 1;
d 1
b) dfjt?’ where f = u? + v3, knowing that u = E, v=(x+2y)P ex = Y= tg t;
Yy
) &, knowing that 22y t int
¢) —, knowing that z = ——= e x = cost, y = sint.
dt & 2 +y? Y

d) Vf(1,1), where f(z,y) = sin(2u — v® + w), knowing that u = ey = ay? e w = 23y

e) gf(o, 1,1), where f(z,y,2) = (u2 — 31))57 knowing that u = e en = ln(y2z3);
Y
£) Vf(1,2,3), where f(z,y,2) = g(u,v,w), with u = 5z + 32, v = 8z + 2y, w = —y + » and knowing that
Vg(14,12,1) = (4,5,6).

Solution:
a) & = 2te(t + 1) (2 + 1) + 6t3e2 (¢ + 1)%;
b) % = —2;15513 — 2;15%;,2% + 9(—;15 + 2sec’t)(1 + 2tg )% ¢ ‘fi—i = 2 —4sin?t; d) Vf(1,1) =

(4cos2,—6cos2); e) G(0,1,1) = =30; f) V£(1,2,3) = (60,4,18).

3.10. If a function f(u,v,w) is differentiable at u = 2 —y, v = y — z and w = z — x, show that setting
F(z,y,2) = f(x —y,y — 2,2z — x) we have

OF OF OF

o oyt ="
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3.11. Consider the function

(z — 1)y

woigre @w#L0

g(w,y) =
0, (z,y) = (1,0)

a) Determine the partial derivatives g, (x,y) and g, (z,y), as well as their domain of definition.

b) Show that g, (x,y) and g, (2,y) are continuous over R?.
c¢) Study the differentiability of f at (1,0).
d) Discuss the continuity of f at (1,0).

Solution: ( w ( v
2(x — 1)y 2(x — 1)*y

| T @A L0 e @) #(10)

a) g5 (2,y) = 9y(z,y) =
0, (z,y) = (1,0) 0, (z,y) = (1,0)
Therefore, Dy, = Dy = R2. ¢) g is differentiable at (1,0). d) g continuous at (1,0).
3.12. Let f : R? — R be a function defined by
1
(l‘2 + yQ) sin ﬁa if (l‘, y) 7& (07 0)
flay) = Ve
0, if (z,y) = (0,0).
a) Compute g‘:};(0,0) and g]yc(0,0).
. Of T :
b) Determine a—(az, y) and show that it is discontinuous at (0, 0).
Y

c¢) Check thatf is differentiable at (0,0).

d) Compute 6(%%)]”(0, 0).

e)Discuss the continuity of f at (0,0).
Solution:
a) fz(0,0) = £,(0,0) = 0;

2y sin 1 -y L cos —— , (x,y 0,0
b) fy(w,y) = Va2 ty? Va2 +y? Va2 +y? E ; # EO 0; ;d) 0; e) f is continuous at (0,0).
9 w? y = 9
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3.13. Use the function ]
sinx

, y#0
g(z,y) =
0, y=0

and the point (0,0) to show that a function with finite partial derivatives at a given point is not necessarily
continuous at that point. Is the given function differentiable at (0,0)? Why?
Solution:

The function is not continuous at (0,0), and so it is also not differentiable.

3.14. Considerer the function f : R? — R defined by

xy )
fla,y) =
0, if (xz,y) = (0,0).
a) Show that f is continuous at (0,0).
0 0
b) Determine 8—£(0,0) and 85(0,0).
c¢) Show that f is not differentiable at (0,0). Without performing any calculations, what can you conclude
0 0
about the continuity of or e of at (0,0)?
or Oy

Solution:
b) f2(0,0) = f,(0,0) =0 c) Since f is not differentiable at (0,0), at least one of the functions f; or f, is
not continuous at (0, 0).

3.15. Let f : R2 — R be the function defined by

z(z —y)
flz,y) = Ty
0 ifx+y=0

ifx+y#0

a) Study the continuity of f at (0,0)
0
b) Compute the partial derivative 8f and discuss its continuity at (0, 0).
x

c¢) Study the differentiability of f at (0,0).

of of
d) Show that (8:6(0’0)’ 8—y(0, 0)> . (72, 72) #0655 f(0,0). Comment on the result.

272
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2 4
3.16. Compute of and of

for f(z,y, 2) = 222%y + xye®.

Ox? 012020y’

3.17. Compute f7,, fy, and fi7, for each of the following functions, indicating the corresponding domain
of definition:
ysinz, y#0
a) f(z,y) = zsin(z +y); b) f(z,y) =

0

2, Yy

3.18. Compute the differential of order 2, 3 and 4 of the function f(z,y) = \/zy at (1,1).

3.19. Determine the differential of order n of the function f(x,y) = sin(z + y), at the point (0,0).

3.20. Show that f(x,y) = log(e” + e¥) satisfies the (differential) equation

8 f 0°f (82f )2:0

Wa_gﬂ B dxdy
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everywhere in R2.

of

ou

0
(0,0) = —f(o,o) = 1. Also, let g : R — R be

3.21. Let f € C?(R?) be a real function such that 3
v

defined by
g(z,y) = f(ysen z,y?).

Show that the Hessian matrix of g at (0,0) is given by [ (1) ; ] .

3.22. Consider f: R? — R defined by

f(z,y) = zy* + g(u,v,w), com v =sen y*, v=1Inz e w = ye.

0% f

Assumingt that g is of class C%(R?), compute 3
yOx

(1,0).

Solution: 24 (1,0)=e (%(0,0,0) + 3—3(0,0,0)).

3.23. Show that the following functions are homogeneous or positively homogeneous. Determine in each
case the degree of homogeneity and verify Euler’s identity.

e (525) @00

Tty 2 2 + y2
) ) =105 I ) fan) = YU ) flay) -
0, (z,y) = (0,0)
Solution:
a) f is homogeneous with degree 0;
b) f is positively homogeneous with degree —1;
c¢) f is homogeneous with degree 1.
3y 4 Pt

3.24. Study the function g(z,y, z) = 22 + 2%y?73 — 23998 ¢ de h(z,y) = , with respect to its

3—p
Y
homogeneity in terms of the parameters a, 8 € R,

a) Using the definition.

b) Using Euler’s identity.

Solution:
g is homogeneous with degree 2 for o = —% and g = %;
h is homogeneous with degree a + 3 for = a+4,a € R.
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3.25. Assuming that g(u,v) is differentiable (ZC, z), with =,y # 0, show that
y x

flz,y,2) =2>g (x z) :

y

satisfies the identity x f; +y f, + 2 f, = 2.f. Interpret this results in terms of homogeneity.

Solution: f is positively homogeneous with degree 2.

3.26. Let f(x) : R™\ {0} — R be an homogeneous, nonconstant function with degree 0. Show that liH(l) f(x)
X—

does not exist.

3.27. Consider the function f : R?> — R definida por

flz,y) =In (miyy>

Write down Taylor’s formula with degree 2, around (1,1).

1. 1, 1/ 3
= —In2+h+k+=
n+2+2+(

(I+h)(1+E)
C2+htk 4

Solution: In T hok

1 3
2 - _ Y12
5 | —gh?+ ghk = 7k ) +rg(h, k).
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