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1. Determine and classify all critical points of f(z,y, 2) = 22* + 92+ 22 —ay? + 2 — 2z.




2. Compute // z(y — 1)dzdy, where Q = {(z,y) e R* ;o +y > 1,y < 1—2% 2z > 0}.
Q

Solution:

3. After certain economic considerations, it was possible to establish the following

differential equation, for the dynamic equilibrium price of a given commodity.
y'(@) +ay'(x) +by(x) =c,

where y(z) is the price at time x and a, b, ¢ are known constants.
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librium price y(x). Provide a long run estimate ({ — 400) of the equilibrium

(a) Assuming that a =1, b= 2, ¢ =1, and y(0) = ¢/(0) = 1, determine the equi-

price.

Solution: Substituting all the given parameters in the differential equation,
we get the initial value problem y”(z) + y/(z) 4+ sy(x) = 1,y(0) = ¥/(0) =
1. Using the superposition principle, the general solution to this linear non-
homegeneous equation can be obtained as y(z) = yn(x) + y,(z), where y,(z)
is the general of the homogeneous equation and y,(z) is a particular solution

of the equation.

i. Solution of the homegeneous equation. The characteristic polynomial
is given by P(D) = D?+ D+ 1 and has two complex roots, —1 + 3i. Hence
we have

() = 7% (crcos 3 + casin )
= oy m — .
YT € 01(30S2 Co S 9

ii. Particular solution of the equation. Since the right hand side is a
constant, we shall try a particular solution of the form y,(x) = k, which

leads to y,(z) = 2.



(b) Show that if a = 0 and b > 0, the equilibrium price is a periodic function of z.

4. Suppose that the total income in a closed economy, denoted by Y;, follows the

difference equation Y; = 2Y;_1 — Y;_o + GG, where G is a known constant.

(a) Set Yo =Y; =10, G = 2 and determine the total income Y}, for any ¢ > 2.




(b) What should be the value of G for the total income to be linear in ¢7?

Point values: 1. 3,0 2.20 3. (a)2,5(b)0,5 4. (a)1.5(b) 0.5
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1. Classify the quadratic form Q(z,y, z) = 422 + 4xy + 2y — 2yz + 222. Is there any vector
(a,b,c) € R? such that Q(a,b,c) = 0? And such that Q(a,b,c) < 0? Justify.

2. Consider the function f : R? — R defined by f(z,y) = In(y — |z|) + /1 — 22 — 2

(a) Determine the domain of f, Dy, analytically and represent it graphically.




(b) Determine the interior and the boundary of D;. Decide if Dy is open and if Dy is

compact. Is Weierstrass’s theorem applicable to f in D7 Is f bounded from below
in Dy? Justify.

3. Let f:R? = R be given by

(a) Compute the directional limits at (0, 0).

(b) Show that f is continuous in R2.




(c) Compute the directional derivatives at (0,0).

4. Suppose that the income (Y') is a function of capital and labor, Y = K 1211/2 and that
both capital and labor are functions of time (¢). Use the chain rule to compute Y'(t),

considering K = t, L = t.

5. Compute the second order Taylor polynomial of f(z,y) = y?e® around (0,0) and use it
to estimate f(0.1,0.1)

Point values: 1. 1,5 2. (a) 1,5 (b) 1,5 3. (a) 1,0 (b) 1,5 (¢) 1,0 4. 1,0 5. 1,0



