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Part 11

1. Consider the function f(z,y) = 2% — 6xy + ¢5.

(a) Determine and classify its critical points.

Solution: The critical points of f are the solutions of the nonlinear system
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The critical points are (0,0), (1,1) and (=1, —1). In order to classify them

we need to compute the Hessian matrix, given by
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Computing the determinants of the principal minors for each critical point,
we get:

(0,0): Ay =0,Ay = —36 # 0, saddle point.

(£1,£1) : Ay =30 > 0, Ay = 30%> — 62 = 864 > 0, local minimum points.

(b) Show that f does not have a global maximum.

Solution: Since f is differentiable in an open set (R?), the global maximum
would occur at a critical point, that would also be a local maximum. However,
according to (a), there are no local maximum points, and so there are also

no global maximum points. Alternatively, we observe that f(z,0) = % is



2. Compute // vy?dr dy, where Q = {(z,y) € R?: 22 + 9> < 1Az > 0}.
Q

3. Consider an economic model where Qg and @Qp are the quantity supplied and de-
manded, respectively, and these quantities relate to the market price of a given
good, P(t), according to the formulas

QS = Q =+ (Ilp(t) + a2P’(t) =+ (I3P”(t)
Qp = bo+ b1 P(t)+ b P'(t) + bgP"(t),

where ap, g, (1,2,(13,b0, bz, b3 € R with as 75 b3 and ay 7é bl.

(a) Show that if we assume that QQp = Qg for all ¢ > 0, the price level follows the

differential equation

P"(t)+ aP'(t)+ pP(t)=~, t>0 (1)

where a = (ag—bs)/(az—bs), f = (a1 —b1)/(az—b3) and v = (by—ay)/(as—bs).




1

5 and 7y = 1, given

(b) Determine the solution of equation (1), with o = 1,5 =
the initial conditions P(0) = 10, P'(0) = 0.




(¢) Propose values of a, § for which the price level P(t) is periodic in time (sea-

sonal).

Point values: 1. (a) 2,5 (b) 1,0 2. 2,0 3. (a) 1,0 (b) 2,5 (¢) 1,0



Part 1

a 1 b
1. Consider the matrix A= |1 —-1 0
b 0 =2

(a) Set a =1,b =0 and compute the eigenvalues of A, as well as the eigenvectors

associated with one of the eigenvalues.

(b) Let @ : R® — R be defined by Q(x) = &’ Az. Show that if a > 0 the quadratic
form @ is indefinite.

Vy—2
2. Let f:Q C R? — R be defined by the expression f(z,y) = ln(?gJ/—xf)



(a) Determine the domain of f, €, analitically and geometrically.

(b) Determine the boundary of © and decide if the set is open.

(c) Sketch the zero levelset Cy = {(x,y) € Q : f(x,y) = 0} and show that Cj is

bounded but not compact.




3. Consider f(z,y) ={ /22 +4® y

(a) Compute %(0,0) and g(o, 0).

(b) Check if f is differentiable at (0,0).




4. Let f : R — R be a function of class C* and define h(z,y) = 2 f(zy). Show that
for every x # 0 the following equation holds:

oh oh

Point values: 1. (a) 1,5 (b) 1,5 2. (a) 1,5 (b) 1,0 (¢) 1,0 3. (a) 1,0 (b) 1,5 4. 1,0



