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Part 11

1. Each week an individual consumes quantities X,Y of two given goods and works

for L hours, with a satisfaction level measured by the function
1 1 1
S(X,Y,L) = ZlnX—l— ZlnY—l— §ln(40 — L), (X,Y,L>0,L<40).

His budget is determined by the number of working hours, according to the relation

2X +4Y =8L.

(a) Show that the satisfaction function S(X,Y, L) does not have global extrema
over the set Q = {(X,Y,L) e R*: X >0,Y >0,L >0, L < 40}.

Solution: We will show that S can take arbitrarily large positive or negative
values over 2. We can do so by considering the partial function given by
f(X) = S(X,1,39) = 1InX, which can take any real value, since it is a
continuous function of X > 0 such that

Xh_{{)l-i- f(z) = —o0 and Xl_lg_loo f(X) = +o0.

(b) Assuming that there exists a triplet (X*, Y*, L*) that locally maximizes S(X,Y, L),

given the budgetary restriction, determine it.

Solution: We are searching for local maximum points of S(X,Y, L), subject
to the restriction 2X 4 4Y — 8L = 0. Both the objective function and the
restriction are continuously differentiable functions over the set €2 defined in
(a), and the Jacobian matrix of the restrictions J = [2,4, —8] has maximal
rank, and so a local maximum must occur at a critical point of the Lagrangian

1 1 1
LY, LA) = 7 InX + 2InY + 2 In(40 — L) — A(2X +4Y —8L)



2. Compute / / (xy + 1)dz dy, where Q is the region bounded by the curves y = z?
Q

and y = z, for z € [0, 1].




3. Solve the initial value problem y” + 2y’ + y = 4et, with y(0) = 1, v/(0) = 2.

4. Solve the differential equation 2%y’ + (2? — 1)y® = 0, for * > 1, considering the




initial condition y(1) = 1.

Point values: 1. (a) 1.0 (b) 2.5 2. 2.0 3.25 4.20



Part 1

1. Classify the following statements as true or false, providing a proof or a counter-

example, respectively.

(a) If v € R™\ {0} is an eigenvector of A € R"*" it cannot be associated with two

different eigenvalues.

(b) If A =2 is an eigenvalue of A € R"*" then A — 2] = 0.

2. Classify the quadratic form Q(z,y, z) = xy + 2% + yz + 4xz.



3. Let f: Q C R? — R be defined by the expression f(z,y) = /22 — y++/1 — 22 — y2.

(a) Determine the domain of f, ), analytically and geometrically.

(b) Determine the boundary of Q and decide if the set is closed.




Since all boundary points are already in the set €, we have that Ad(f2) =
int(2) U Bdy(Q2) = 2, which means that €2 is closed.

(c¢) Show that f has a global maximum point (z*, y*) € Q and that 1 < f(z*,y*) <

1+2.

Solution: As we have seen in (b), 2 is closed and, because 2 C Bs((0,0)),
Q) is also bounded. Since €2 is closed and bounded, it is compact. Also, f
is continuous, because it is the sum of two continuous functions (they are
the composition of the polynomial functions 2% — y and 1 — 22 — y? with the
continuous function /-). Because  is compact and f : Q — R is continu-
ous, Weierstrass’s theorem guarantees that f attains a global minimum and
maximum over 2. The maximum point (z*,y*) is a point where the global

maximum value is attained.

Regarding the inequalities 1 < f(z*,y*) < 1 + /2, we can see that i. Since
f(0,0) = 1 and f(z*,v*) > f(z,v), (z,y) € Q, we must have f(z*,y*) > 1;
i /22 —y+ /122 -2 <{/1-(-1)+vV1-02-02=1++2

Tyz
2 2 2 Y ($7 y? Z) # <O7 O’ 0)
4. Show that f(x,y,2) =¢ V¥ +y +=z is continuous in R3.
0 ) (:L‘,y,Z):(0,0,0)

Solution: When (z,y,2) # (0,0,0) f is the quotient of two continuous func-
tions: a polynomial and the square root of a continuous positive function, where
the denominator does not vanish; and is therefore a continuous function. When
(xz,y,2) = (0,0,0), f is continuous if

lim = _ £(0,0,0) = 0.
(@.9,2)—(0,00) /22 + 92 + 22

Now, since

N P S R
Va2 +y?+ 22 T2+ yr 422 ey 4 22

=@ +y*+2°) =0, (2,9,2) = (0,0,0)

we conclude that f is also continuous at (0,0,0) and so it is continuous over R?.



5. Consider f(z,y) = z?ysin(z +y).

(a) Compute the partial derivatives f, f, and show that f is differentiable in R?.

(b) Let G(u,v) = f(uv,u — v). Using the chain rule, compute G/ (1,1).

(c¢) Using Taylor’s formula approximate f by a polynomial of degree two, when

(x,y) is close to (0,0).




Point values: 1. (a) 0.75 (b) 0.75 2. 1.5 3. (a) 1.0 (b) 0.75 (¢c) 1.0 4. 1.5 5. (a) 1.0
(b) 1.0 () 0.75



