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ABSTRACT

The main result of this dissertation is the proof of the triple sum series formula for the
price of an European call option driven by the Variance Gamma process. With this in-
tention, we present some notions and properties of Lévy processes and multidimensional
complex analysis, with emphasis on the application of residue calculus to the Mellin-
Barnes Integral. Subsequently, we construct the Mellin-Barnes integral representation, in
C3, for the price of the option and, buttressed with the aforementioned residue calculus,
we deduce the triple sum series representation for the price of the European option and
its corresponding greeks. Finally, with the use of the new formula, some values for a

particular case study are computed and discussed.

KEYWORDS: Lévy Process; Variance Gamma Process; Multidimensional Complex

Analysis; Mellin Transform; Option Pricing.



RESUMO

O resultado principal desta dissertagdo € a demonstragao da formula de serie de soma
tripla para o preco de uma opg¢ao Europeia induzido por um processo Variance Gamma.
Com esta inten¢do, apresentamos certas propriedades e nocdes sobre processos de Lévy
e andlise complexa multidimensional, dando énfase a aplicacdo do célculo de residuos ao
integral Mellin-Barnes. Subsequentemente, iremos construir a representacdo na forma do
integral Mellin-Barnes, em C?, para o preco de uma opgio e, apoiados pelo anteriormente
mencionado célculo de residuos, deduziremos a representacdo em serie de soma tripla
para o preco de uma op¢ao Europeia e os seus correspondentes gregos. Para terminar,
dando uso a nova formula, serdo computados e discutidos alguns valores para um caso de

estudo particular.

PALAVRAS-CHAVE: Processo de Lévy; Processo Variance Gamma; Andlise Com-

plexa Multidimensional; Transformada de Mellin; Valorizacdao de Opcoes.
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1 INTRODUCTION

One of pivotal tasks of mathematical finance is the pricing of financial derivatives,
such as options, yet it can be an arduous task to develop a model that is both consistent
with the empirical evidence, soluble and its numerical estimation neither erroneous nor
time consuming. One of the first attempts to solve this quandary, was the Gaussian model
first introduced by Fischer Black and Myron Scholes in [7], and latter expanded by Robert
Merton in [21], aptly named the Black-Scholes model, where the nondeterministic vari-
able in the underlying asset is modeled by a geometric Brownian motion. Its simplicity
and the admission of a close formula for the option price, are the main reason why, till
this day, it remains the most used model by market practitioners. Still the model fails
to account for either sudden price drops or raises that can be expressed as discontinuous
price jumps; moreover it assumes the volatility to remain constant for changes in relation
to the strike price and time to maturity contrary to the empirical data and, furthermore
the distributions of asset returns have been shown to be negatively skewed and exhibit

fat-tails which is not captured by the symmetric Gaussian model.

Many generalizations of the Black-Scholes model have been introduced, such as mod-
els with stochastic volatility or regime switching multifractal models, but the one we will
be examining assumes that the underlying asset price dynamics is described by a Lévy
Process, namely the Variance Gamma process, first proposed by Dilip Madan and Eugene
Seneta in [17].

The descriptive power of models based on Lévy processes for accurately portray-
ing financial markets (not displaying the aforementioned problems present in the Black-
Scholes model) has been known since the works of Benoit Mandelbrot [20] and Eugene
Fama [11], and with the advent of technology and computer development have been gain-
ing traction in recent decades. Yet, the Black-Scholes model remains mostly ubiquitous,
the main reason for this state of affairs, is that pricing models based on Lévy processes, at
best, admit a semi-closed pricing formula, or prices must be computed must be computed

by numerical simulations.

In recent years, in order to circumvent this problem, a more theoretical approach has
been undertaken directed at a-stable Lévy processes, L®? (see [24]). The first ma-
jor breakthrough, presented by Peter Carr and Liuren Wu [9], was the restriction of
parameter 3, of L*®, to —1, forcing negative skewness and the existence of condi-
tional moments of all orders and thus guaranteeing the existence of a martingale mea-
sure and finite option values. Independently, research carried out by Rudolf Gorenflo
and Francesco Mainardi among others into the space-time fractional diffusion equations
(D] — DY) g (x,t) = 0, where ;D] is the Caputo fractional derivative and D2 the
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Riesz-Feller fractional derivative, has yield important results (see [19], [12], [18] and [13]
for more details). Namely its solution, the Green Function gfm (x,t), can be represented

by a Mellin-Barnes integral of a Gamma fraction

c1+100

0 _ 11 I —2)ra—t) x "
9T 1) = o / DL = 22)T(o2t)T(1 - =0, ((—;m)l/a) M

. 2
c1—100

S I

and for the case where v = 1, (1) describes the probability distribution of an «-stable
Lévy process. The last piece of the puzzle, came from the works of Mikael Passare,
August Tsikh and Oleg Zhadanov in [23], [22] and [27], where they ascertained that
under certain conditions Residue Calculus can be applied to a Mellin-Barnes integral of a

Gamma fraction converting it into a multiple sum series.

Finally, Jean-Phillipe Aguilar, Cyril Coste and Jan Korbel, in their works [1], [2]
and [3] used the green function (1) to express the price of an European option as a Mellin-
Barnes integral and applying the previously mentioned results developed by Passare et al,

were able to arrive at a series representation for an European call option

Ke ™ o0 n
Ca/y(Sv K,T,M,T) = a Z n|F 71)
S " m—-n
X (— log 7T ,uT) (—/M”)1+T (2)

This dissertation takes after these works. Due to the Variance Gamma process being
expressed by the difference of two Gamma processes we will need to extended the Theo-
rem for the representation of the Double Mellin-Barnes Integral by a sum of residues, pre-
sented in [27], to the Triple Mellin-Barnes Integral case. Subsequently, we will develop
a Mellin-Barnes integral representation for the price of an European call option under the
Variance Gamma model, and similarly to [1], will use the previous result to express the
aforementioned call option price as a triple series representation, and complement it, with

the corresponding formulas for the greek functions.

This dissertation is organized as follows: Section 2 will introduce preliminary con-
cepts such as Lévy processes, the Variance Gamma process and Multi-dimensional Residue
Theory and discuss some of their properties. In Section 3, we will prove the representa-
tion of the triple Mellin-Barnes Integral by a sum of residues Theorem. In Section 4 we
present the main results of this thesis, the derivation of the triple series representation for
an European call option under the Variance Gamma model, and the subsequential greek
functions. In Section 5 taking advantage of the data in [25] we will test the accuracy of

the Variance Gamma formula and its greeks. The last section is dedicated to conclusions.



PRELIMINARY THEORY LEVY PROCESSES

2 PRELIMINARY THEORY

2.1 Lévy Processes

Fist we start by giving a brief summary of Lévy processes. We will enumerate, without
proof, concepts, definitions and propositions, that are basal for the derivation of the main
results of this thesis. A more in depth overview of this subject can be founded in the

textbooks [4] and [10]. We start by formally defining a Lévy process.

Definition 1 (Lévy Process). Let X = {X; : t > 0} be stochastic process in the proba-
bility space (X2, F, P). We say X is a Levy process if:

1. Xo=0, (a.s.)

2. X has independent stationary increments, i.e. for any n € N partition of time

intervals 0 = ty < t; < ... < t, < 0o, the random variables X, , — Xy, are
independent and Xy, , — X, 4 X1ty Jorall 0 < j < n.
3. X is stochastic continuous, i.e. for any o > 0 and s > 0, we have:
1imP(|Xt—XS| >a)=0 3)
—S

Note that the property of independent stationary increments, implies that Lévy pro-
cesses are infinity divisible, and reflects the weak market efficiency hypothesis, that is,
present and past values and historical trends cannot be used to predict the future value of
assets. Also observe that Brownian motions are a particular case of Lévy processes, still
Lévy processes do not impose trajectory continuity, this laxity will permit the replication

of price jumps observed in the market.

To have a better grasp of a Lévy process behavior consider its decomposition:

Theorem 1 (Lévy-Itd decomposition). Let X be a Lévy process. There exists a vector b €
R%, a Brownian motion process B4 with covariance matrix A € R*>? and an independent

compensated Poisson measure N onR* x R? such that X; can be decomposed as:

Xt:bt+BA(t)+/ xN(t,dx)+/ N (t, dx) 4)
ja|>1

lz|]<1

Theorem 1 states that every Lévy process can be view as the sum of a drift component
bt, a diffusion component given by the Brownian motion B4 (t), a small jumps component

expressed by f|m|<1 ©N (t, dz) and a big jump component given by f‘x|>1 N (t, dx).
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While the Lévy-Itd decomposition may thoroughly describe the behavior of a Lévy
process, we may also want a more succinct description fitter for describing more complex

processes.

Theorem 2 (Lévy Khintchine). Let X be a Lévy process then there exists a vector b € R,
a positive defined symmetric matrix A € R¥™? and a Lévy measure v on R\ {0}, such

that, for all u € RY, the characteristic function of X, will be given by:

(u, Au) N

/ [ — 1 —i(u, y) L1 (v)] v(dy) | 3 (5)
RI\{0}

ox,(u) =exp t | ilbu)—

where a Lévy measure is a Borel measure defined in R% \ {0} such that

/ min{Jy[2, 1}v(dy) < oo ®)
R4\ {0}

Since any Lévy process can be completely described by the triplet (b, A, v), its charac-
teristic function becomes a ubiquitous way of presenting it. processes such as the CGMY,
the Generalized Tempered Stable, the Finite Moment Log-Stable, among others, are gen-

erally described this way rather than by their Lévy-Itd decomposition.

We must now inquire about the computation of option prices using Lévy processes.
The Black-Scholes model assumes the absence of arbitrage and market completeness.
Further, since an equivalent martingale measure QQ exists if and only if the market is
arbitrage free, and Q is unique if and only if it the market is complete, then the Black-
Scholes model ensures the existence and uniqueness of Q. Recall that QQ is equivalent to
the real observed probability measure PP, and S,e=(r=at g martingale under Q. Therefore

asset price dynamics under (Q will be given by:
2*) ;4B
St = Ste(T_q_ 2 ) +BT, where 7 =T — t. 7

As might be expected, considering Lévy processes are much more encompassing than
diffusion processes, neither market completeness nor absence of arbitrage are guaranteed.
Since we will be using the Variance Gamma process which has both positive and negative
jumps, as can be seen in (11), absence of arbitrage will be achieved, on the other hand,
market completeness will not. Among the plurality of possible martingale measures, for
simplicity and due to its verisimilitude with real market results, we will chose the mean
correcting martingale measure. Under this measure asset price dynamics will be:

r—q)m+ X7 ~log (%g (—z’))

Sp = Sel ®)
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Note that these dynamics mirror the Black-Scholes case and that S;e~("~9* is martin-
gale under Q. Therefore using the risk neutral valuation formula we can finally express

the price for an European call option as:
C(S,K,r,T)= e rmOTREQ

r—g)T+X%—Io —1 i
<S€< - x3-t08(6,0(-)) K) ] o)

Formula (9) will be the one used to prove our main result in Section 4.

2.2  Variance Gamma Process

The main result of this dissertation will be the computation of a triple series sum
for the price of an European option driven by the Variance Gamma model. Therefore,
our next course of action, will be to briefly introduce the two equivalent definitions of
the Variance Gamma process and their respective properties. The proof of the properties
are straightforward, yet for a more thorough overview of Variance Gamma process we
recommend, [17], [16] and [25].

Definition 2. The Variance Gamma process Xy (t;0,v,0) is a Brownian motion 0t +
oB(t) ~ N(0t,c*t) with drift 0 € R and volatility o > 0, coupled with an independent

subordinator gamma process G} ~ Gamma(t/v,1/v), where t > 0 and v > 0, that is:

Xve (t;o,v,0) = 0G{ + 0 B(GY) (10)

Under this definition one can, by direct computation, easily arrive at the following

properties:

Proposition 1. The characteristic function, mean, variance, skewness and kurtosis of the

Variance Gamma process Xy (t; o, v, 0) are respectively given by:
e Characteristic function: ¢yg(u,t;o,v,0) = (1 — wubv + azyu2/2)_%
e Mean: E[Xyq(t)] =0
e Variance: Var[Xyg(t)] = 0% + v6?
o Skewness: Skew[Xya(t)] = Ov(302 + 2v0%) /(0 + v0?)3/2
o Kurtosis: KurtXve(t)] = 3(1 4+ 2v — vo*(0? + v6%)7?)

While expression (10) is the original definition of the Variance Gamma process, the
following, due to its expedience, will be the one we will use to prove our main result in

section 4.
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Definition 3. The Variance Gamma process Xvy¢ (t;C,G, M) is the difference of two
independent gamma processes G} ~ Gamma(Ct,1/M) and G? ~ Gamma(Ct,1/G):

Xva(t;C,G, M) = G; — G} (11)
Analogously to the previews definition one can easily arrive at the following properties
by direct computation:

Proposition 2. The characteristic function, mean, variance, skewness and kurtosis of the

Variance Gamma process Xy (t; C, G, M) are respectively given by

MG -
MG+ iu(M — G) + u?

e Characteristic function: ¢y(u,t;C,G, M) =

Mean: E[Xyq(t)] = C(G— M)/(MG)

Variance: Var[Xyq(t)] = C(G* + M?)/(MG)?

Skewness: Skew[Xyq(t)] = 2C7V2(G3 — M3)/(G? + M?)3/?

Kurtosis: Kurt[Xvea(t)] = 3(1 4+ 2C~HG* + M*)/(M? + G*)?)

Lastly, observe that the characteristic functions for both definitions will the same after

-1
1 9212 2 0
application of variable changes C' = —, G = ( Ty + % — 71/) and M =
v

1
022  o?v Qv .
1 + - + -5 , that is, they are the same process.

2.3 One-Dimensional Residue Calculus

This subsection will summarize some results of one dimensional complex analysis, for
the proofs or a more in depth theory overview we recommend the textbooks [15] and [5].
The first thing to recall is the definition of residue of a meromorphic function f on an

isolated singularity a:
1
Res, f = —./f (12)
2mi ),

where 7 : [0, 1] — C is the closed path v(t) = a + re*™ for r small enough.
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Consider the Laurent expansion f(z) = >~ _ ¢,(z — a) on the singularity a. The
previous definition is equivalent to Res, f = c_;. The residue computation for some
functions is facilitated by this last result, for example, the residues of the gamma function

=[5~ ¥ 'e*dx can easily be seen to be:

‘ o _ =
Res_, I'(z) = Zlgglo(z +n)'(z) = - (13)
The logical next step will be to generalize the expression (12) for any open set A. This

leads us to the Cauchy’s Residue theorem:

Theorem 3 (Cauchy’s Residue Theorem). Letf be a meromorphic function in an open

set U, and 7y a closed chain in U \ A homologous to 0, where A is the set of poles of f in
U, then

5 / f=Y Wy(a) Res, f (14)

a€A

where W, (a) = L[4 s the winding number, that is the number of times the path ~

2w Jy w—a

circumvents counterclockwise the pole a.

Now say we want to compute the integral on the real axis ffooo f(z)dz = ]%l—I)I;o f_RR f(z)dz
Consider v to be a path consisting of a segment on the real line [— R, R| and an upper
semi-circle S3 := {z € C: ]z\ = R,Im(z ) > 0}, then the path integral can be written as
the sum f_RR f(z)dz+ [o f st z)dz. If [ f st 2)dz — 0 as R — oo, we can take advantage
of the Cauchy Residue theorem and conclude the integral ffoo f(2)dz will be given by
2mi times the sum of the residues of f on the set of its singularities, /V, in the upper plane
II, ={z € C:Im(z) > 0}. Formally:

Theorem 4 (Jordan Theorem). Let f be a meromorphic function in C continuous on R
(hence, it lacks any singularities in R). If there exists a constant ¢ such that for |z| big
enough we have |f(z)| < o for some oo > 1, then limp o fSR f = 0 which in turn
implies that

/ f(2)dz = 2mi Z Res, f (15)

a€NﬂH+
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2.4 Multidimensional Residue Calculus

Now let us extrapolate the previous results and definitions to the general multidimen-
sional case. A more in depth theoretical overview of multidimensional complex analysis
can be found in the textbooks [14] and [6].

Definition 4 (Grothendieck Residue). Let h and f;, for any index i € {1, ...,n}, be func-

tions in C", where h is holomorphic. Consider the meromorphic differential n-form:

h(z)dz
w=——""—"—, dz=dz N..Ndz,, (16)
fi(2)-fu(2) 1
which has the singularities Dj = {z € C : f;(z) = 0}, such that the intersection (\;_, D;

is discrete. The Grothendieck residue on a singularity a € ﬂ?zl Dj is defined as

1
= 17
Res, w (2} /Ca w (17)

where C, = {z € U, : |f;(2)| =€, =1, ...,n} is a cycle in a small neighborhood U, of

the singularity a with the orientation d(arg f1) A ... A d(arg f,) > 0.

Before proceeding we will formalize the concept of a multidimensional polyhedron
in C". The two following definitions will underpin most of the theorems from sections 3
and 4.

Definition 5 (Polyhedron). Consider a proper (the inverse images of a compact set are
compact) holomorphic map g : C* — G where G = G1 X ... X G, is a domain (connected
open subset of a finite-dimensional vector space) where, for each j = 1,....n, G; C C
is a domain with piecewise smooth boundary. We define a polyhedron 11 as the inverse

image:
=g '(G) (18)
and for a multi-index K = {ky, ..., k,} C {1,...,n} we define the polyhedron’s faces as
ok :={2:gu(2) € 0G) fork € K, gj(z) € G, forj € K} (19)

Definition 6 (Compatible divisors). Consider the polyhedron 11 and the family of divisors

.....

o,ND; =0 (20)
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Analogously to the one dimensional integral on the real-axis (15), we may want to
compute an integral fa w where w is the meromorphic form (16) and o is the boundary
of an polyhedron II. For an unbounded polyhedron we need the integrand to vanish as it

goes to infinity. To achieve this goal let us introduce the auxiliary functions

2
b — /il
J 29
/1

forany j € {1,...,n} 21

where ||f||> = [f1]> + ... + | fn]*. Using the functions (21) we define the differential
(n,p — 1)-forms as

&= (=1 pdpylj] A (22)

jeJ
where J = {j1,....js} C {1,...,n}, for 1 < s <mn,is amulti-index, (j, J) is the position
of j in set J and dp;[j] = dpj, A ...[j]... A 0,.. We now define the multidimensional

condition analogous to limp,o [¢ f(2)dz = 0.

Definition 7 (Jordan condition). Consider the sphere Sp = {z € o : ||z|| = R}, where
0 = 012, 1S the boundary of the polyhedron 11. A differential form & ; satisfies the Jordan
condition on face o jo, where J° = {1, ...,n}\ J, if there exists a sequence of positive real
numbers Ry, that goes to infinity, such that

lim £,=0 (23)

k—oo SRk n 50

Note that for n = 1, there exists only one form £ = w and thus the condition (23) cor-
responds to unidimensional condition lim,_, ., f Sn f(2)dz = 0. For the multidimensional
case consider the set N = {z € C" : || f(2)|| = 0} =, D;, we thus gave:

Theorem 5 (The Jordan Lemma). Let w be a meromorphic form with the polar divisors

.....

fies the Jordan condition on the face o jo, we get
/w = (2mi)" Z Res, w (24)

The Jordan’s Lemma proof can be found in [23] with a step taken from [14].
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3 MELLIN-BARNES INTEGRAL

We will start by enumerating concepts and properties for the one-dimensional and
three-dimensional Mellin-Barnes integral, which will be crucial when proving the main
result of this dissertation. For a more in dept look at Fourier, Laplace and Mellin Trans-

forms and their corresponding properties the book [26] is recommended.

3.1 One-Dimensional Mellin-Barnes Integral

Definition 8 (Mellin-Barnes Integral). The Mellin-Barnes Integral is given by a ratio of

products of Gamma functions of linear arguments

_ 1 e I Tlayz + b))
2m y—ioco szl F(CkZ + dk’)

B(t) - tdz (25)

where its characteristic quantity, A, is defined by

iS]

A=) a;-) a (26)

7=1 k=1

Before proceeding let us state the Stirling’s approximation of the gamma function

1

['(z) = V212220 (1 + —) T> V2mz 22 (27)
z z|—00

Equipped with this expression one can easily see how A governs the behavior of the

ratio of Gammas as |z| — 0o, and therefore which residues, of the singularities to left or

to right of the strip, one will sum to compute the integral (25):

5% D(asz ) \ s, .
) S Res,, ( ész(CZHdi))t ifA >0
@(t) _ e(sn)<7

— Z ReSSn <M> t—sn lfA <0

P T(cpz+d
Re(sn)>’y Hk,1 (k Ic)

(28)

For example, one can express an exponential term e” as a Mellin-Barnes integral:

y+ioco
. =" _ _,dt
n=0 ;
Y—1i00

where v > 0.

10
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3.2 Multidimensional Mellin-Barnes Integral

Let us now extend the Mellin-Barnes integral to the general multidimensional case.

Definition 9 (Multiple Mellin-Barnes Integral). The Multiple Mellin-Barnes integral is

given by a ratio of products of Gamma functions

o [0
O(t) = —<2m>n7+w T Tae) @ (30)

where sj(z) =Y "'_ a2z, +bj and qi(2) := > _, Crvz, + dy, are multi-linear functions

and the terms t=* and dz represent t{ ' ...t *» and dz = dz;...dz,, respectively.

In order to simplify the notation for complex numbers, from now on we will use the
notation x,, := Re(z,), y, := Im(z,), for any v = 1, ..., n, and we will denote the vectors

with coefficients a;, and ¢;, by a; and ¢; respectively.

Theorem 6. Let S; = {y € R" : |y| = 1} be the unit sphere in R". Consider the constant

m p
o= ?Elégll <Z|<ijy>|_2|<gj’y>|) (3D
=1 Jj=1

J

and the domain set
U={te(C"\0)": |argt,| <m, v=1,..,n,|argt]| < (7/2)a} (32)
The Multi Mellin-Barnes integral in (30) converges absolutely fort € U.

Proof. See Appendix. [

11
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3.3 Three-Dimensional Mellin-Barnes Integral

In this section, similarly to what we did previously for the unidimensional case, we
will present the triple Mellin-Barnes integral and deduce its formula as a sum of residues.

To achieve this end let us first consider its integral form:

s

F(aﬂzl + anZQ + aj32’3 + bj>

<
Il
—

1
O(t) = e / 757273 dzy Ndzg ANdzg (33)

~+iR3 F(cklzl + CroZo + Ci3z3 + d])

Bl
It

Henceforth, for brevity, we will denote the 3-form integrand of (33) by w. Its zeroes
will be the complex planes LY = {(21, 22, 23) € C®: aj121 + ajozs + ajzzs + bj = —v},
forany v € Nand j € {1,...,m}, which represent each singularity given by the gamma

functions present in the numerator of the form w. We will also denote the vectors a; :=

;1 k1
aja|> ¢ i= |ake | and, most importantly, define the characteristic vector as
53 a3
m p
A=Y"a-Y ¢ (34)
j=1 k=1

Suppose that A is a nonzero vector. In this case, we can define the plane P where its
real part intersects the point v and has A as its normal vector, i.e. Pa := {2z € C? :
Re((A, z)) = Re((A, 7))}, and thereupon we can define the admissible-polyhedra, 11,
as the real volume "below" Pa, ie. [T := {z € C?: Re((A, 2))) < Re({A, 7))}

Taking into account all these previous demarcations, we can construct an admissible
polyhedron IT C Ila, that will be uniquely defined by the linear function g : C3 — G,
where IT = ¢g7!(G) and

9(z) = |n2| (Re(2) =) +iIm(2), (35)

ns

with the image G = {z € C? : Re(z1) > 0, Re(22) > 0,Re(z3) > 0}, i.e the first octant.

12
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From (19) and (35) we can ascertain that its only vertex is o; 23 = 7y and that n;, n,

and ng are the normal vectors of the faces o1, 05 and o3 of the polyhedron:

o1 ={z € C*: Re((ny, 2)) = Re((ny, 2)),

Re((ng, 2)) = Re((n2, 2)), Re((ns, 2)) = Re((ns, 2))}  (36)
oy = {z € C*: Re({ny, 2)) > Re((ny, 2)),

Re((n9, z)) = Re({ns, 2)), Re({ns, z)) > Re((ns, 2))} (37)
o3 = {z € C*: Re({ny, z)) > Re((ny, 2)),

Re((n2,2)) > Re((n2, 2)), Re((ns, 2)) = Re((ns, 2))}  (38)

If the polyhedron was providently constructed, we can balkanize the singularities, L%,

into three distinct sets, such that they are compatible with the polyhedron, i.e.:

D, = U Ly, Dy = U LY, Dy = U LY (39)

Je{l,...m} je{l,...,m} J€{l,...,m}
veN veN veN
L¥No1=0 L¥Noa=0 L¥No3=0

Theorem 7 (Residue formula for the Triple Mellin-Barnes integral). Let w be the 3-form
integrand of (33) with characteristic vector A # 0 and divisors D1, Dy and D3, defined
in (39), compatible with the admissible polyhedron 11 C 11, then the sum formula holds:

1
Erng / W= Z Res; w (40)

'y+iR3 tellInD1ND2NDg

where the series on the right-hand side converges absolutely for any t € U, for U defined
in (32).

Proof. See Appendix. [
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4  OPTION PRICING DRIVEN BY A VARIANCE GAMMA PROCESS

Equipped with the results of the previous chapter we will now center our attention
in deducing the main result of this thesis, the formula for the price of an European call
option under the Variance Gamma model. Similar to the derivation present in [1], we will
arrive at this result in two steps. First we will derive the Mellin-Barnes representation for
the aforementioned call option and secondly we will use residue calculus to derive the

triple sum series formula.

4.1 Mellin-Barnes Representation for a Call Option

Before computing the call option price let us recall that from (11) the Variance Gamma

process can be defined as the difference between two independent gamma processes:
Xva(r;C,G,M) =G} - G2 (41)

where G ~ Gamma(C7,1/M) and G? ~ Gamma(C7,1/G) for G > 0, M > 0 and
G > 0. The probability density function of a gamma process G ~ Gamma(a, () is given
by

ota (@) = 2o (42)

Given these definitions we can now state and derive the Mellin-Barnes integral repre-

sentation in C? for an European call option under the Variance Gamma model.

Proposition 3 (Mellin-Barnes representation for a Call Option under Variance Gamma).
Let us denote [log] := log 2 + (r — q)7 — ut and consider the polyhedra P;, P, C C3
defined by:

P:={2€C?:0<Re(z1) <1, 0 < Re(zs), 0 < Re(z3) < Cr, (43)
Re(z1) + Re(z2) + Re(z3) > 1 +2CT}
Py:={2€C?:0<Re(z1) <1, 0 <Re(z) < Or, 0 < Re(z3) < C7} (44)

Then, the price of an European call option driven by the Variance Gamma process is

given by the formula:

K(GM)Cre=r=a)7

OVG(S7K7TaM7T) - F(CT)Q

(I\I/G(S7 K7 T:M’T)

+ 1[10g]>0112/G’(S7 K7 717;”77—)) (45)

14



OPTION PRICING MELLIN-BARNES REPRESENTATION FOR A CALL OPTION

where, for any ¢, € Py and c,, € P5, we define I}, and I, as:

LS K, p,7) =
) LT )T ()1 = (Cr — t, ) T(=1 = 2CT +t + t, + )
/ (=1) I(1—Cr+t,)

(< +iR3

dt dt, dt,
— — 4
21 A 21 4 21 (46)
r't,)ra—-o)rCr—t,)rCr—t,)
r2+207 —t—t, —t,)

% M—tx G—ty (_ [log] ) 142CT—t—tr—ty

., (T(t,

]\2/0(57 K, T,M,T) = / (_1)CT t—tg ( ) ( )
22+iR3

dt dt, dt,

— AN — AN —=

% M—th—ty 1 1:2CT—t—tz—1y
[log] omi " omi 2mi

(47)

Proof. For the mean correcting martingale measure QQ in (7) the price of an European Call

Option under the Variance Gamma process (41), according to (9), is defined as:

CvalS, K, p,7) = e”TEE|(Sr — K)'] (48)
= e_(T—q)T]EQ[(SB(T_Q)T—MT-FXVG(T;C,G,M) o K)+] (49)

“+o00 “+o00
p—— / / (Selr=07=nm+2= _ [0t ger () gga (y)da dy  (50)
0 0

+o0o +0oo
= Ke 97 / / (elos+=y — 1) geu (2) gz (y)da dy (51
0 0

By definition G! ~ Gamma(C7,1/M) and G ~ Gamma(C7,1/G), hence from

MCT Cr—1,_-Mz

(42) their probability density functions are given respectively by gg1 () = (o e

and gez2 (y) = FG(S;) y© e~ thus:

K(GM)CTe~lr=ar
['(CT)?

+0c0 400 I
« / / (e[log]+m—y _ 1) I‘CT_le_MxyCT_le_GdeE dy (52)
0 0

CVG(S7 K7 T, K, 7-) =

In order for the term (e°8172=¥ — 1)¥ to be different from zero we must have y < z +
[log]. Also notice, that by definition, both = and y are non-negative, hence the acceptable

values of x and y are constrained to the green area of Figure-1.
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If [tog] > 0 If [log] <0

Y

FIGURE 1: Area of variable (z,y) constraint

According to Figure-1, the values for which the integral is not zero are given by the
set {(x,y) € R?: —[log] < z, y < = + [log]} with the removal of the values in the set
{(z,y) € R?: —[log] < z < 0, y < = + [log]}, in the cases where [log] > 0. Thus Cy¢

can be expressed as the sum:

K(GM)Cre-tr=ar

11 K
F(CT) ( VG(S: y Ty 1y T)

Cva(S, K,r,pu,1) =

+ ]]-[log]>0]\2/G(Sv K7 TnuaT)) (53)

where I}, and I, are defined as:

z+[log]
Lo(S, K, ru, 7 / / [log Ty 1) g e MeyCT =G dy  (54)
[log]

z+|[log]
IRo(S, K, p,7) = —/ ]/ (e[log}”_y — 1) ¢ e My CT=1o=GY dr dy  (55)
log

By the Mellin-Barnes representation of the exponential given by equation (29), for

C11 _ _
¢ = [ ] where c;1,c12 < 0, we can represent both terms e=* and e~“¥ as the
C12
+i _ +i dt .
integrals [ T(t, )Mo~ g and [0 T(t, )G ey 5%, respectively.
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Implementing these new representations on the integral of equation (54) results in:

Lo(S K rp,7) = / L(t,)D(t,) MGt

cy+iR?
1°g] dt, dt
log]+:c Yy _q Cr—1—t,, CT—1—ty vdr d __y
/log]/ ) Y 2 2mi ( )
- / D(ta)D(t,) MG
¢, +iR?
+[lo ]
/ / & log]+x y 1) yCT 1— tydy xCT 1— tzdl‘ dt dty ( 7)
[log] 2w 211

Applying integration by parts over the y variable to the equation (57), produces:

[ D)

Cr—t,
g +HiR2
z+[log]
/ / . log]+z y Cr— tydy.fL'CT 1— tzd dt dt (58)
log] 2mi 2mi
/ )L(t)0(CT —t) Mtz ty
F(CT —t,+1)
¢y +iR?
z+[log]
/ / ¢ log]+a: y Cr— tydyZECT 1— txd dt dt (59)
llog] 2mmi 2mi

The Mellin-Barnes exponential representation for el°87*~¥ is given by the integral
fcmfm I(t)([log] + = — y)_t%, where ¢; 3 < 0. This substitution of terms in (59) will

c13—1i00

result in:
/ (_1)_tr(t)F(tx)F(ty)F(C7‘ — 1) Mt= Gt
rCr—t,+1)
¢, +iR3
””Hlog] dt dt, dt,
/ / IOg ) tyCT tydy xCT 1—t, e dr e Pty (60)
flog] 2mi 2mi 2mi
€11
where ¢, was extended to the third dimension, 1.e. ¢; = |¢a] -
€13
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For the integral |, w08 (1og) 4 2 — ) tyC™tvdy in (60) consider the variable change

0
y := ([log] + z)s, this alteration of variables will result in the expression:

z+|[log]
/ (log] + = — y) 'y "vdy
0

1
= ([log] + z)* Tt / ([log] + 2 — 5)'s“"tvds (61)
0
L TA-=-r(Cr —t,+1)

— (N 1+CT—t—ty Y 62
([tog] + ) T2+ Cr—t—t,) (©2)

Replacing the expression (62) in the original integral (60) we obtain:

/ (_1)_tF(t)F(tx)F(ty)F(1 - t)I'(Cr —t) At Gt
re+Ccr—-t—t,)
g +iR3

+oo dt dt, dt
1 1+Cr—t—ty CT—l—t;cd o' Y 63
X / g 08 T D) v " o 2ri 2mi ()

Similarly, for the integral ff’ﬁog}([log] + )OO =17t gy in (63) consider the

variable change = := [log]<, this exchange will result in:

+oo
/ ([log] + x)1+C’T—t—ty :L,C’T—l—tz dl’
—[log]

0 1 1+C1—t—ty 1 Cr—1—t, 1
= [log]! 2Tttt / (1 - g) (—g) d (;) (64)
1

— (_[log])1+207—t—t¢c—ty /1 (1 . 8)1+CT—t—ty S—2—20T+t+tx+tyds (65)
0

veoCrotott, D2+ OT =t = t,)I(=1 = 207 +t +t, +1,)
I'l—Cr+t,)

= (—[log]) (66)
Replacing the expression (66) on the integral (63) and subsequently inserting the re-

sulting term on the original expression (54) will finally achieve the desired formula (46):

Lo(S K rop, 1) =
. LIOrE)rE,)ra—-orcr —t,)r(—1—-2Cr +t+t, +t,)
/ (=1) 'l —-Cr+ty,)

dt dt, dt,

2wy 2w 2w

< Mt Gfty (_ [lOg] ) 14207t -t —ty (67)

The integral formula (67) converges if all the arguments of the Gamma functions in
the numerator are positive, this happens when Re(t), Re(t,), Re(t,) > 0, Re(t) < 1,
Re(t,) < Ct and Re(t) + Re(t,) + Re(t,) > 2CT + 1,i.e. Re(t) € P,.
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Conversely, we can charter the same steps for the integral (55) of I3, as we did
for (54) of I},; apply the Mellin-Barnes representation of the exponential term to both
e M= and e~CY, subsequently, use integration by parts over the variable y, again apply
the Mellin-Barnes representation of el°&**~¥_and finally apply the change of variables

x := ([log] + x)s to arrive at:

17tF(t)F(t$)F(ty)F(1 —t)['(CT — ty) —ty N—ty
/ (=1) F2+Cr—t—t,) M

0 dt dt, dt
% / ([log] + x)lJrCTftftyxC-rflftzdx v e By (68)

~[log] 2mi 2mi 2w

Notice that the integral (68) is simply the expression (63), with the difference that, the
variable x in the integral [ E[Iog} ([log]+x) 1+ C7=t-tu €1t 4z ranges between —[log] and
0 instead of —[log] and +oc. Therefore, for this case, we will apply the variable change

x := —[log]s, which will result in:

0
/ ([log] + l’)l+CT_t_tyl’CT_1_t$de’
—[log]

— [log]1+2CT t— t,c—ty 1+C’T tgc/ 1+CT t— tySCT 1— tg‘dS (69)

re+Cr—t—t,)NCr—t,)
T(2+207 —t—t,—t,)

— [log]lJrZCT t—ty— ty< 1)1+CT te (70)

Replace the expression (70) on the integral (68) and subsequently implanting the re-

sulting expression (47) we will arrive at the desired formula:

s TOT(t)T(t, )T (1 — D (O — t,)T(CT — t
QQ+iR3 ’ Y
x M~ G tv[log]! T2OT Ity At A Atz A dty (71)

2wy 2wy 2w

The integral formula (71) converges if all the arguments of the Gamma functions in
the numerator are positive, this happens when Re(t), Re(%,), Re(t,) > 0, Re(t) < 1 and
Re(t,),Re(t,) < C,i.e. Re(t) € B. O
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4.2 Residue Summation Formula for a Call Option

We will now state and proof the main result of this thesis, the triple representation

formula for an European call option under the Variance Gamma model.

Theorem 8 (European Call Option Price under the Variance Gamma Process). The price
for an European Call-Option under the Variance Gamma process Xy (1;C, G, M) is

given by the formula:

K(GM)Cre=r=a)7
I'(Cr)2

CVG(S7 K7 T7M7T) - (0‘1/'G<Sa K7 T7M7T> + OX2/'G(87 K7 T?/’L7T)

+ ﬂ[log]>OCI3/G’(S7 K7 T K, 7—)) (72)

where C., C%, and C3., are defined as:

= mem L (CT+m)[(=1 =2CT —k—n—m
Cla(S. k) = 31y T = o )

— Im!

n=0

m=0

% MnGm(_[log])l+ZCr+k+n+m (73)

i(—l)mF(CT +m)I'(1+2CT +k—n+m)

2 k =
Cya(S k7 p,1) nm!I'2+Cr +k—n+m)

k=0
n=0
m=0
% M—I—QCT—k—i-n—me[lOg]n (74)
= I'(Ct 4+ n)I(CT +m)
03 Sk — -1 Ct+m
va (S, k7o) kZ:O( ) nIm!I'(2 4+ 2CT+k+n+m)
n=0
m=0

< M"Gm [lOg] 14+2CT+k+n+m (75)

Proof. The formula (46) for I}, can be written as:

Lo(S, K rp,7) = / Wy (76)

(<% +iR3

€11
where ¢, is a three dimensional point |c;,| € P; and wi,; is a complex differential

C13
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3-form defined by:
Fr,)re)ra-orcr—t)r'(-1-20r+t+t, +1t,)
I'l—-Cr+ty,)

dt dt dt
M*tz —ty(__ 1 14+2CT+t+to+ty T T 77
8 G (=llog)) 211 A 211 A 271 77

The divisors of w{,, (where we used the notation t = (¢, t,, t,)) are:

Li={teC’:t=-nneN}, Ly:={tcC’:1—t=-n,neN}, (78)
Ly ={teC’:t,=-n,neN}, Ly:={teC’:Cr—t,=-n, neN}, (79
Ly:={teC’®:t,=—n, n €N}, (80)
Li={teC®:-1-Cr+t+t,+t,=—n, n € N} (81)

By (34) we can compute the characteristic vector of w, as:

1 0 0 -1 1 0 1
Ay= |0+ |1+ 0| +]O0|+]O0|+]|1]—-]1]=]1 (82)
0 0 1 0 -1 1 0 1

Given the characteristic vector (82) for w; we can thus constrict the values of ¢ to the

space where convergence is obtained:

1 t 1 c1

Re(A;-t) <Re(A;-¢) < Re | |1] - |t, <Rel [1] - |e (83)
1 Ly 1 C3

< Re(t) + Re(ty) + Re(ty) < c1 +c2+c3 (84)

& Re(t,) < c1 + 2 + c3 — Re(t) — Re(ty) (85)

Therefore, the admissible half-space 114, is the one located under the plane (85), i.e.:

[p, := {I € C*: Re(ty) < 1+ ¢y +c3— Re(t) — Re(ty)} (86)

Given the half-space 11, defined by (86), we will now construct an admissible poly-
hedron IT; = 0! := g; ' (G), as in the case (35), where G is the first octant, which will be
uniquely defined by the linear function:
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-1 0 0 Re(t) — ¢ Im (%)
a@)=10 0 —1| |Re(ty) —co| +1 |Im(t,) (87)
-1 —1 —1] [Re(ty) —cs Im(t,)

Under the linear function (87), the polyhedron II; will be admissible, that is,

I, = {i_‘i e C?: Re(t) <, Re(ty) < ¢z,
Re(t) + Re(t,) + Re(t,) < c1+co + e} Clla, (88)

and its faces o7, 03 and o3 and vertex oy, , 5, Will be respectively:

op = {t € C*: Re(t) = c1, Re(t,) < ¢,
Re(t) + R ( 2) + Re(ty) <+ e+ c3} (89)
— [t C: Re(t) < c1, Re(ty) = cs.
Re(t) + R ( 2) + Re(t,) <+ e+ c3} (90)
={t € C*: Re(t) < c1, Re(ty) < c3
Re(t) + Re ( 2) + Re(ty) = c1 + 2 + c3} 91)
0l1o3 = {t € C*: Re(t) = ¢, Re(t,) = ¢,
Re(t) + Re(t,) + Re(ty) =1+ o+ 3} =¢ (92)

Finally let’s group the divisors into three families:

Di = LU Ly, Dy = LyU Ly, Dy =LiUL; (93)

Notice that conditions needed to apply the Jordan lemma are all satisfied, since II; C

ITA, and the family of divisors is compatible with the polyedron II;:

o'AD =0,  oinDi=0, olnDi=0 (94)

Before applying the residue summation notice that the form wy, can be considered
as having two sets of discontinuity points under the polyhedron II;; the first set is defined
as Sy ={teC*:t=—k t, = —n, t, = —m, (k,n,m) € N*} which are the
singularity points given by the functions I'(¢), I'(¢,) and I'(¢,), the second set is defined as
Sy ={teC®:t=—k, t,=—m, —1-207+t+t,+t, = —n, (k,n,m) € N*} which
are the discontinuity points given by the functions I'(¢), I'(¢,) and I'(—1—2C1t +t,+1,).
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2 0 2 4 5 47

tx y

(a) The real part of the planes o, o5 and 03, and  (b) The discontinuity points of the set Sy illus-
their intersection at the point 0%1’273} trated as red points

t, Y t y

(a) The discontinuity points of set Ss, illustrated (b) The points of the sets .S; and S5 illustrated
as black points respectively, as red points and black points

FIGURE 3: Discontinuity points under polyhedron II;

Given this delineated partition we can now express equation (76) as:
Iy = Cyg + Cig 95)
where we define the terms C; and C%,, respectively as:

Cig = Z Res, wirq, Chp = Z Res, wirc (96)

SEST SESH
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The computation of the residues for the first set S; present in the first series C{ of
(96) is straightforward:

e G A G
k! n! m)!
9 1+ KC(CT+m)(-1—-2CT+k+n+m)
I'l—-Cr—n)

% MnGm(_[log])1+QCr+k+n+m (97)

Ct+m)I'(—=1—-2CT+k+n+m)
n!m!I'(1 — C1 —n)

> MnGm(_[log])1+QCT+k+n+m (98)

Res(—k,—n,—m) Wy = (—1)

= (-

Embedding the result (98) on the first equation of (96) will produce:

Cr+m)I'(-=1—-2CT7 —k—n—m)

= r
Cva(S.k, 1) = Z(_l)n+m ( n!m!I'(1 — CT —n)

k
n

Iyl
o0o

m

% MnGm(_ [log])l+207+k+n+m (99)

For the computation of the residues of second set Sy present in the second series of

(96) let’s consider the variable change:

u:=t t=1u
Uy, = t, &t = u, (100)
Uy i=—1 =207+t +1,+1, t, =1+207 —u+uy —uy

If we apply the variables changes in (100) to the expression (77), the form w‘l,G wil be

written as:

L)1 4207 —u+ uy — uy)I(uy)I(1 — w)L(C7 — uy ) (uy)
IF'2+Cr —u+u, +uy)
du du, du,

« ML 20Tru— sty -y (—[log]) ™ (101)

2w 2w 2m
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Then the residues of the second series CZ, in (96) are given by:

ReS(—k,—n—m) Wl = (—1)F (7k11)kF(1 +2CT+k—n+ m)%F(CT +m) (*nl!)”
o F2+Cr+k—n+m)
x MR G (—(log])" (102)
14+2C7+k—n+m)['(CT+m)
nIm!T(2+ C1t+k —n+m)
X M IO G (—[log])” (103)

(-1

Finally, replacing the expression (103) on the second equation of (96) results in the

formula:

F'1+2C7t+k—n+m)I'(CT+m)

CL.(S,k =
ve(S, k.7 1) nml'(2+CT+k—n+m)

(~1yrm

1)

3
Il
=)

« M7172077k+n7me<_[10g])n (104)

Analogously to what we did for I}, the expression (47) of I, can be written as:

La(S K rop, )= / Wi (105)

cy+iR

€21
where ¢, is a three dimensional point |cy, | € P> and wi is a complex differential

C23
3-form defined by:
L)r,)re,)ra—-yrcr —t,)r'(Cr —t,)
(24207 —t —t, —t,)

At dt, dt
XMftz Gfty - 1 14207 —t—tp—ty " A i A x
(—[log]) omi | omi 2mi

Wi = (1)

(106)

The divisors of w.; are:

LI={tecC®:t=-nneN}, Li={tcC’:1—t=-n,neN} (107
L;:={teC®:t,=-n,neN}, L]={teC:.Cr—t,=-n, ncN} (108)
L:={teC’:t,=-n,neN}, L[i:={teC’.Cr—t,=-n, neN} (109)
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Just like the (82) case, we use (34) to compute the characteristic vector of w?

1 0 0 —1 0 0 —1 1
Ag= (O] + |1+ |0l +|O|+]|-1|+]|O0O]|—|-1|=|1 (110)
0 0 1 0 0 -1 —1 1

The resulting characteristic vector of Ay expressed in (110), will determine the space

for ¢ where convergence is achieved:

1 t 1 c1

Re(Ay-t) <Re(Ag-¢c) < Re | |1] - |ts <Re| |1| " |e (111)
1 iy 1 C3

& Re(t) + Re(ty) + Re(ty) <1 +ca+c3 (112)

& Re(t,) < c1 + o + c3 — Re(t) — Re(ty) (113)

We thus conclude that the admissible half-space 11, is located under the plane (113):

My, = {§ € C®: Re(t,) < +c1 + o+ 3 — Re(t) — Re(ty)} (114)

Similarly to what we did for II5,, given the expression (114) for IIn,, we will now
construct an admissible polyhedron I, = o2 := g, *(G), as in the case (35), where G is

the first octant and g is the linear function:
92(t) = —I(Re(t) — ¢3) + 1 Im(2) (115)

where [ is the identity matrix. Under the linear function prescribed in (115), the polyhe-

dron 11, will be admissible:
I, := {t € C* : Re(t) < a1, Re(ty) < ca2, Re(ty) < ca3} C Ila, (116)

and its faces o7, 05 and o3 and vertex o7, , 5, will respectively be:

o7 ={t € C°: Re(t) = ca1, Re(ts) < c22, Re(ty) < ca3} (117)
o5 = {t € C*: Re(t) = ca2, Re(t) < can, Re(ty) < co3} (118)
o3 = {t € C’: Re(ty) = ca3, Re(t) < ca1, Re(ts) < e} (119)

=, (120)
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Finally we will group the divisors into three sets:
D}=13UL;, D;=L3UL;, Di=L3UL; (121)

Given that [I, C IIa, and the previous partition, the Jordan lemma conditions are all

satisfied, since the family of divisors is compatible with the polyhedron I15:
oiND =0, o5NDy=0, o5ND3=10 (122)

Unlike the wi, case, the form w? . under the polyhedron II, has only one set of
residues; S3 = {t e C* : t = —k, t, = —n, t, = —m, (k,n,m) € N} resulting from
the functions I'(¢), I'(¢,) and I'(¢,). Therefore equation (47) can be expressed as:

I =Cig =) Res,wig (123)

sSES3

The computation of the residues of set S3 present in the series of (123) is straightfor-
ward:

_1\k (_1\n (_1\m
(_1)&%%(;,) CDEUEP (1L 4 k)T (CT 4+ n)T(CT + m)

T(2+2CT +k+n+m)

2

% MnGm(_[log]>1+2CT+k‘+n+m (124)
_ (—p)Crem L(CT+n)I(CT 4+ m)
nIm!T(2 +2CT + k +n+m)
% MnGm(_[lOg])l+207+k+n+m (125)

Swapping the term in (125) on equation (123) will result in:

= I'(Ct 4+ n)I(CT +m)
3 _ Cr+k+n
Cve (S, b, 7o p,m) = ;(_1) nIm!l(2 4 2CT + k+n+m)
n=0
m=0

% MnGm(_[logD1+2CT+k+n+m (126)

The derived expressions (99), (104) and (126) ascertain the equalities [%,G = C‘I,G +
Ct. and I, = C}, which proves (72). O

The price formula for an European call option given by the expression (72) entails an

easily derivable price for an European put option by the use of the Put-Call parity:

Py(S, K, p,7) = Cya(S, K, 1, 7) — S(1 — e~ o8 & ~(r=am) (127)
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4.3 The Greeks

Given the simple formula for the European call option deduced previously, one may
inquiry to the availability of an equally simple measure for risk exposure. The greeks
quantify the sensibility of the option price to changes in the model parameters. In this
chapter, we will show the existence of series formulas for the A, I', p and © measures,

which will be obtained by a differentiation of (72) on the appropriate parameter.

Theorem 9 (The Greeks). The delta, gamma, rho and theta function for an European

option under the Variance Gamma process Xy q(7;C, G, M) are given by:

e Delta is defined as A¢ := %, hence:

K(GM)Cme~(r=a7 i
Ay + Ay + Ljog>0A3 (128)
ST(CT)? prd

n=0
m=0

AC(S’ K? T’ M? T) =

where A1, Ay and Az are defined as:

Cr+m)I'(-2Ct —k—n—m)
nm!T'(1 — Ct —n)

Ay = (_1)n+mr( MnGm(_[log])2CT+k+n+m

(129)
A L(CT+m)I'(2CT + k —n+m)

Ay = (—1 MfQC‘rkarnfme 1 n 130
2= (=) nm!l(14+ CTt+k —n+m) [log] (130)
I'(Ct 4+ n)[(CT +m)
Ax = (=1 Ct+m M G™[1 2CT+k+n+m 131
3= (1) n!m!I'(1 4+ 2CT + k+n+m) " llog] (131)
e Gamma is defined as I'c := f’;T%, hence:

K(GM)Cmet=ar
S2L(Cr)?

Ce(S, K rypu, ) =

NE

(F'1 = A1) + Ty — Ag) + Lppogs0(I's — Ag) (132)

S
[l

OO

3
IS

where A1, Ay and Az are described by (129), (130) and (131), respectively, and I'1, T'y
and I's are defined as:

M'Cr+m)I'(1—-2CT —k—n—m)

__ (_1\ntm
fi=(=1 n!m!l'(1 — Ct —n)

MrG™ ( . [log] ) —1+2CT+k+n+m

(133)
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FCr+m)IN(=14+2CT+k—n+m) 1 ocr tin_
F — _1 m M T—k+n—m  m 1 n 1 4
2= (=1 nm!D(CT 4+ k —n+m) G™[log]" (134)
r r
P3 = (—1)CT+m (CT _I_ n) (CT + m) MnGm [log]—1+207+k+n+m (135)

nIm!I'(2CT + k+n+m)
e Rho is defined as pc := %—f, hence:

pC(Sa K,T,,LL,T) = TSAC(SJ K,T’,,LL,T) _TC<Sa KaTulj’JT)
 Kr(GM)Cre o

['(CT)?
X Z(@G — A+ (CEg — Ag) + Lpogso(Coe — Ag)  (136)
k=0
n=0
m=0

where Cl., C%, C¥o, Ty, Ty and T3 are described by (73), (74), (75), (133), (134)
and (135), respectively.

e Theta is defined as O¢ = % = —%, hence:

CK(GM)“ema)
I'(Ct)2

(01Cy + (r—q— p)Ay)

o

®C(S7 K,T’,M,T) =

3
Il

oo

3
Il
o

+ (05C5 e + (1 — g — 1) A2) + Lpog>0(05CT + (r — g — w)Az)  (137)

where Cl.q, Céc, Coc, A1, Ag and A3 are expressed in (73), (74), (75), (129), (130)
and (131) respectively and 61, 05 and 03 are defined as:

0, = Clog(GM) — (r — q) = 2CY(CT) + CY(CT +m) (138)
—2CY(—-1—-2CT —k—n—m)+ CY(1 — Ct —n) + 2Clog(—[log])  (139)
0y = C'log(GM) — (r — q) — 2CY(CT) + CY(CT + m) (140)

+2CY(1+2C7+k—n+m)—-CY2+Cr+k+n+m)—2Clog(M) (141)
05 = Clog(GM) — (r — q) = 2CY(C1) + CY(CT 4+ n) + CY(CT + m) (142)
— 2092 +2CT 4+ k —n+m) + Cri + 2C log([log]) (143)

_ dlogT'(2)

where ) is the digamma function (z) = =22 = —y 4 3" (%H - niz)

Proof. The previous results are easily obtained from a direct differentiation of the expres-
sions (73), (74) and (75) for the terms C, C%, and C} ., for the chosen parameter (i.e.

S, S?, r or t), and sequentially proper rearrangement of the terms. 0
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5 NUMERICAL RESULTS

The theorems of the previous section can be heuristically observed to be sound. To
do this, firstly, we will compare the results obtained by the formula (72) with a both a
Monte Carlo simulation for an European call option (under the Variance Gamma process)
and the actual values observed on the Market. We also take these results to observe the
speed of convergence of the new method. Secondly, we will see that it is well behaved,
that is, its price for any initial stock value and its implied volatility smile is similar to the
expected behavior observed in any stock. Thirdly we will study the behavior of the greek
measures (128), (132), (136) and (137), derived in the previous chapter, and compared
them to the ones in the Black-Scholes model.

The programs for the following subsection can be found in the GitHub page with

URL: https://github.com/pedrofebrer/Thesis—-Programms.

5.1 Variance Gamma Formula Values

For the aforementioned comparison we will use the values of an European call option
with the S&P500 as its underlying asset, bought at the close of the market at April 18"
2002. According to [25], at the close of the market on 18 April 2002, we had a risk free
rate of return » = 1.9%, a dividend of ¢ = 1,2% and the stock price closed at Sy =
1124.47, with volatility 0.1812 and risk neutral parameters C' = 1.3574, G = 5.8704 and
M = 14.2699 for the Variance Gamma model.

The results are presented in the Table-I below. We used the parameters n = 22, m =
27 and k = 7 for the direct Variance Gamma formula (72), denoted by "F", we simulated
10000 trajectories for the Monte Carlo method, denoted by "MC" and the observed market

values are denoted by "Real":

Time of maturity

Strike May June September December March June December

Price 2002 2002 2002 2002 2003 2003 2003

F MC Real F MC Real F MC Real F MC Real F MC Real F MC Real F MC Real

975 15290 151.97 - 157.13  157.53 - 167.68 167.54 161.60 177.56 176.02 173.30 186.82 185.68 - 195.53 191.31 - 211.61 20991

995  133.54 132.68 - 138.46 138.69 - 150.40 150.30 144.80 161.27 160.02 157.00 171.28 170.35 - 180.59 176.55 182.10 197.56 196.05

1025 104.78 104.05 - 110.97 111.21 - 125.28 125.23 120.10 137.74 136.93 133.10 14890 14826 146.50 159.09 155.34 - 177.36 176.13 -
1050  81.16  80.54 - 88.68  88.93 84.50 105.24 105.24 100.70 119.08 118.64 114.80 131.19 130.75 - 142,08 138.54 143.00 161.35 160.37 171.40
1075 58.01  57.48 - 67.14 6733 6430 86.18 86.28 8250 101.40 10131 97.60 11441 114.16 - 12596 122.61 - 146.14  145.35 -
1090 4442 4399 43.10 5469 5489 - 75.31  75.46 - 91.32  91.44 - 104.83 104.67 - 116.73  113.50 - 137.40 136.73 -
1100 3556 35.18 3560 46.66 46.86 - 68.32 6852 6550 84.84 8506 8120 98.66 9856 9620 110.78 107.61 111.30 131.74 131.16 140.40
1110 2690  26.57 - 3887 39.08 39.50 61.56 61.78 - 78.56  78.86 - 92,66  92.62 - 104.98 101.89 - 12622 125.73 -
1120 1852 18.24 2290 3139 31.60 3350 5507 5529 7249 72.86 86.85 86.85 99.35  96.36 120.83  120.43

1125 1448 1425 2020 2780 28.00 30.70 51.92 5216 5100 69.54 69.94 6690 84.02 84.04 81.70 96.60 93.64 97.00 118.19 117.83

1130 10.61  10.41 - 2431 2452 28.00 4885 49.10 - 66.64  67.08 - 8123 8127 - 93.89  90.97 - 11558 11527

1135 7.10 6.92 - 2097 21.17 2560 4586 46.11 4550 6381 64.27 - 7849  78.56 - 9122 8835 - 113.00 112.74

1140 6.00 5.84 1330 17.80 18.01 2320 4295 4322 - 61.03 6152 5890 7581 75.90 - 88.59 8578 - 11047 110.25 -
1150 4.66 4.56 - 12.58 12,79 19.10 3739 3770 38.10 55.67 5620 53.90 7058 70.73 6830 8347 80.75 8330 10549 10536 112.80

1160  3.76 3.69 - 10.04 1021 1530 3222 3259 50.57  51.13 65.56  65.76 7852 7589 100.66  100.61

1170 3.08 3.05 - 8.26 842 1210 2751 2791 - 45.74  46.34 - 60.76  61.00 - 73.75 7121 - 95.97  96.00 -
1175 2.81 2.79 - 7.53 7.69 1090 2535 2578 2770 4344 4405 4250 5843 58.70 56.60 7144  68.93 - 93.68 9375 99.80
1200 1.82 1.84 - 4.94 5.09 - 1724 1771 19.60 33.06 33.80 33.00 47.66 4802 46.10 6054 5832 6090 82.76 83.02 -
1225 1.22 1.28 - 3.36 351 - 1222 1273 1320 2481 2556 2490 3833 3877 3690 5081 4886 4980 7272 73.17 -
1250  0.84 0.94 - 235 2.49 - 8.84 9.41 - 1874 19.42 1830 3051 31.03 2930 4226 4055 4120 6356 64.19 66.90
1275 0.59 0.71 - 1.67 1.84 - 6.49 7.11 - 1426 14.84 1320 24.18 2475 2250 3488 3344 - 5528 56.01 -
1300  0.42 0.55 - 1.21 1.38 - 4.81 5.43 - 1092 11.44 - 1917 1971 1720 28.64 2742 27.10 4785 48.63 49.50
1325 0.31 0.44 - 0.88 1.05 - 3.61 4.17 - 8.42 8.93 - 1523 1577 12.80 2345 2243 - 4124 42,05 -
1350 0.23 0.35 - 0.65 0.81 - 2.73 3.23 - 6.52 7.03 - 12.12 12.66 - 19.18 1838 17.10 3541 3628 3570
1400  0.12 0.23 - 0.37 0.49 - 1.59 2.04 - 3.98 4.41 - 7.74 8.25 - 12.84 1227 10.10 2588 26.82 2520
1450 0.07 0.17 - 0.21 0.30 - 0.95 1.32 - 2.47 2.81 - 5.00 5.50 - 8.63 8.22 - 18.79  19.73  17.00
1500 0.04 0.12 - 0.13 0.19 - 0.58 0.91 - 1.56 1.83 - 3.27 3.74 - 5.84 5.53 - 13.60 1450 12.20

TABLE I: S&P 500 Call Option prices and estimations
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We will take advantage of 75 actual recorded values presented in Table-I, and make

an error estimation for each model, by calculating their respective root mean square er-

ror, which is given by the formula RM SE = />, (market price, — model price;)?/n.
Under this metric the deviations from the observed results are:

RMSE

Black-Scholes 6.6692
Variance Gamma Monte Carlo 3.6959
Variance Gamma Formula 3.5183

TABLE II: Root Mean Square Error

Therefore not only is the formula (72) more expedient due to much lower computa-
tional time (in our tests it was between 72 and 92 times faster), but it also outperforms
the Monte-Carlo method (and consequently the Black-Scholes by a wide margin). There
may be rare events where the Monte-Carlo returns a better result, due to its randomness,

but in all the simulation we executed this event was never realized.

5.2 Convergence of the Variance Gamma Formula

In order to study the numerical convergence and precision of the new formula we
must first realize that observing the value of each isolated term in the triple sum (72) is
fallacious since an unit increase of, for instance, parameter n will lead to the sum of an
extra m X k terms, which may lead to an error of substantially higher magnitude than each
individual term. For example, for all the strike prices K and times to maturity 7 of Table-
I, the values of the terms at n, m, k = 10 are always zero, under a two decimal numerical
precision. On the other hand, the values reached for the double sum series when n = 10
and 0 < m, k < 10 can be as low as —67.679 (for K = 975 and 7 = 81 x 7/365), as can

seen in Table-III.

As one would expect from the definition [log] = log 2 + (r — q)7 — ui7, the higher the
time to maturity 7 the higher will be the double series sum value, as can be seen in Table-
IIT where the strike price is 975. Similarly, the more S differs from K the higher will be
the sum value, as can be observed in Table-IV where the time of maturity is September
2002. In both of these cases we will have to choose bigger values for the parameters n,
m and k in order to assure convergence. That is, to ensure that the triple sum series in
(72) from O to some fixed Ny, Mmax and knax values, for each respective n, m and k

parameter, will yield a truncation error lower than some chosen numerical precision.
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Time of May June September December March  June  December
Maturity 2002 2002 2002 2002 2003 2003 2003

Error ~ 0.000 0.000 0.145 0.296 2,197 -22.501  -67.679

TABLE III: Values for the double series where n = 10,0 < m, k < 10 and K = 975

Strike 975 995 1025 1050 1075 1100 1200 1300 1325 1350 1400 1450 1500
Error 0.145 0.049 0.008 0.001 0.000 0.000 0.000 0.000 0.001 0.004 0.049 0.333 1.579

TABLE IV: Values for the double series where n = 10,0 < m, k& < 10and 7 = 81x7/365

Let us denote each term of the sum (72) by Cy¢(n, m, k), given this notation we can
write Cyvg = Y 2 0> > rey Cva(n, m, k). To determine the values nmax, Mmax and
kmax for which the sum C'y ¢ converges, for all values K and 7 of Table-I, we will apply
the euclidean norm to the 189 resulting values from the three possible double sum series:
the series computed by summing the terms of Cy for a fixed n and 0 < m, k < n, i.e.
cpemtng) = S0 S v Cva(n,m, k), the series computed by summing the terms of
Cyg forafixedmand 0 < n,k < m,ie. CP&™(m) => 1" > " ,Cva(n,m, k) and
the series computed by summing the terms of Cy for a fixed k and 0 < n,m < k, i.e.
CEE™ (k) = Xong Yomeo Ovaln, m, k).

Double series sum Double series sum
DE(m)  CpE™(m)  Cham (k) D) CPE™(m) Chem (k)
0 1584.541 1584.541 1584.541 14 3.521 5.567 0.000
1 947.283 1654.716 93.741 15 1.289 2.707 0.000
2 1490.255 2180.378 14.829 16 0.439 1.303 0.000
3 400.789 2229.189 0.663 17 0.140 0.621 0.000
4 536.914 1871.335 0.124 18 0.041 0.294 0.000
5 355.390 1354.925 0.008 19 0.012 0.138 0.000
6 364.206 880.180 0.001 20 0.003 0.064 0.000
7 291.953 528.778 0.000 21 0.001 0.030 0.000
8 218.112 300.352 0.000 22 0.000 0.014 0.000
9 142.454 163.798 0.000 23 0.000 0.006 0.000
10 83.357 86.648 0.000 24 0.000 0.003 0.000
11 43.583 44762 0.000 25 0.000 0.001 0.000
12 20.626 22.685 0.000 26 0.000 0.001 0.000
13 8.891 11.314 0.000 27 0.000 0.000 0.000

TABLE V: Convergence of the three double series

From the values above we can ascertain, that for any K and 7 of Table-I, we can assure
convergence with a two decimal precision, when the sum of the three double sum series

has a result lower than 0.005, for instance n = 22, m = 27 and k = 7.
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5.3 Option Price Behavior for the Variance Gamma Formula

Hitherto we only applied the formula for the same initial stock value. Still the formulas
for the European options under the Variance Gamma (72) and (127), present the typical
behavior for different initial stock values. In fact, if we take X' = 1100 for the same
parameters of the previous subsection and vary the initial stock price Sy, we get the typical
call and put option behavior. This can be seen by the difference given by our formula and

the Black-Scholes formula for the price of an European Option:

20 Europeam Call Option Price Difference (USD) 14 Europeam Put Option Price Difference (USD)

Price Difference (USD)
Price Difference (USD)

10 . . . . . 6 h . . . .
500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000
Asset Price (USD) Asset Price (USD)

FIGURE 4: Variance Gamma and Black Scholes Formulas Price Differences

One of the most important tool used in finance is called the implied volatility, which
consists in finding the volatility for which the model employed (typically the Black-
Scholes model) in determining the option prices is congruent with the observed values
C, that is, the values o; such that Cgg(S, K, 7,07, 7) = C holds. In our particular case
we fixed the time to maturity at 7 = 35 x 7/365, while the rest of the variables remain

equal to the previews section, and applied the Newton algorithm to compute o7;.
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FIGURE 5: Implied Volatility

As can be observed from Figure-5, the formula (72) displays a volatility smile typi-

cally present in most assets, including the present asset.
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5.4 The Greek Formulas Behavior

Greeks are extremely important for financial institutions and their endeavors such as
hedging against market uncertainty. Therefore we terminate this section by visualizing

the behavior of greek functions under the Variance Gamma model and contrasting them

with the ones under the Black-Scholes model.
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FIGURE 6: Greeks

As can be seen, the greek measures for the Variance Gamma model, seem similar
enough to the ones of the Black-Scholes, yet they exhibit enough discrepancies to be
worthy of note, primarily in the Gamma and Theta functions, presumably due to its higher
similitude with the empirical data. These seemingly more accurate new greek functions
only involve the simple computation of triple sum series, which is a stark contrast with

the much more ponderous old-school scheme method used for Lévy processes.
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6 CONCLUSIONS

In this dissertation, we have derived a triple Mellin-Barnes integral representation for
the price of an European call option driven by a Variance Gamma process (45). Subse-
quently we applied multidimensional residue calculus to the aforementioned integral and
computed a triple sum series for the the European call option (72). Triple sum series for
the delta, gamma, rho and theta greeks were also found by direct differentiation. When
tested, (72) exhibited the behavior typically observed in the market for European options,
for instance the volatility smile, and it outperformed the Monte-Carlo simulation method
in both accuracy and computational time. The greeks also displayed their conventional

behavior.

For practical applications, the simplicity present in the aforementioned formulas (such
as the lack of necessity of simulations for pricing European options, or of schemes to com-
pute the greeks), coupled with their higher rates of precision and much lower computation
time makes them ideal for financial practitioners, without the necessity for more theoret-
ical concepts such as schemes, complex calculus and fractional calculus. For example
formulas (128) and (132) can be directly used to generate a portfolio with optimal delta

and gamma hedge strategies.

In terms of future research the most obvious course of action would be to compare the
formula (72), in terms of accuracy and computational time, to other semi-closed formulas
such as the Bessel functions representation formula or the Fast Fourier Transform for the
price of an European call option under the Variance Gamma model (which their definition

and proof are presented in the papers [16] and [8] respectively).

For more theoretical results, the more pressing question will be the ability to use a
similar reasoning as presented in Section 4, to arrive at a sum series for the more gen-
eral CGMY process and Generalized Tempered Stable process, even if this necessitates a
higher dimensional Mellin-Barnes integral. One also might inquire further to the pricing
of more complex financial instruments, like American or Barrier options, and specially
instruments like Asian option, where the integral involved in their definition seems to

make them a prime candidate for residue calculus.
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A PROOFS

A.l1  Proof of Theorem 7

Proof. Before tackling the proof, note that for any z € C we have the inequality:

mzz—l/Qe—z _ \/%(|Z|€Z arg(z))Re(z)—I—i Im(z)—l/Qe— Re(z)—iIm(z) arg(z) (144)
_ /27T‘Z|Re(z)*1/26— arg(z) Im(z)—Re(z) (145)
> Cllz‘Re(Z)_l/Qeig‘Im(zl)i‘ Re(2)] (146)

for some constant c¢; and also the inequality:

\/gzzflﬂefz _ \/%‘Z|Re(z)—1/2ef arg(z) Im(z)—Re(z) (147)
< CQ‘Z|Re(Z)—1/267%IIm(z)\HRe(Z)I (148)

The last inequality (148) is verified if and only if the inequality — arg(z) Im(z) —
Re(z) < —Z|Im(2)| + |Re(2)| is valid. Inasmuch as we can write s; = re”, where
r € R§ and § € [—, 7], the inequality can be written as 76 sin f —r cos § < —Z|r sin 0|+
|r cos 0| which hols for any for any » € R* and 6 €] — 7, 7[. In fact the inequality is
equivalent to 0 < (6 — 7/2)sinf + 2cosf for 0 € [0,7/2], 0 < (6 — 7/2)sin6 for
0er/2,m],0<(0+n/2)sinf forh € [—7/2,0] and 0 < (6 + 7/2) sin 6 + 2 cos f for
0 € [—m, —m /2] which are all true, therefore the inequality (148) will hold.

If z does not intersect the set Z; + {0}, then as |z| — oo we can apply the Stirling
Formula (27) and from the expressions (146) and (148) we know there exists constants c;

and ¢, such that:

Cl’Z|Re(z)—1/26—%\Im(z)\—|Re(z)| < |F<Z)| <C2<6>|Z|Re(z)—1/2e—%\Im(z)\+|Re(z)\ (149)

On the other hand, if we constrict the real value, x, to a compact set K C R\ Z,
will be bounded and the gamma function will be continuous in the domain K + :R. We
can thus denote its supremum as M = sup,., || < oo and infimum as m = inf,cx |x|.
Under this notation we have e~ < e~1#l and el*l < €M and also as |y| — oo we have
|z +iy] = /22 +y% ~ (1 + |y|). Applying these properties to (149) results in the
inequalities

Fa(lyl + )" 250 < D (x + iy)| < ka(e)(y| + 1)* /e 2 (150)
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for some constants k; and k. Taking advantage of the inequalities (150), we can bound

the integrand of expression (30) by:

m (a;,®)+b;—1/2
Hj:l (|<Qj7x>|) i !
(c;,x)+bj—1/2
?:1 (|<Q]7x>|) ’ ’

x exp{|<y, argt)| = 3 <Z ay )= |<gj,y>\) } (152

J=1

H;‘nzl I'(s;(2))

" Ta)

<C (151)

for some constant C'. If for all y € R” and ¢ € (C™ \ {0})" the inequality

(y,argt)] < (Z (RIS |<gj,y>\) (153)

.7 j=1

is satisfied, then the integrand in (30) decreases exponentially as ||y|| — oo, making the

integral converge absolutely. Taking into account (31) the inequality (153) will hold if

m
— 154
gé%ic\(y,argt)] <@ (154)

By the Cauchy-Schwartz inequality

] < t| = t 155
max |(y, arg £)| < max [Jy|l[larg t]| = [larg | (155)
and since we are working in U, ||arg t|| < Fa which concludes our proof. O

A.2  Proof of Theorem 8

Proof. We will extrapolate the proof present in [27], to the three dimensional case. We
begin by separating the gammas in the numerator of the form w into three groups 'y, Iy,
I's, such that, for the singularities in (35) the zeroes of f; do not intersect D, the ones
of f5, Dy, and the ones of f3, D3, .i.e. Vi1 25 Ker(f;) N D; = 0. Similarly we also
denote the multiple gammas in the denominator of w by I'y. Taking this new notation into
account we can write the form w in the standard form (30), i.e:

_ hdzy Ndzg Ndzs

— 156
“ il (156)

where f1, fo, f3 and h are defined by:

1 1 1 Ty

1
= ¥ (157)
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The proof of the theorem follows once we are able to validate compatibility and the
Jordan conditions, i.e. (23), under the polyhedron II. The first thing to note is that, by
definition, the zeroes Dy, Dy and D3 are compatible with the polyhedron II. Secondly,
observe that there exists a linear transformation, g~!, the inverse of (35), that simplifies
the proof. Thus, we can, without lost of generality, apply this linear change of variables,
which will result in the real part of o being the first octant, the real part of 01, 05 and o3 the
{y, z}-plane, {z, z}-plane and the {x, y }-plane, respectively, the real part of oy 9}, 01,3}
and oy 3y the z-axis, y-axis and the z-axis, respectively and Re(y) = Re(oq1,23) = 0.
This linear transformation will obviously also be applied to the w-form. Under this new

change of variables it will suffice for us to prove the Jordan lemma for the differential

forms
i _f];{_;nd;u’_ = AT o _f}f]{jifzn’_ -
5{2,3}_:_hf2d§cj|&ﬁjdf2 dz, &pzy = hfldj;czH_ﬂJ(jdfldz, (159)
{poy = hfld“;ZH_ﬂ“Tf dfld% 230 = Shas T 8has T e (160)
on the corresponding half-spaces:
oppa =l +iR?, opgy =k +iR®,  opgy =I5+ iR’ (161)

o1 = Ppg +iR?, 0y = Ppg +iR’, o03= Py +iR’, op=V+iR® (162)
where, €1, , 1, £, 5.5y and £, , 4 are defined by

frdfodfs — frdfrdfs + fydfrdf,

Ehos = h T dz, (163)

P o Tsdfs (fud f|1| f+||£2df2 + fadf,) is. (164)
— = = — — — \2

5?1,2,3} = hf1f2f3 (fldfl‘ |—;‘ii2odf2 il fgdf3) dz (165)

and [y, lo, I3, Pp2 3y, P13y and Py 9y are subsequently defined by [; = {z € R?: 2z >
0,79 = 0,23 = 0}, lp = {x € R® : oy = 0,29 > 0,23 = 0}, I3 = {z € R3 :
vy = 0,29 = 0,23 > 0}, Po3 = {z € R® : 1y = 0,29 > 0,23 > 0}, P35 = {z €
R : 2y > 0,29 = 0,23 > 0}, Plo = {z € R : 2y > 0,25 > 0,23 = 0} and
V={rxeR:z >0,19 > 0,23 >0}
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Further, the computation of the integral §; over oy, 33 will be analogous to &, over
01,3y and &3 over oy 93, as will the computation of {3 3, over oy to {3 over oy and

(1,2 over 3. Thus it will suffice to examine just three cases: (211), (215) and (220).

Now let’s consider the sequence of sets Uy, = {z + iy € C*: ||z|| < Ry, |ly|| < Ri},
where R, — oo as k — oo. Define the surface S, = 0l and let £ be one of the seven
integrands of (158), (159) or (160) defined on its corresponding o of (161) or (162), it is

a well known property of Lebesgue integrals that there exists a constant ¢ € R, such that:
[ e<isi sw lgl<crt s e (166)
oNSk (eNSK\Z (eNSK)\Z

where Z is a set with zero Lebesgue measure. Our job will be to prove that as k — oo,
|€|l — 0O at an exponential rate, resulting in the integral in (166), and consequently all
(211), (215) and (220) being zero. In order to achieve this, we will divide o N .S}, in to two

sets:

By ={x+iy€o:|z| < R |yl = R} (167)
Oy ={x+iyeco:|z|| =Ryl < R} (168)

Depending on the o we are working with, this separation will yield different results.
For instance, for o; we have B, = {z +iy € C* : 0 < z; < Ry, |lyl| = Ri} and
Or ={x+iy € C*: 2y = Ry, |ly|ll| < Ry}, for o1 we have B, = {x + iy € C* :
2?4+ 25 < RZ, |lyl| = Ry} and Oy, = {x +iy € C*: 22 + 25 = R, ||y|| < R} and for

o1p3wehave By = {z+iy € C*: a2 + 23 + 23 < R, |ly|| = R} and Oy, = {z+iy €
C*raf +as+af = Ry, yll < Ry}

As a final tool for our proof consider the setUs = {z € C* : [s;(z) + v| > 6 > 0, j =
1,...,m; v € N}, which removes a neighborhood in ¢/ around the singularities present in

the numerator of the ratio of products of gamma functions in w. Hence we can write left

/5—/ §+/ §+/ ¢ (169)
oNSy OrNUs B.NUs aNSENUS

Our proof will consist of three steps: firstly to estimate the value of ||w|||o, ;. SEC-

most term of (166) as:

ondly to estimate the value of ||w|||p,w;, thirdly to extend the two previous results to the
value of the integral to the set of neighborhoods (/5 (in the proof of Lemmas 1 2 and 3).
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Step I:

Recall that for any z € C* we have s;(z) = (a;,x) + b; + i{a;,y), also for any
point in the three-dimensional space, r € R, there exist # € [0,27[ and ¢ € [0, 7|
such that x = ||z||Z = ||z||(sin ¢ cos €, sin ¢ sin B, cos ¢), hence the real part of s;(z) for
z € Oy is given by Re(s;(z)) = Ry(a;j, &) + b;. Having fixed 6 and ¢, and given we
are working in the space O N Us, we will chose the radii Ry, such that Re(s;(z)) wont
intersect the singularities of the form w, (the latter case will be dealt in the lemmas). Thus,
the numerator of the form w can be segregated into two terms, the ones where (a;, Z) > 0,
which we will order as  + 1 < 5 < m, and the ones where (aj, z) < 0, which we will
order as 1 < j < p. Analogously, we can sort the denominator of w , where (c;, ) > 0,
for y +1 < j <p,and (¢j,z) < 0, for 1 < j < x. In this case, as R, — +o0o we have
Re(sjlo,) — 400 and Re(gjlo,) — +oo for p < 7 < mand x < j < p, respectively,
and Re((1 — s)|0,) = +oo and Re((1 — ¢;)|o,) = +ooforl <j<pand1l <j <y,
respectively. Therefore, if we use the relation I'(s;)I'(1 —s;) = 7/ sin(ns;) and the apply

the Stirling formula (27), we get:

s;—1/2 o=
F1F2F3 5 1 sin(ms;)(1—s; )(1 s))—1/2 ,~(1=s;) H] —put1 S]J J
<k (170)
I, X 1 H 4-1/2
Ok J=1 Sin(ﬂq )(1— q; )(1 4)=1/2 _(1 45) J=xA )
1 — g.)%— 1/2 5] 1/ 18 :
< =2 DLl o) SV HX T 1)
b (1 —s)sm1/2 HJ 1 ]] e 2ej=1% H _, sin(7g;)
where k; and k- are undetermined constants independent of either £ or y values.
Since all the linear equations s; and ¢; are on the set Oy, we have ||z|| = R and

lyll < Ry. Given this parametrization, the modulus of the functions s;, 1 — s;, ¢; and
1 — g; are bounded below by A; R, and above by A R;, for some constants A;, Ay > 0,
in fact:
;]
571 < Nl lllall + 1651 + llas [yl < lla |1+ TR+ lla | e < AeBi - (172)
|81 > Hajillw:| — b;]] = |A1 Ry, — [bs]| = A1 Ry (173)

For the first step of (172) we applied the Cauchy-Schwartz inequality, for (173) we chosen
aj;, where i € {1,2,3}, different from 0, and A; < Rj|%;|. The proofs for the linear

equations 1 — s;, ¢; and 1 — g; are analogous.

Now if we take note that Ry (a;, 2) < 0 and —Ry||¢;|| < Ryi(c;,Z) <O0forl <i < p
and x < j < prespectively and Ry a;|| > Ri(a;,Z) > 0 and Ry|cj|| > Ri(c;, &) > 0
for1 <17 < pand y < j < p, respectively, we conclude that:
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(Aleei arg(1—s;) )Rk <ij£>+bj—1/2+i Im(s;)

s 1/2
1= s 2T sy

_ —1/2
3'<=1(1 )q] 12 H] =x+1 q;zj

;<:1(A2Rkei arg(l—Qj))Rk<gj7r%>+dj*1/2+i Im(g;)

j= u+1(A2Rk€”rg (7)) Ri(a5,2)+bj ~1 /24 Im(s;) .
H? +1(A1Rkel arg(l*Qj))Rk(Qj,£>+dj—1/2+i1m(qj) ( )
J=X
[T (A Ry) e 202 [1= u+1(A2Rk)Rk a;:8)+b;=1/2
> H] 1(A2Rk)Rk cj® Y+d;—1/2 H] X+1<A1Rk)Rk <; a)+dj—1/2
e~ by Im(sy) arg(1—s;) =327, | Im(s;) arg(s;)

X o S tla) arg(1-a;) ~ Sy 1) are(ay) (175)
< COR?CgkstHy”Rl]jk(A,fc) w6

where ¢y, c1, ¢ and c3 are constants that we can define without any recourse to the angles
6 and 1), making the upper bound (176) hold for every z € Oy N Us. More concretely we
define:

S b2 35 b—(mp)/2
max A max Ay
neq{0,...,m} neq{0,...,m}
cp = 5 5 77
min A s=1 07X/ min A F=ctn b= (=)
x€{0,....p} X€{0,....p}
Z':l ' —p/2 Zm: 1 J —(m—p)/2
A J A Jj=p+
= 12’-‘_ bj—x/2 22’7_ bj—(p—x)/2 (178)
A1 j=1 AQ j=x+1
m p P m p p—m
Zybij\dj|+§ szj—Zdj+T (179)
Jj=1 j=1 j=1 j=1
m a.; 4 [ — WL a.;l|l— P C.:
¢y = Mmax {Alzal ||*JH+EJ:1 HﬂH,Al 2771 Hﬂ” ZJZI ||JH} (180)
[S71 flay][+55- 1|LJ||] S5 [las -5 [l
X max ¢ As A, (181)
Z] 1 g@) (1+5)Z;n:u+1<2j:53>
> A Y g 1;1>2 > (c; @) (182)
Al j=1 A2 J=x+1\=50
m V4 m P
esllyll =7 [ D> llagll+ > llegll| lyll = 7> Im(s;) + 7 Im(gy) (183)
j=1 =1 j=1 j=1

e~ >oh_ Im(sy) arg(1—s;) =200 1 Im(sy) arg(sy)

T o oy Im(gy) arg(1—q;) 3L 4 Tm(g;) arg(g))

(184)

where in (183) we used the Cauchy-Schwartz inequality in conjunction with the fact that
(aj,y) = Im(s;) and (¢;, y) = Im(g;).
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Now let’s recall that A = 37 a; — >°F_, ¢;, which we will use to define the value
A, := (A,z). Observe that since we are working in Oy N Uj, there doesn’t exist a
sequence z; € Oy, NUs such that sin(7({a;, z) + b;)) goes to zero, otherwise inasmuch as
sin and (a;, ) +b; are continuous, we would have z; € U, which is a contradiction, hence
0 < inf.eopmus sin(m({a;, z) +b;)) and sup, o, vy, 1/ [T, sin(m({a;, 2) + b;)) < oco.
On the other hand, for the sin’s in the denominator of w, there exists a constant ¢ such
that:

X
[ [ sin(ra;)| =
j=1

X eimRe(q;) p—mIm(q;) _ ,—im Re(q;) omIm(g;) X

2 < Lol < e ass)

7j=1 7j=1

Similarly, by applying the Cauchy-Schwartz inequality to the modulus of =% we have:

[t 82t | = (] [t [t e e

< |t1|—w1|t2|—x2|t3|—$3€|yl|argt| < e~ llzll(log [t],2) | arg t| Ry (186)

Therefore all the terms of w not present in (170) grow at most exponentially as R, —
oo. If we combine the results from (176), (185) and (186) we get:

< ¢(t)Tr RExA (187)

OrNU5

where c(t) > 0 and is independent from k and y. Since A, < 0, from (187) as k — oo
the first integral of (169) vanishes.

Step 2:

Before tackling the second integral in (169), let’s restate the inequality (149):

C1|Z|Re(z)—1/26—g\Im(z)\—|Re(z)| < |F<Z)| <Cz(€)|Z|Re(z)—1/2€—g\Im(z)\+|Re(z)\ (188)

In By, NU;s we have 0 < ||z|| < Ry and ||y|| = Ry. analogously to (172) and (173), for
R}, big enough, the modulus of the functions s;, 1 — s;, g; and 1 — g; are bounded below

by A; Ry and above by As Ry, for some constants Ay, A, > 0, in fact:

571 < Nl + 1051+ ey o1 = s+ B2 R o R < Ao 159)

551 = [ag, z) = [bj + {az, ) || = cl{az, 2)| = Ail|]] (190)

where we defined A, = c, i[nf [ a?, sin® ¢ cos? 0 + a2, cos? ¢ cos? 0 + a2y sin® ¢. The
€[0,2m
pe[0,7]
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second step of (190) is valid when R, — oo because the value in ‘bj + <gj,y>] will
become significantly greater than ‘(Qj, x) ‘ These results remain for 1 — s;, g; and 1 — g;.
Combining the inequalities (189) and (189) with (188) we obtain:

ID(s;)| < ca( AgRy) el @) g [PV 2=Flm(s)l+ RG] i (g0 2) >0, (191)
IT(s7)] < ca(Ay|a|) 171600212 Gl HIREGDl i (0 3) <0, (192)
ID(qy)| > e (Ay]|z|)Ieltes®|g; |5 2e =3 m@)l=Re@)l —if (¢ ) >0, (193)
‘F(Qj)l > c1(A 1Rk)llzll Cj7$>|qj|dj—1/2ef%\Im(qj)I*IRe(qj)l if <Cj, i) <0 (194)

Just like we did in step one we will fix 6 and ¢, i.e. fix 2, and using the above

estimates and the fact that Im(s;) = (a;,y) and Im(g;) = (c¢;,y) we can bound the value
of |FiLla
4

= z|[{a;,z b;j—1 2 — T |Im(s e(s
- H o (Ay|]) 1@ |5, P51/ 2 =S lmmCs) +Re(sy)
11213, j=1
2 <!
‘ Iy ﬁ 1 (A )chll<cg-,5c> |qj| —1/2 ,— % |Im(q;)|—[Re(q;))|
I o (ApRy)Ieler) | |2=1/2g= 5 limisy) e
x 5 17 £l 1370 01 (195)
IT e (Aifla])) 1 g, |12 e 5 mla) Relay)
J=x+1
< O« RE D (x, y) BNl ) (196)

where A, B and C and E are constants of the form:

A= <iaj— i Cj,fi’> (197)

Jj=1 J=x+1
m X
B:<Z aj—zcj,f> (198)
J=p+1 J=1
C>cPey (199)

E— Agzjzl RS ENTIR) Aézgn:wl @ =Y ¢558) o= 1ag @) +228_y [{ej,8)] (200)

and D(z,y) and F(y) are the functions:

[15%, aj, z) + b + z'<aj,y>|ba'—1/2

d;—1/2
P ey @)+ dy + e, )| DY

F(y) = [y, argt)| — 5 (ZI a;y)| Z|<cy,y>|> (202)
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As we shown in (153) to (155), F'(y) is negative for all y € o, therefore since ||y|| =
Ry, as R, — oo, e’® goes to zero at an exponentially rate. If ||z|| increases as Ry,
increases, we can just use the arguments from step 1 to show that ||£|| goes to zero, hence
Bl must be bounded. Since D(x,y) increases at most at a polynomial rate, our last
requirement is to show that ||:7c||AHx”RkB increases, at most, at a slower rate than e?'®

decreases.

First thing to note is that by construction A defined in (197) is negative and B defined
in (198) is positive. Secondly by definition, for any = + iy € 0 we have A, = (A, 1) <
0, therefore since A + B = A, < 0, we have —B/A < 1. Consider the function
fr(x) = x*RB? its derivative is given by fr(z) = fr(z)(Alogz + A + Blog R)

with a zero of value x3; = R™5/%/e. In other words, fz() has a maximum at 2, of
R—B/A

frzy) = (e*§> . Therefore even if we choose ||z|| = z, the term ||z ** RB
will increase at a rate lower that eZ'¥) decreases. We conclude that as k& — oo the second

integral of (169) vanishes.
Step 3:

We will now undertake the third integral of (169) where the singularities of the form
w are present. Let’s define P, = {z +yi € C* : (a;,2) = —b; — v, (g;,y) = 0} and
Viv D P;, as the open sets that contain the discontinuity given by the values in P; . If
we fix the angles 0,, ¢, 0,, ¢,, for the aforementioned discontinuity, we can restate the

previews equations as ||z[[(a;, ¥) = —b; — v and ||y||{a;, §) = 0.

For the case where P;, N O # (), we have ||z|| = R} and the real part of the sin-
gularities will be given by the one dimensional segments T} ;, = {z € R? : |jz| =
Ry, (a;,7) = —b; — v}. Hence, we can chose the radii R;’s, such that, for each point
r = Ry, & = Ry(sin ¢ cos 0, sin ¢ sin 0, cos ¢) belonging the two dimensional segment of
T}, .j.v» when we increase the radius from Ry, to Ry,, the points with the same angles 6
and ¢ but now with the higher length Ry,, i.e. Rj,z, will not intersect 7}, ; ,, for any
p € N and ko > ki, and will intersect the remaining 7}, ; , at most one time, for any
€N, j#1and ky > k. We can construct the radii R}’s in order for this event to occur,
because the set containing all the two dimensional segments 7}, ;,, is countable. In fact,

we can define its (surjective) enumerating function as:

n: N? —>{Tk,j,u}k,j,y
(k,3,v) — T jo, (203)

where k& € N represents the radii Ry, j € {1, ..., m} represents the Gamma function and

v € N the zero in the Gamma function.
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This entails that as k& — oo the upper bound (176) deduced in step 1 will still hold for
any angles 6, and ¢,.

The case where P;,, N By, # 0 is slightly more complicated. Let’s consider S;, =
{i € {1,2,...,m} : Voev, (a;,2) ¢ Zg }, the multi-index set of the gammas that don’t
have a singularity under s;(z), and Z;, = {i € {1,2,....,m} : V.ey, (a;,2) € Z;},
the multi-index set of the gammas that are singularities have a singularity under s;(z).
Note that the reason for this distinction is that in some instances we may be working with

multiple singularity simultaneously in one neighborhood V;, N By, # .

Since we are dealing with a case where x € K \ Z;, where K is compact, by the

inequalities (150) the estimate upper bound for the modulus of wt~* is given by:

H (|<Qi,m)| + 1)<ﬁi7$>+b,‘71/2
iESJ}V
(C x)+bj—1/2
et (e o)+ 1)

x exp{|<y, g )]~ (Zu@j,yn - Z|<_J,y>l)}

J=1

[T, T(s5(2))
Tt | S

< [ T T(as, 2) + by) (204)

1€25,,

Consider « defined in (30), for each ¢ in the domain U defined (144) we have ||arg || <
(m/2)c if we apply the Cauchy-Schwartz inequality, |(y, argt)| < ||largt||/||y||, we get:

|{y,argt)] < ga’HyH forsome o <a (205)

Consider the parametrization given by x = p, y = vo\ + v10 + pS of the plane
P;, N Bj, where (p(f and pg are points and v; and v, are vectors). The neighborhood V},
around P;,, N By, can be defined as the intersection of the parallel planes {z + iy € C? :
T = p1,y = v + v10 + pa} with By, where p; and p, are in the neighborhood of p! and

py. If we take into account that > z,,{a;,y) vanishes on P;,, we have:

Z | @Y Z| S Y = Z | ;5 Vo |_Z| —17U0 ||>\||

ZESJ v Vi ZESJ v
Vil

+ Zla“vll—Zl_l,vl 160] + K, (206)

€855,
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p

= Y Kaww)l =D Keww)l + K, (207)

Z’GSjyy k=1

P,
m P
= (ZI(%@/H -y !<§¢,y>!> + K3 (208)
i=1 k=1 Pj.
> ally| + Ky (209)

where the K, Ky, K3, and K, are bounded constants. Hence, for any x + iy € Vj,, the
following inequality will hold:

p

™ s
(oargt)| = o | D Kaow) =Y Heww)l | < S —a)lyll+ Ki  (210)
’L'GS]‘,V k=1
Hi€S~ v I'(si(2)) _, . .
In other words, Wt decreases exponentially as Ry increases.
k=1

What remains to be shown is that the forms &;, {231 and £y 2 3y (the proofs for the
remaining forms are analogous) decrease as 7 increases, whether or not they are in U;
or its complement. Of necessity, for the latter case, we will have to show that the forms

are bounded at any point where the Gamma functions are discontinuous.
These properties will be demonstrated in the following lemmas:

Lemma 1. There exists a sequence of radii Ry, such that Ry, — oo and for which

lim & =0 @211)

k—o00 0_{23} mSk

Proof. For the form & it is easier to recall that & = p; A w which can be written as:

2 LQ
& = |f1| A hdz — T | A F1F2F3t_z

_ dz (212)
Tk PP tme

where I'q, I's, I's and 'y are a product of a subset of Gamma functions present in the
numerator and denominator of w defined at the beginning of the proof of the theorem 7.

Knowing this, the following inequality for the norm of &; will hold true for any z € Uj:

1
161 < 2 7l (213)
1 4+ Il IT1]
IT2* 7 |Tg)?
Since m < 1, for any a, b, c € R, then the first factor of the inequality (213)

is bounded by 1 and the second factor, as we deduced previously, decreases exponentially

as Ry, increases.

49



APPENDIX PROOF OF THEOREM 8

On the other hand, the complementary set, U5, will include the complex planes L]V =
{z € C*: s;(z) = —v} of Dy, Dy and D3. Recall from (39), we have D; N oy = 0,
Dy Noy = 0 and D3 N oy = O which implies that o233 N (D2 U D3) = (). Since we
are working in o5 3, we will only consider the planes L7 in D;. We will represent Iy
as the product I'} - I}, where I'} is the product of the functions I'(s;(z)) in I'; without
singularities on L and I'] is the product of the functions I'(s;(2)) in I'; with singularities
on L, where we will denote by s the number of factors in I'}. Taking this notation into

account, the following inequality for the norm of &; will hold true for any 2z € Uj:

—2s

A

1
L g LT
TP T

I F2F3
L'y

el < 014

; \

1+

The first factor has a zero of order 2s, the second factor has a pole of order s, and the
third factor decreases exponentially as I, increases. Therefore the product of the first and
second factors have a zero of order s. This in conjunction with the previous deductions

completes the proof of lemma 1. 0

Lemma 2. There exists a sequence of radii Ry, such that R, — oo and for which

k—oo o1 ﬂSk { }
Proof. The proof of lemma 2 will be similar to lemma 1. From equation (157) and (158)

the form {5 31 can be written down as:

. _ _1dF3+ ldFQ
_fzdfgd_f:adfz/\hdzz T2 T Is T,

52,3 = A
23 AR L (1T + 1/|To + 1/|T5?)? Ty

—z

dz (216)

Hence, the following inequality for the norm of £ 33 will hold true for any z € U;:

1 dr dr:
_ BHTE (’f - ﬁ) IS
€2 || = ¢
1] |p2‘ I (|F1| ‘P2| + |F1| |F3| + |F2‘ |F3| ) 4
I |* 0?7 dly dI
< — | i |22| lj" P 2H = = = Il (218)
(IT2[*[Tof* 4 T4 7 |Ts]” + [To|*[Ts]) I's
Since CWJFZE% < 1, for a,b,c > 0, then the first factor of the inequality (218)

is bounded by 1. The second factor is the difference between two digamma functions,
(z) = =7+> 02 (717 — 715)- taking into account the inequality 1(z) < log(z — 1+ ¢7),

the second factor increases no faster than logarithm of ?j,. The third factor as we deduced

previously decreases exponentially as Ry, increases.
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For the complementary set, U5, from (39), we have D1No; = (). Since we are working
in o7 which may intersect D, and D3, without loss of generality, we will consider the
planes L} of the divisors Ds. As we did in the previews lemma, we will represent I'; as
the product I', - '), where I' is the product of the I'(s;(z2)) in Iy without singularities
on L7 and I'y is the product of the I'(s;(2)) in I'; with singularities on L, where we will
denote by s the number of factors in ;. We should also take note that by definition ),
will have one pole in L7. Taking this notation into account, the following inequality for
the norm of {;, 3) will hold true for any z € Uj:

25—4s=—2s
ISR TRIN T
(T4 *[Tof” + T4 [*| T + Do *[T's )

!/

1 s
——N| T T
3 T —wall T3T | =22

2] <

The first factor has a zero of order 2s, the second factor has a first order pole, the third
factor has a pole of order s, and the fourth factor decreases exponentially as Ry, increases.
Therefore the product of the first, second and third factor has a zero of order s — 1, and
taking into account that s > 1, then Hf{ZS} || is bounded and decreases exponentially. This

in conjunction with the previous deductions completes the proof of lemma 2. [

Lemma 3. There exists a sequence of radii Ry, such that Ry, — oo and for which

lim 5{1’273} =0 (220)

k—oo O'([]mSk

Proof. The proof of lemma 3 is slightly more complex than the previews two. First recall,
from (160), (163), (164) and (165), that {1 2.3} = 5{117273} + 5%17273} + §f{317273}, where

F1dfydfs — fodfrdfs + f3df1df2

§h23) = G 221)
j{_iz(iﬂa Fdledf‘a ch1tg2 P
_ I T, T, r; T, ] T, A dz (222)
(1/IT 2 + /052 +1/|T2)* T
ffdf fidfy + fodfy + fadf
Elog = 27— fa (4 |1|f||82 2+ f3fs) (223)
22D (AL 3T +iD)
—ptol L h D g, (224)
(1/T2 + 1/[T2? + 1/|T5[?) L'y
Tifofs (fdfy + fodfs + fsdf
€05 = ( 1||f||10 2 7o) A hdz (225)
;;;(1@1_’_1011*2 L@)z .
_LbhhALE PR WL 7, (226)

(1/|01] + 1/ Taf? + 1/|T52)” T4
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Analogously to what we did in the previous lemmas we will compute an upper bound
for the norm of the three forms. Starting with 5%1 23}

_1_ (@d&_;;+cz_1@) .
Hf%m,:a}“ = LR L — 7 A T dz 227)
T1[° |r2| ITs[° (IT2 T2l + [DaP[Ts” + Dol [Ty ) 1
IRV N dlydl3 dlydly  dly dD
SRS [ Y. VR VY VN oY oY P
(01 |Taf* 4+ T |Ts ) + Do *0s ) 1T T2 Ty T Iy I T
For 5?172,3} we get the estimation:
;;;cz_z(ldfurldfurlf&) B
T 2T 2T t™~
J€fuall = 2| o Il 0 D 29
(1/|04* + 1/|To* + 1/|T5 ) 4
1 _ __ __
I 252 ar 1 dl’ 1 dI’ 1 dTl
<92 . LTI |§3| - 2 — i + = 2 2 g als || (230)
(1/I04" + 1/|0o|" + 1/|T5]%) M, I3T, I3l

<o BRI ( LI )
— 4 2 2 2
(1/I02” 4+ 1/|0* + 1/|T5*)" \ITul” Do [T
= 12
dT;
X ( sup ) llwl| (231)
1€{1,2,3}

< ISINISINIFY sup
- (|F1‘2|F2|2+|F1!2|F3|2+|F2|2\F3|2)3 i€{1,2,3}

dr’;

2
) ]l (232)
and finally for & ?17273} if we apply the Cauchy-Schwartz inequality we get the upper bound:

2
111 (1dly | 1dly | 1 dly

3 f1 Ty F3 <F1 ]_" + 1) ]_"l + I's ]__‘3 > t_z
€81 2.8 =

2
WINP + IGP + ynpy T 39

1
IT1|*|T2|*|03]”
T (1/|Ti 2 + 1/|Ts2 + 1/|T5)2)°
( 1 df, 1 4, 1 dF3>2
2 T 2 T + 2 T
10T ST Y U T ) Y
1

w|| (234)

2
BRI ( L. )
T (/NP + /T2 + 10527 N[ [Pef® [T

— 2 — 2 — 2
dr dar dar

<__1) +(__2) +(__3)
I Iy I's

w| (235)
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0y [0 YD)
— 3
(IT3*Tof* + |4 | 5] + Do *(Ts %)

— 2 =\ 2 — 2
dar dar ar

(__1> +(__2) +(__3)
Iy I, I's

For either of the three upper bounds (228), (232) or (236), since % < 1, for

any a, b, ¢ > 0, the first factor is bounded by one, the second factor increases no faster than

w|| (236)

the square logarithm of 1, and the third factor decreases exponentially as Ry, increases.

Since we are working in oy; 2 33 which may intersect Dy, Dy and D3, without loss of
generality for 5{117273} and 5?17273}, we will consider the planes LY of the divisors Dy, for
all 5%273} we will have to address at least one of the other divisors set. As we did in the
previews lemma, we will represent I'; as the product I'; - I'Y , where I, is the product of the
['(sj(2)) in I'; without singularities on L and I'{ is the product of the I'(s;(2)) in I'; with
singularities on L7, where we will denote by s the number of factors in I';. We should
also take note that by definition ¢» will have one pole in LY. Taking this notation into

account, the following inequality for the norm of {{;  3) will hold true for any » € Uj:

4s—6s=—2s
I [0 D)
3
(IT12To)? + T4 ?|Ts)? + Dol Ts[?)
1

H dlydls dlydls  dl, dI‘Q
X +

160123l <

ke P L yr”| (237)
FQ Fg Fl F3 Fl 1—‘2

Iy

’I‘lI‘ Fg

The first factor has a zero of order 2s, the second factor has a first order pole, the third
factor has a pole of order s, and the fourth factor decreases exponentially as Ry, increases.
Therefore the product of the first, second and third factor has a zero of order s — 1, and

taking into account that s > 1, then Hg{g,g} || is bounded and decreases exponentially.

For 5?1,2,3} notice that

65—8s=—2s 1vO0
6 6 6 s
5 [Ty |”| Do "[T5 dl's
“5{172,3}“ <2 2 2 2 2 2 24 || T
(101 [*[D2 | + [T || Ts|" + [T |Ts] ) 2
1—-2sV1
T14r, 1 aTy | 1 T || DLy
— — 238
X)F% r, TI3T, F2 T3 ’ (238)
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If we are working with the singularities D or D3 the first factor has a zero of order
2s, the second factor has a first order pole, the third factor has a pole of order 1 — 2s,
the fourth factor as a pole of order s and the fifth factor decreases exponentially as Ry
increases. Therefore the product of the first, second, third and fourth factor has a zero of
order 2s — 2, and taking into account that s > 1, then ”5%1’273} H 1s bounded and decreases
exponentially. For the singularities in D, the first factor has a zero of order 2s, the second
and fourth factors do not have neither a pole nor a zero, the third factor has a pole of order
1 and the fifth factor decreases exponentially as Ry increases. Therefore the product of
the first, second, third and fourth factor has a zero of order 2s — 1, and taking into account

that s > 1, then H£{2172,3} is bounded and decreases exponentially.

Finally for &7, , 4

8s—10s=—2s
o\
(e N

I °| T 15 °

3 <
||§{1,2,3}H T (/T2 + 1/|Ts)2 + 1/|F3|2)5
0

A\

1 dF1 1 dE 1 dfg)
+ 2_
’Fl !Fﬂ Ly [Ty

I Fg
Ly

(239)

The first factor has a zero of order 2s, the second factor has a neither a pole nor a zero,
the third factor has a pole of order s, and the fourth factor decreases exponentially as [?,
increases. Therefore the product of the first, second and third factor has a zero of order s,
and taking into account that s > 1, then Hg?lﬂﬁ} H is zero. This in conjunction with the

previous deductions completes the proof of lemma 3. U

O
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