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Resumo

Este trabalho discute sob que condicoes se pode expressar a funcao que representa o preco de
uma opg¢ao como solucao de uma determinada equacao integro-diferencial parcial num modelo
exponencial de Lévy. A grande diferenca entre o caso aqui considerado e o de Black-Scholes
é que existe na equacdo um termo nao local, o que faz com que a andlise seja mais complexa.
Também é discutido sob que condigoes se pode obter a formula de Feynman-Kac para o caso de
um processo de saltos puros e sob que condigoes o preco de uma opcgao € solugao classica de uma
equacao integro-diferencial. Quando tais condi¢Ges nao sao verificadas, considera-se o conceito
de solucao de viscosidade, que apenas exige que a funcao que representa o prego da opgao seja
continua.

Para alguns tipos de processos de Lévy sao apresentados resultados de continuidade para os
precos de opgoes barreira. Para além disso demonstram-se os mesmos resultados para processos
de variagdo finita e sem componente de difusao. Também sdo apresentados alguns exemplos
em que a funcao que representa o preco da opcao é descontinua. E apresentado um esquema
numérico que permite obter o preco de uma opcao de venda Europeia para o caso do processo
”Variance Gamma”. Este esquema de diferencas finitas foi proposto inicialmente por Cont e
Voltchkova para resolver numericamente a equacao integro-diferencial parcial associada.

Palavras-Chave:Processos de Lévy,Formula de Feynman-Ka¢,Equagao integro-diferencial par-
cial, Valorizagao de opgoes.
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Abstract

This dissertation discusses under which conditions we can express the function that represents
the option price as the solution of a certain partial integro-differential equation (PIDE) in a
exponential Lévy model. The main difference between this case and the Black-Scholes case is
that there is a non-local term in the equation, which makes the analysis more complicated. Also,
we discuss under which conditions we can obtain a Feynman-Ka¢ formula for the case of a pure
jump process and discuss the conditions under which option prices are classical solutions of the
PIDEs. When such conditions are not verified, we consider the concept of viscosity solutions
which only requires that the function representing the option price is continuous.

Continuity results for option prices of barrier options are presented for some types of Lévy
processes. In addition, we show the same continuity results for processes of finite variation
and with no diffusion component. Also, we present some examples in which the function that
represents the option price is discontinuous. Moreover, we present a numerical scheme that
gives the price of an European put option for the Variance Gamma process. This finite difference
scheme was initially proposed by Cont and Voltchkova, to solve numerically the associated PIDE.

Keywords:Lévy Processes,Feynman-Ka¢ formula,PIDEs,Option Pricing.
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Chapter 1

Introduction

One of the main reasons for using the Black-Scholes model is the existence of an analytical
formula to price European options. However, evidence from the stock market suggests that
this model is not the most realistic one. It is well known that the sample paths of a Brownian
motion are continuous, but the stock price of a typical company suffers sudden jumps on an
intraday scale, making the price trajectories discontinuous. In the classical Black-Scholes model
the logarithm of the price process has normal distribution. However the empirical distribution
of stock returns exhibits fat tails. Finally, when we calibrate the theoretical prices to the market
prices, we realize that the implied volatility is not constant as a function of strike neither as a
function of time to maturity, contradicting this way the prediction of the Black-Scholes model.
Several alternatives have been proposed in the literature for the generalization of this model.
The models with jumps can, at least in part, solve the problems inherent to the Black-Scholes
model. The jump models have also an important role in the options market. While in the Black-
Scholes model the market is complete, implying that every payoff can be exactly replicated, in
jump models there is no perfect hedge and this way the options are not redundant.

The objective of this thesis is to study under which conditions we can obtain the function
that represents the option price as a solution of a certain partial integro-differential equation.
Moreover, we will discuss some examples where the price function is not regular enough in order
to be a classical solution of this partial integro-differential equation.

The prices of options such as European options and barrier options can be caracterized
in terms of solutions of a partial integro differential equation with some boundary conditions
depending on the type of option considered. Conversely, if we have a solution of a certain partial
integro-differential equation (PIDE) satisfying some conditions, then it is possible to arrive at
a stochastic representation of the Feynman-Ka¢ kind, analogous to the Black-Scholes case. The
main difference between a model with jumps and the Black-Scholes case is a non-local term
that appears in the equation, because now the price process possesses jumps, and the option
price can be discontinuous. This non-local term makes PIDEs less easy to solve than partial
differential equations. However, one of the numerical schemes used in the literature is presented
to solve such equations. In analytical terms, if the price is not a classical (smooth) solution of
the PIDE, the notion of viscosity solution can be used.

In Section 2.1 we present the definition of a Lévy process and some notation related to
Lévy processes. In Section 2.2 we introduce the Lévy exponential models for financial assets. In
Section 2.3 we give some examples of financial models. In Section 3.1 we present the definition of
a price of an European option as a discounted expected value of the terminal payoff and a simple
derivation of the integro-differential equation whose solution is the discounted expected value of
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the terminal payoff. In Section 3.2 we present a result shown by Nualart and Schoutens [NS01]
that allows a probabilistic representation of solutions of PIDE’s through the use of a Feynman-
Ka¢ formula. Section 3.3 is dedicated to present in detail the relation between the price of
European options (Subsection 3.3.1) and barrier options (Subsection 3.3.2), and the solutions of
the associated integro-differential equations. Also, in Subsection 3.3.2 some continuity results
are presented for barrier options. In Section 3.3.3 we present the numerical scheme proposed
by Cont and Voltchkova [CV05a] to solve a partial integro-differential equation and also present
some numerical results. In the begining of Chapter 4, we introduce the notion of viscosity
solution and its rigorous definition is given in full detail in Section 4.1. In Section 4.2 we present
some results concerning the uniqueness and existence of a viscosity solution. In the appendix
we present the proofs of Propositions 3.3.1, 3.3.2 and 3.3.5. Also in the appendix, we presente
the numerical code (Mathemathica Code) used to compute the value of a binary option using
the Monte Carlo method and the code to compute the value of an Kuropean option under the
Variance Gamma process using a finite difference scheme proposed in [CV05a].



Chapter 2

Financial Modelling with Lévy
Processes

2.1 Lévy Process: definitions

Let us start with the definition of a Lévy process.

Definition 2.1.1 Consider a fized probability space (2, F,Q). A stochastic process X; such
that Xg = 0 s called a Lévy process if:

e X; has independent increments: for every tg < t1 < .. < tn, the random wvariables
Xy Xy — Xty Xty — Xoyy o, Xo,, — Xt,,_, are independent.

e X, has stationary increments: the law of Xy+p — X; does not depend on t;
e X, is stochastically continuous ,i.e. for all a >0 and s > 0:

ImP[|X; — X4 >a] =0
t—s
We only consider a right continuous with limits to the left (caddlag) version of X; and will denote
AX; = Xy — X;-, the jump of X at time .
The characteristic function of X; has the following Lévy-Khintchine representation
([Sat99],[CT04],[App04]):
) o222 +oo
E [emxt] =) ¢ (2) = — 5 +ivz + / (e —1 —izaly<) v (dx).

—00

where 0 > 0 and v € R and v is a positive Radon measure on R\ {0} verifying:

/1 2%v (dr) < oo. (2.1)

1
and

/||>1 v(dz) < 0. (2.2)

The measure v is defined by:
v(A)=E[#{te€[0,1]: AX, € A}] = %E[# {te[0,T]: AX; € A}], A € B(R), (2.3)

3



4 Chapter 2. Financial Modelling with Lévy Processes

and is called the Lévy measure of X. It gives the mean number, per unit of time, of jumps
whose amplitude belongs to A.

The Lévy-I1t6 decomposition gives a representation where X is interpreted as a combination of
a Brownian motion with drift and a infinite sum of independent compensated Poisson processes
with several jump sizes = (see [CT04])

t t ~
Xi =t +oW; + / / xJx (ds,dx) + / / xJx (ds,dx), (2.4)
0 Jz|>1 0 Jz|<1

where Jx is the Poisson random measure defined in the following way:

Jx ([0,t] x A) =#{s € [0,t] : AX; € A}. (2.5)
The compensated Poisson measure is defined by:

Jx ([0,] x A) = Jx ([0,1] x A) —tv (A). (2.6)

A Lévy process is a strong Markov process, the associated semigroup is a convolution semigroup
and its infinitesimal generator L : f — Lf is an integro-differential operator given by (see

[App04]):

Elf(z+Xy)] - f ()

L5e) = i t (2.7)
2 82 o 0
_ 7a—$£+ 8£ [f (x+y) — f(2) —yl|x\§1§£($) v(dy), (2:8)

which is well defined for f € C? (R) with compact support.

2.2 Exponential Lévy models

Let S be a stochastic process representing the price of a financial asset under a filtered proba-
bility space (2, F,{F:},P). The filtration {F;} represents the price history up to time ¢. If the
market is arbitrage-free, then there is a measure Q equivalent to P under which the discounted
prices of all traded financial assets are Q— martingales. This result is known as the fundamental
theorem of asset pricing (see [CT04]). The measure Q is also known as the risk neutral measure.
We consider here the exponential Lévy model in which the risk-neutral dynamics of S; under Q
is given by Sy = "Xt where X; is a Lévy process under Q with characteristic triplet (o,7,v).
Then the arbitrage- free market hypothesis imposes that St = Sie™"t = Xt is a martingale,
which is equivalent to the following conditions imposed on the triplet (o, 7, v)

0_2 +oo
/ Vv (dy) < oo,y = 5~ / (ey —1- yl‘y|§1) v(dy). (2.9)
|z|>1 —0o0
Then the infinitesimal generator (2.8) becomes
20 202 d
Li@) = -G @+ Goa@ [ [ -r@-@-nF @] v e

The risk-neutral dynamics of Sy under Q is given by

t t t »
stzso+/ rS,- du+/ 7S, qu+/ /(efc—nsu_JX (du, dz). (2.11)
0 0 0 JR
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The price process Sy is also a Markov process with state space (0, 00) and infinitesimal generator
(see [CTO04])

(2.12)

= r:ca—x (x) + 5 92 () —|—/R {f (ze¥) — f(x) —x (e = 1) e (z)| v (dy)(2.13)

2.3 Examples of Lévy processes in finance

The exponential Lévy models considered in the financial literature are of two types. The first
type of models are called jump-diffusion models where we represent the log-price as a Lévy
process with a non zero diffusion part (o > 0) and with a jump process with finite activity (i.e
v(R) < 00). The second type of models are called infinite activity pure jump models in which
case there is no diffusion part and only a jump process with infinite activity (i.e v(R) = 00).

There are a variety of exponential Lévy models proposed in the financial modelling literature
that differ from each other only in the choice of the Lévy measure. In this section we present
some examples of models used.

2.3.1 Jump-Diffusion models
A Lévy process of jump-diffusion type is of the following form:

N
Xy =t +oWi+3 Y
i=1
where o > 0, V; is a Poisson process with intensity A that counts the jumps of X; and Y;, 7 =
1,2, 3... are independent and identically distributed random variables with distribution given by
p. The Lévy measure v is given by Ay and the drift « is equal to

—5 = /IR (ey —1-— yl‘y|§1) v(dy).

2.3.1.1 Merton’s model

This model was introduced by Merton [Mer76] and was the first jump-diffusion model proposed
in the financial literature. The random variables Y;,7 = 1,2, 3... are normally distributed with
mean p and variance §. Its Lévy density is given by:

1 _@-m?
e 267 (2.14)

Then it’s possible to obtain the probability density of X; as a series that converges rapidly (see
[CTO04]):

_(w—yt—jm)?
e 2(c2t+552)

pie(z) = Z e*M(At)jj (2.15)

o i1/2m (a2t + j02)
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Thus, we can express the price of an European call option as a weighted sum of Black-Scholes
prices:

00
At)J j62
CMerton(SOa K7 T7 g, T) = e*TT Z e)\t(jl)eroCBS(SOeJ% ) K? T’ O3, T’j), (216>
7=0 '

2 . .
where r; = r — )\(em+% — 1)+ 47, 05 = /o2 + # and Cpg(S, K,T,o,r) is the well known
Black-Scholes formula.

2.3.2 Infinite activity pure jump models

The Variance Gammma and Normal Inverse Gaussian (NIG) processes are obtained by a subor-
dination of a Brownian motion and a tempered a-stable process: the Variance Gamma process
correspond to a = 0 and the NIG process corresponds to o = 1/2. These models are popular in
the literature beacuse the probability density of the subordinator is known in a closed form for
those values of a (see [CT04]).

2.3.2.1 Variance Gamma Process

The Variance Gamma process is a pure discontinuous process of infinite activity and finite
variation ( fm <1 |zlv(dz) < oo) that is widely used in the financial modelling. Its Lévy measure

is given by
2
1 0 \/0? + 2%
v(z) = —e Bl with A= = and B= Y— "
K || o? o?

where o and 6 are parameters related with the volatility and drift of the Brownian motion with
drift and k is the parameter related with the variance of the subordinator, in this case the
Gamma process (see [CT04]). The probability density is given by

pi(x) = Ce™®[a|F K. 1 (|2]),

t_1
k2

where K is the modified Bessel Function of second kind.
The characteristic function of X; + ~t is equal to :

. . o2u2k —t/k
‘1>t (u) _ 62tu’y¢t (u) — 6ztu’Y <1 + 5 _ i@l@u) ,

where v is determined by the martingale condition and ¢; (u) is the characteristic function of
X;. In fact, we must have

Ele T Sp|F;] = e ™S, (2.17)

where
Sy = SperttyttXe (2.18)

is the risk-neutral process introduced in [MCC98, MM91]. Therefore, v = Llog(1 — # — 0k).
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2.3.2.2 Normal Inverse Gaussian model

The NIG process is a process of infinite activity and infinite variation without any Brownian
component. Its Lévy measure is given by (see [CT04])

v(z) = me“Kl (B |z])
and
/92 + a? /02_|_ o?
027”’14:&?3:7”’
2ok o? o?

where 6,0 and k have the same meaning as in the Variance Gamma process. The probability

)=C o K1(By/a? + 5F)
=Ce

) t202
xe + e

density is:

Pt(fE

where K is the modified Bessel Function of second kind. The characteristic function is given by

P, (u) _ e%—%\/1+u2025—2iu9n' (2'19)

2.3.2.3 (Generalized Hyperbolic model

The Generalized Hyperbolic model is a process of infinite variation whithout gaussian part. Its
characteristic function is given by (see [CT04])

042—52 )LKL((S\/)Q—(,B-FZ'U)Q)

2K d
a? — (B + iu)? Ki(0\/a?2—=p32)
where ¢ is a scale parameter, u is the shift parameter and x has the same meaning that in the

Variance Gamma process. The parameters A,  and 8 determine the shape of the distribution.
The density function

dr(u) = e (2.20)

(/= (@ aP)e e,

pi(a) = C(V&2 + (& — p)?)i 3K

where K is the modified bessel function and

oo (Va2 = %)k |
V2rar"26% K (5v/a2 — B2)

The Variance Gamma process is obtained for y = 0 and 6 = 0. The Normal Inverse Gaussian

—_1
process corresponds to A = —3.




Chapter 3

Integro-differential equations for
option pricing

3.1 Definitions

The value of a European option is defined as the discounted conditional expectation of the
terminal payoff H (S7) under the risk neutral probability Q:

Ci=C (1,5) =E [e 7T H (57) | 7
=E [e*T(T’”H (ST) [t = S} = e "TDE[H(Se (T DHXr—1)]

because of the Markov property and the fact that X; is a Lévy process.

If H is in the domain of the infinitesimal generator L°, then if we differentiate C(t, S;) with
respect to t ,we obtain the following integro-differential equation

% (t,8)+L°C (t,8) —rC (t,8) =0;C (T,S) = H(S), (3.1)

where L* is defined by (2.13).

Defining 7 =T —t,z = In <S%> yh(z) = H (Spe”) and f (1,2) = e""C (T — t, Spe”) we get

f(r,2) =E[H (Se"™X)| =E [H (Soe"™" ™t ¥)| =E[h(z +r7 + X;)]. (3.2)

The associated infinitesimal generator is given by (2.10). Then, similarly to the previous case,
differentiating (3.2) with respect to 7 we obtain the integro-differential equation

af
or

=Lf+ T%, (1,2) € (0,T] x R; (3.3)

f(0,z) =h(z),zeR. (3.4)

8
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Indeed, by the definition of the associated infinitesimal generator we get

E[f(T,JZ + Xk)] — f(va)

Lite) = i 2
. E[h(x+TT+Xk+T)] —E[h(l‘+TT+XT)]
= lim
k—0 k
— lim E[h(x +r(T + k) + Xi1r)] — E[h(x + r7 + X;)]
k>0 k
Bl (4 B) 4 Xie)] ~ Elb(e 4 v+ Xy o)
k—0 k
_9f Bl r(r 4 k) + Xy )] — B[z + 77 + Xy )]
- or k—0 k
of . Eh@+z+rmr+ Xz )] -Eh(z+rm+ X:zy1)]  of of
=— —limr = - =5-—Tr4 .
or  z—0 z or Ox

3.2 Feynman-Kac¢ formula for PIDEs

For ¢ > 0, let F; denote the o—algebra generated by the random variables {X;,0 < s <t} and

T
3= {ont e 0.1 ol B[ [ [P at] < oo}

M2 is the subspace of H2 that contains predictable processes. Let H#(I%) and M2 (I?) denote
the corresponding spaces of [?>-valued processes equipped with the norm:

T o
wwzméjzwﬂmw
=1

Finally set H% = H2% x M#(1?).
Following Nualart and Schoutens [NS00], they define the power-jump processes for every

1=1,2,3,...., {Xt(i),t > 0} and the compensated power-jump processes or Teugel martingales

{Y;’ =X/ -E [Xt(i)} > O}, in the following way:
Xt(l) = Xt7

X0 =3 (AX,),i=234, ...,
0<s<t

v = x & [Xt(“] i1,
Then applying a orthonormalization procedure to the martingales Y9 we obtain a set of pairwise
strongly orthonormal martingales {H @ ¢ > 0} ;i = 1,2,.... such that each H® is a linear
combination of the Y@ j =12, ..i:

H(Z) =¢; ZY(I) + ... +¢ 1Y(1),

where

%Fﬂéﬁ%@ﬁm
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and

E[X;] = a+/|>l zv(dx).

The constants ¢; j are the orthonormalization coefficients of the polynomials {1,x,x2,a:3, }
with respect to the measure u(dz) = x?v(dx) + 028o(dz) and the polynomials we want to find
are of the form

qi_l(x) =¢j1+ Ci2x + ci73x2 + ...+ Cw‘_l(liiiQ + Cm‘l’iil,i =1,2,3....
Then, we just have to multiply by x to get the desired pairwise strongly orthonormal martingales:
pz(.%') =¢j1x + Ci72$2 + Ci73$3 + ...+ Ciyi_lxiil + Cm‘l‘i,i =1,2,3...

We now see that: ' ‘
HY = pi(y 7).

An important result in Nualart and Schoutens [NS00] is the predictable representation property:

Theorem 3.2.1 Let F € L?(Q,Fr,P). Then F has a representation of the form:
© r . , )
F]+ Z/ (;ng) dHt(]) where qbl(tj) (3.5)
j=170

are predictable processes such that

T o
E[/ S 1o 12 dt] < oo (3.6)
Consider the Backward Stochastic Differential Equation (BSDE):
—dY; = b(t,Y,-, Z)dt — Y ZVdH Yy = ¢ (3.7)
i=0

where Ht(z) is the orthonormalized Teugel martingale of order ¢ associated with the Lévy process
X, b:Qx[0,T] xR x MZ%(I?) — R is a measurable function and uniformly Lipschitz in the first
two components and & € LZT.

Consider the particular case of a BSDE:

dY; = ZZ dH"Y Yy = h (X7) (3.8)

Let f(7,x) be the solution of the following PIDE:

of  of af

=g+ [ |rmern - 1o -] vian.

70,2) = h () (3.9)
where ¢ =r + v + f‘y|21 yv (dy) =a+ fly\Zl yv (dy).



3.2. Feynman-Kac¢ formula for PIDEs 11

Defining ¢ (t,x) = f (7,z), where 7 =T — ¢ , we obtain from (3.9):

o Jg _
at+c%+4[9(t,x+y)—g(t,x)—yam v(dy) =0,

g(T,x) =h(x) (3.10)

If g is sufficiently smooth, then by applying the It6 formula to g (¢, X;) we obtain the following
probabilistic representation for the case of a Lévy process given by X, = (r + )t + J; =
a + Jy,where J; is a pure jump process. For a detailed proof of this proposition see [NS01].

Proposition 3.2.1 Assume o =0 and I\ > 0 such that
/ Ny (dz) < oo.
|z|>1

If g € CY? is a classical solution of (3.10) and % and % are bounded by a polynomial function
of z, uniformly in t, then the unique adapted solution of (3.8) is given by

Y;f :g(tht)u

where

7= [ Joexe s0 o) 2 0 x0] mwwian + 2w xo ([ i)

Z :/]R [g(t,Xt— +y) gt Xp-) —y% (t7Xt—):| pi(y)v(dy),i>2
and g (t,z) =E[h (X7)| X, = 2].
The probabilistic representation
g(t,x) =E[h(X7)|X; = 2] (3.11)

obtained in the previous proposition is a Feynman-Ka¢ formula for the solution of the PIDE
(3.10).

Sketch of the proof. We can apply Ito’s formula for processes with jumps, presented in
Proposition 8.19 of [CT04], to g(s, Xs) from s =t to s =1T":

) Ty
9(T, X7) :g(t,Xt)+/ g(s,XS)ds—i—/ 99 (s, X,-) d X,
¢ Ot ¢ Ox

F3 lols,X0) 00, Xo) — 22 (s, X, )AX,) (3.12)
t<s<T

Making use of Lemma 5 in [NS00] and applying it to h(s,y) = g(s,Xs) — g(s, X + y) —
%(SaXS_)y we get,

T ag T ag
oT.Xe) =gt X0+ [ Xy ds+ [ S X )ax,
[ 99 0
+ E (9(s, Xs) = g(s, Xs- +y) — 2= (5, Xy )y)pi(y)v(dy) dHy
=1 t R 81’

T
[ 6.0 = gl X ) = G X () . (3.13)
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But X; = Y( )-i-tE[Xl (J v*v( dy))l/zH(l) +t( a—{—f|y|>1 yv(dy)), s

T
hexn) =gl X0+ [ (Grs X0+ [ <g<s,Xs>—g<s,Xs-+y>—%(s,xs->y>u<dy>

T dg 2 1/2 (1)
7(87Xs—)( ]Ry V(dy)) st

wlar [ wla) gl X [ 58

o0

T
+ Z/t (/R(g(s,Xs) —g(s, X~ +y) — gg’;(s,Xs)y)pi(y)V(dy))st(i)- (3.14)

i=1
Then because g(t,x) solves (3.9) and taking expectations in (3.14), we get:
g(t, ) =E[h(X7)|X; = a].

|
The next example shows how to perform the orthonormalization procedure described above
and presents the Feynman-Kac¢ formula for a pure jump process.

Example 3.2.2 Consider the case where we have the sum of two compensated Poisson pro-
cesses, Xy = N} + N where N} = Ny — M\t and N = N; — Aot, with Lévy measure v(dx) =
(A + X2)d1(x) dx. Then performing a orthonormalization procedure we get

1 1 1
Yo O L a2(de)2 ~ (220 + A)o1(z) do) 2~ (Mg + Ag)1/2
1 1
=z+a =Y =x — (z, =z — | a———me(\ + \2)2?%0, () ———=dz
Y1 1,090 = ¢1 (,90) qo0 /R o )\2( 1+ A2)z=d1( )m
=rz—1=9Y1=0=q =0.
By recurrence we get that ¢; = 0,5 = 1,2,3,... . Then in terms of previous notation pi(x) =
\//\1z+7A2 and p;(z) = 0,i = 2,3, ..., which implies
1 i .
HY = —— X, and H” = 0,i =2,3, .... (3.15)
A1+ A2

Then, by Proposition (3.2.1)

T
Yi=h(xr) - [ Z0aH0),
t
dg
Zt(l):[g(t,a?—I—l)—g(t,m)—%] >\1+/\2+—\//\1+A2 gtz + 1) — g(t, 2)]V/ M1 + e

T
1
Y;g—h(XT)—/ [g(t,Xs——‘rl)—g(t,Xsf)]\/)\l‘i‘)\Qi)\ Y dX, &
t 1 2

T
Y: = h(XT) - /t [g(qu* + 1) - g(taXs*)]dXs'

Moreover,
9(t, ) = E[h (X7) | X} = z]. (3.16)
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Notice that in Proposition 3.2.1, g is assumed to be smooth and its derivatives have to be
satisfied in applications.

13
bounded by a polynomial function of x, uniformly in ¢t. However, these conditions are rarely

r=1:

Example 3.2.3 Consider an European call option with payoff function H(z) = (x — 1) and

strike price K = 1. We see that the first derivative of the payoff function has a discontinuity at
0

H(:c):{ 1 ifz>1,

ife <1
Then, we see that the second derivative diverges at x = 1. So, when t tends to T and if the

call option is not uniformly bounded in time.

option is at the money (S = K) the second derivative of the price function tends to the second
derivative of the payoff function that diverges when S = K. This means that the gamma of the

0020

0.015 -

0.010 -

Y SR B
0.02 0.04 0.06 0.08

s T
0.10

Figure 3.1: As T tends to zero the gamma of the option tends to infinity.

3.3 Option prices as classical solutions of PIDEs
3.3.1 European Options

Consider an European option with maturity T and payoff H (S7).Assume that the payoff func-
tion is a Lipschitz function

|H (z) — H (y)| < clz -yl

for some ¢ > 0. As we already know, the value of that option at time ¢ is :

(3.17)
C(t,S)=E e (=) ir (S7) 1S, = S] — (TR [H (Ser(T—t)—i-XT_t)]

(3.18)
We will assume that S; = eX* is a square integrable martingale
/ Xy (dy) < oo.
|z|>1

(3.19)
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Then the dynamics of §t is given by:

ds ~ N
e\ A +/ (e* — 1) Jx (dt,dz), sup E [Sﬂ < 0. (3.20)
t— R t€[0,T

The proofs of the following propositions are presented in [Vol05] and are shown in greater detail

in the appendix. These propositions will be needed to prove the Proposition 3.3.3.

Proposition 3.3.1 Let the payoff function H satisfy the Lipschitz condition (3.17). Then the
forward value of an European option defined by (3.2), f(1,z) = E[H(Se**"™+X7)] is continuous
on [0,T] x R.

Proposition 3.3.2 Let h be a measurable function with polynomial growth at infinity: Ip >
0, h(x)] < C +aP). If

€

1
o>0 or 35€(0,2) such that liminf—— lz>v (dz) >0 (3.21)
e—0 62 B —e

and

Vn > 0,/ ly|"v(dy) < oo, (3.22)
ly[>1
Then, f(1,z) = E[h(x +r7 4+ X;)] belongs to C*°((0,T] x R).

The proof of this proposition, following the proof given in Voltchkova [CV05b], is presented
here in greater detail.

Proposition 3.3.3 Consider the exponential Lévy model S; = Soe™ Xt where the Lévy process
X verifies (3.19) and (3.21). Then the value of a European option with terminal payoff H (St)
(satisfying (3.17)) given by

C:[0,T] x (0,00) = R, (£,5) = C(t,S) =E [e_T(T_t)H (S7)|S: = 8 (3.23)

is continuous on [0,T] x (0,00), C* on (0,T) x (0,00) and satisfies the integro-differential
equation:

oC oC 0252 9*C
B (t,S) + rSog (t,S) + 5 352 (t,S) —rC(t,S)+
oC
+/ [C (t,8eY) —=C(t,8)— S (e — 1) 95 (t, S)] v(dy) = 0; (3.24)
on [0,T) x (0,00) with the terminal condition:
C(T,S)=H(S) ,v§>0 (3.25)

Proof. By Proposition 3.3.1 we know that C (¢,S5) = €"7 f(7, x) is continuous on [0,7] x R and
by Proposition 3.3.2, C(t,5;) € C*((0,T) x (0,00)).

It remains to prove that C (¢, S) satisfies (3.24).

The risk neutral dynamics of S; under Q is given by

dSy =rS;- dt + oS, AW, + / (e —1)S,- Jx (dt,dz) .
R
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Applying the It6 formula to ét = e "C(t,S;) where S; = "Xt we get (see Proposition
8.18 of [CT04))

aC , 92C
E(t,sﬁ)dw st 55

£.5)dSs + /R (Clty + Si-) — C(t. S ) — 325 (1, 51-)) T (d dy)).

d(e ™C(t,S)) = e "(—rC(t, S,-) dt +
86’(
oS

(t, Sp-)dt

4 9
08
simplifying and plugging in the dynamics for S; we get:

oC
oS

+ e_rt(—rC(t, Si-)

A6, = e " (1, 8- )0 Sy AWy + e / (C(t, Sp-e®) — C(t, S,-)) Ty (dt, dz)

R
2

C o _. o 8C ac

+§(t75t—)+* 'Sy 952 (t,Sp-) + 18- 8S(t Si-)
i ac

+ (s = Ot 50) - (@ - DG S o) dt

= b(t) dt + dM,.

oC o2 _, ., 8°C oC
E(ta Si-) t5e 7 952 (t,Sp-) + 18- 8S(t Si-)
oC

n / (C(1,81-¢%) — Ot 5,-) = S (¢ — 1) 9 ¢, 5, )w( ),

b(t) = —rC(t,Sp-) +

T ~
M, = / —rtg(; (t, S ) Sy W, + / i / (t, Sp-€®) — C(t. S-))Jx (dt, dx).
0

It remains to prove that M, is a martingale, because by proposition 8.9 of [CT04], if @
fo s) ds is a continuous martingale with finite variation paths then fo s)ds = Xy a.s, Wthh
1mphes that b(t)=0 a.s. _

In order for fg e " [L(C(t, S-e") = C(t, S;-)) Jx (dt, dx) to be a martingale we have to show
that:

T
—2rt T\ _ 21/ T 00
B[ e [ (Clt.5-et) = Clt, 5 )Pl da) ] <

Then, by the Lipschitz condition

T T
—2rt LA 21/ T 6727"15 C2 2_ et — 21/ T .
E[/O e /R(C(t,Ste) C(t, S,-))%v(dx) di] gE[/O /R 5% (e” —1)v(dx) dt]

Moreover,
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for some k sufficiently big.
Then,
/ 2”/ SE (e — D2 v(dz) di]
gE[/ S2 et 752/ |x\2y(dx)+’152/ (€2 + 1)v(dz) | dt]
0 |z[<1 |z[>1

—B ([ lePulan) [ @ / et
|z|<1 |z[>1

= k2 (/ LA |zv(dz) —|—/ e u( dx)) / E[SZ]e 2 dt < cc.
R |[>1 0

Then fg T R(C(t, Sp-e ) C(t, S,-))Jx (dt,dz) is a square integrable martingale.
It remains to prove that fO e "t 8C < (t,S-)oS,- dW, is also a martingale, such that M; is a
martingale.

r —2rt 60 2 r —2rt 2
B[ (gl Sms, P <E[
0 0

0?57 dt]
Lo

oC

e (t:5)

T
< 0202/ e ME[SE]dt < oo,
0

because if C' is Lipschitz, then 9% (¢, S;-) € L. =

The condition (3.21) holds for all jump-diffusion models with Brownian component or for
processes with Lévy densities with behavior near zero as v(z) ~ —5p with 8 > 0. This condition
is not satisfied for the Generalized Hyperbolic model or in particular for the Variance Gamma
model. The next example shows that if we do not impose any conditions on a given Lévy triplet,
then the function that represents the price of a binary option is not smooth.

Example 3.3.1 Consider the Generalized Hyperbolic model and for simplicity assume § = 0.
Then the density function becomes

pi(x) = Clo — N|£_%K|L_%|(OA|IL‘ — pl)ePfE=m,
Notice that, when

1
2= 0, Ky(2) ~ ST@)(5) " =
lim p(t,x) = hm C’|x—,u| 2K|1_; (ao|z — pf )@=
T kT2
t_1 gt 11t 1
—1 _ylemslemslipl — 2YeBla—n) —
lim Clo — p[=2 5L(=—3) 00
if and only if
t 1 t 1 t 1
fffffff 0<2(——=)<0.
Kk 2 ‘H 2‘< (/@ 2)<
Then we conclude that p(t,x) is locally unbounded at x = p if t < §
t 1 t 1
Ifo< —— = —|=—=| <1, then p(t,z) € C° but not in CL.
Kk 2 K 2
t 1 t t
[f0<——f—\——f\<107"1<2 <2, then p(t,z) € C° but not in C*.
K 2 K K
t 1 t

t
If1<——f—|——f|<207’2<2 <3, then p(t,z) € C* but not in C2.
K
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So by recurrence we conclude that

1

t
\——5] <porp<2— <p+1, then p(t,z) € CP~L but not in CP.
K K

So if t € (p%,(p+ 1)%) then p(t,x) belongs to CP~1(R) but not in CP(R) and for t < %,
p(t,.) is locally unbounded.

Price
10

08
06+
04r

0.2

L L L L L L L L L I <
1.0 15 2.0

Figure 3.2: The price of a binary option is not differentiable at the money, using the Monte
Carlo method, when p = 0 with kK = 2,7 = 0,0 = 0.25,0 = —0.1. Blue: T'= 0.1, red: T = 0.5,
yellow: T = 1.

Consider a binary option whose payoff function is given by h(x) = 1y>1,. Its price is given
by

Ct,8) = e "TDE[H(ST)|S, = 8] = e "TDE[h(z + (T —t) + Xp_y)]
= e_T(T_t)E[1x+r(T—t)+XT_t210] = e " Qla + r(T — t) + X7t > ]

= e T DQ[Xp_y > lg— (T —t) — 2] = / p(t, z)dz.
d

where d = ly—r(T'—t)—x. Then fort < % the binary option is continuous but is not differentiable.
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3.3.2 Barrier Options

We now present the result without proof, analogous to Proposition 3.3.3. It tells us that the
price function of a barrier option is smooth enough if and only if it satisfies a PIDE. For a full
detailed proof of this proposition see [Vol05].

Proposition 3.3.4 Consider S; = Soe"' Xt where the Lévy process X verifies (3.19). Let 0; =
inf {s > t|S; ¢ (L,U)} where 0 < L < U < oo and suppose that H > 0 and IN > 0: H(S) <
N(1+S). Define

Cy(t, S) = e " T=IE[H (S7) 176,15 = 5], (3.26)

as the value of a knock-out option, where Cy(t,S) € CY2([0,T) x (L,U)). Then it satisfies the
integro-differential equation:

aC,, aC,, 0252 9%C,,
oCy
—|—/ Cy(t,Se?) —Cy (t,S) — S (e — 1) 55 (t,S9)| v (dy) =0; (3.27)
on [0,T) x (L,U) with the conditions:
Cy(T,S)=H(S) VS € (L,U), (3.28)
Cy(t,S)=0VS ¢ (L,U). (3.29)

Conversely, every solution of (3.27) — (3.29) belonging to CY2([0,T) x (L,U)) has the stochastic
representation given by (3.26).

Before we study the continuity of barrier option prices we will need the definition of first passage
process: Let {Y;} be a Lévy process defined by Y; = rt + X;. Finally set M; = supg<g<; Ys.
Following the notation of Sato [Sat99], we define

R, =inf{s > 0|Ys >z}, R, =inf{s > 0| - Y; > =},

R, =inf{s>0[Y, VY, >z}.

We know that {R;,z > 0} is a process with non-decreasing paths, so we can define R,- (w) =
lime 0 Ry—e(w). As for the right continuity, since Y; is right-continuous, R, is also right-
continuous. Following the terminology of Voltchkova:

Definition 3.3.2 Consider a Lévy process Y; with triplet (o,7y,v).

If 0 =0 and v(R) < oo, then Y; is of type A (Compound Poisson).

If o =0, v(R) = 00 and fIwISI |z|v(dx) < oo, then Yy is of type B (finite variation,infinite
activity).

If o >0 or flr\<1 |z|v(dx) = oo, then Yy is of type C (infinite variation) .

In order to prove the continuity of barrier option prices we need some properties of the
process {R;}.

The first lemma is an extension of the Lemma 3.5.3 presented in [Vol05], in the sense that
also applies to Lévy processes of type A. The second and third lemmas are presented in [Vol05].
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Lemma 3.3.3 If {Y;} is of type B or C or A with v # 0 then:
Ve > 0,QR,- = R;] = 1. (3.30)

Proof.
Introducing

QI:{wGQ:Rx_<Rx},92:{weQ:R;:Rm}.

Define R/ = inf {s > 0|Y; > x} By Lemma 49.6 of [Sat99] we have that, for any = > 0,P[R, =
R, = R;] = 1, because Y; is non zero and is not Compound Poisson process, which means
that is of type B or C or A with v # 0. Then Q[22] = 1. In order that, Q[R,- = R,;] =1
we must have Q[;] = 0, because we always have R,- < R,. So we have to prove that
QR,- < Ry] = Q[R,- < R,] = Q[ N Q] =0.

By contradiction, suppose that dJw € 1 N Qs = w € Oy, w € Q9. Then,

Ju>0,R,- =u (3.31)
Ju< t,t = R,. (3.32)

By definition of R,- = lim._,o, R;_. and because R,- = u we get,
V§>0,E|77>0 : |€| < T]:>U_6 < Rx_g < U+6
Ves0,Vss0, s <u—+9: Yy > — €.

Now, choose €, = d,, = % — 0.Then,

1 1
dsp¥n s, <u+ —,Y; >x——.
n n

Because {sy} is bounded, there is a convergent subsequence s,, T so with sop < u < ¢. This
means that,

1
Y, >0 ——=Y_ >z
n 0

and if s, | so with sop < u < t,then
1
Y,, >0 ——=Y,, >
n

Then, Ysg VY5, > x. But this contradicts (3.32) because it implies that Vs < ¢, Y,- VY, < z.
Then Q1N =0. m

Lemma 3.3.4 If {Y;} is of type B with Ry =0 a.s or of type C, then:
V> 0,V > 0,Q[R, = t] = 0. (3.33)
Lemma 3.3.5 If {Y;} is of type B or C, then ¥Yx > 0,Vt >0 :
Q[Rz <t < Rzie] — 0, (3.34)

Q[Rz—e <t < R;] — 0, (3.35)
when € — 0.If we have also Ry = 0 a.s, then (3.34) is satisfied for x = 0,t > 0.
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The next proposition shows that the up-and-out option is continuous. The sketched proof
of this proposition is shown in [Vol05] and a more detailed version is shown in the appendix.

Proposition 3.3.5 Let Y; be of type B or C with Ry = 0 a.s. Suppose that H : (0,U) — [0, c0)
is Lipschitz:
VS1, 82 € (0,U), [H(S1) — H(S2)| < k|S1 — S, (3.36)

for some k >0 and let u = log(s%). Then the function fy(r,x) defined by

E [H (SoeerYT) 1T<R1J,—m] if v < u,

fu(r,z) = (3.37)

is continuous on (0,T] x R.

The following proposition gives the continuity result for the case of a down-and-out option.
The proof of this proposition, similar to the previous one, can be found in [Vol05].

Proposition 3.3.6 LetY; be of type B or C with Ry- = 0 a.s. Suppose that H : (L, o0) — [0, 00)
is Lipschitz:
V51,59 € (0, U),|H(Sl)—H(52)| < k‘|51 —52’, (3.38)

with L < Sy and let | = log(s%). Then the function fr,(T,z) defined by

B[H (S ) 1, | o>,

(3.39)
0, if x <1

fo(rx) = {

is continuous on (0,T] x R.

Finally the continuity result of a double-barrier option with payoff H(S7)1r<inf{t>0,5,e(L,0)}>

where L < Sp < U, u = log(S%) and | = log(SLO) is presented here without proof and can be
found in [Vol05].

Proposition 3.3.7 Let Y; be of type B or C with Ry- = 0 and Ry = 0 a.s. Suppose that
H : (L,oc0) — [0,00) is Lipschitz:
V51,85 € (0, U),|H(Sl) —H(S2)| < k|51 —52’, (3.40)

with k > 0.Then the function fp(7,x) defined by

E [H (Soe®t¥7) Lcr AR, if x € (L, u),

3.41
0, ifz ¢ (I,u) (34

fD(T,x):{

is continuous on (0,T] x R.

The results for the continuity of a up-and-out option and a down-and-out option are proven here
when the Lévy process is of type A.

Proposition 3.3.8 Suppose {Y;} is a Lévy process of type A with v # 0, Ry = 0 a.s and
Q[R; =t] =0,V > 0,t > 0,(t,z) # (0,0). Suppose that H:(0,U) — (0,00) is Lipschitz. Then
for every T sufficiently small f,,(7,x) defined by

H (Soe™ 7)1, fz<u,
fmx):{E[ (Soe )1<R“‘“”(]) Zi;ﬁ

1§ continuous.
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Proof. Considering 7 > 0 and x = u, we have by definition,
|fu(T,u—€) — fu(r,u)| =E[H (5’06“_6+Yf) lrcr.] S ME[l.cp]=MQ[r < R

Let {¢,} - 0and Q, ={w e Q:7 < R, }, then {Q,} is a decreasing sequence: ; D Qs D
.., D ..., because R, is an increasing process. Then

lim Q[r < Re,] = Q[M;Z120] = Q[ < Ro] = 0

n—oo

because Ry = 0 a.s.
For 7 > 0 and z < u:

[fu(roa+€) = fu(r,2)| = |E[H (Soe™ ") Lrcp,_,_ ] — E[H (Soe™") 1<, ] |
= | B[H (Soe™"7) — H(Soe™ ")) lrcr, ..

+ H(SOGI+YT)(1T<R'U,7$76 - 17—<Ru71)]|
< cSpe™ T Ele¥]|e€ — 1| + MQ[Ry—z—c < T < Ry—s]

But, |e¢ — 1] — 0 as € — 0 and
@[Rufxfe <7< Rufx] — Q[R(ufx)— <7< Rufx] < Q[R(u,x)— 7é Rufm} =0 (3.42)
because of lemma (3.3.3). In a similar way:

|fu (T2 —€) — fu(T,2)| = |E [H (Soe"”*EJrYT) lr<Ry_oi) —EH (SOGHYT) 1T<Ru—m] |
< eSpeT1 —e |+ MQ[Ry_2 <7 < Ry_sye) — 0,

because |1 —e €| — 0 as € — 0, and
Q[Ru—2 <7< Ry—zt+e) > QRy—r =7 =0. (3.43)

The continuity in time is proven in the same way as in the proof of Proposition 3.3.5 (see the
Appendix). Finally, using the triangular inequality we can prove continuity for all (7,z) €
[0,T] X (—o0,u). m

Proposition 3.3.9 Suppose {Y;} is a Lévy process of type A with v # 0, Ry = 0 a.s and
Q[R, =t] =0,Vz > 0,t >0, (t,x) # (0,0).Suppose that H:(L,oc0) — (0,00) is Lipschitz. Then,
for every T sufficiently small fi(T,z) defined by

fi(r @) = { B |H (S0 ) 1, | ifa>1,
0 ifz<lI

18 continuous.
Proof. Considering 7 > 0 and by definition of the price of a down-and-out option,
fi(rl+e) — fi(r,])]| = E [H (soel+6+”f) 1. RZ} < CE [(1 n Soel+€+YT) 1 Re_] (3.44)

= CQ[r < B]+ CSoe™E 71 _p-] (3.45)

Let {€,} — 0 and Q,, = {w ce:7< Re_n}, then {Q,} is a decreasing sequence: € D Q9 D
.., D ..., because R, is an increasing process. Then,
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lim Q[r <R ] = QML =Q[r < By] =0

because Ry =0 a.s. Then, Q[r < R7] — 0 as e — 0.

The quantity e¥” L p-is bounded by an integrable variable e¥™ that is, e¥ L p- < e’ and
converges in probability to zero because, V ¢ > 0,
Q [eY71T<R€— > (5} <Q [T < RE_] .
Then, by dominated convergence theorem,
. Y, 1 Y, _
lm B 71 _p | = lim [ 1, - a0 =0, (3.46)

Then, E [6Y71T< .
for all (7, ), follows the same steps of the proof of Proposition 3.5.9 in [Vol05]. m

The next example shows that if we do not impose any restriction on the Lévy process, then
the value of a knock-out option is discontinuous for every t:

} — 0 as € = 0. This means that f; (7,z) is continuous in = [. The proof

Example 3.3.6 Let us consider the following Lévy process X; = N} — N} where N} and N}?
are independent Poisson processes with jump intensities A1 and Ao. Assuming r = 0, we have
Xo = ey in order for S; = SpeXt to be a martingale. Consider now a knock-out option with
a payoff function defined by Hr = lp.g(s,), where 0 (S) = inf {t >0: 50Xt <L} is the first
exit time if the process starts from S. We will show that the initial option value C(0,S5) =
E [1T<9(50)|SO = S] =E [1T<9(S)] is not continuous at S* = Le. Let 0 < e < §* — L, so that
L=L-5"+5"<5" —e< S* <5 +e.

C(0.5"+6) = C (0.5 — )| = [E [Logs- —<r<os-s0] | = QU (S — ) T <0(5° + ).

Consider the following event {N} =0,N2 = 1} of non-zero probability. Then, if Sy starts from
S* —¢, then Sp = (S* —€)e ' = (Le —€)e™! = L—ee™! < L, which means that T > 0 (S* — ¢).
On the other hand, if Sy starts from S*+€, then Sy = (S* +€)e ! = (Le +€)e ! = L+ee ! > L,
implying T' < 0 (S* + €). Because {N1 =0, N% = 1} s a possible realization of the trajectory of
X, we have:

{weQ:N}=0,N2 =1} C{weQ:0(5*—€) <T <6(S*+¢€)}. Then,

IC(0,S* +¢)—C (0,5 —¢)| =Q[0(S* —€) <T < 0(S* +¢)]
>Q [N} =0,Nf =1] = e TMT e T
= "R+, > 0.

Thus, C (0, S) is discontinuous at S = S*.

3.3.3 Numerical procedure

This section is dedicated to present the finite difference scheme proposed by [Vol05], used to
solve numerically the PIDE whose solution allows to obtain the price of an European option
when the Lévy process is the Variance Gamma process. The problem that has to be solved is:
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gf Lf=0, (r,2) € [0,7] x R (3.47)

f(O,a:) = h(.%’), z €R, (3.48)

2
= (G- ) LT [T rn-sma - @ -0 E vian. a9
In order to solve this equation numerically, the domain of integration of the integral term needs
to be truncated by a bounded interval and because the Variance Gamma process is a jump
process of infinite activity, the small jumps of the initial Lévy process need to be approximated
by a process of finite activity, namely the Brownian Motion. The Lévy process obtained has a
new characteristic triplet given by (y(€),0%(€), V1), where 0 (e) = [_y?v(dy) and the drift
is given by the associated martingale condition. The scheme proposed in [Vol05] is the explicit-
implicit finite difference scheme. The idea is to separate Lf into two parts, the differential part
Df and the integral part Jf. The operator then becomes in this case:

Lf(r,z) = Df(r,2) + Jf(7, ), (3.50)
e Df(r,z) =— (”22(6) —r+ a) gi (7, 2) + "22(6) gi];(r,w) — (7 ), (3.51)
Jf(r.x) = ;T (a4 ) v (dy) 1y e, (3.52)

a =[5 (e — Dv(dy)lyse and A = [ v(dy)1},s. The localized problem becomes:
gf—Lf_o (r,2) € [0,T] x (—A, A) (3.53)
£(0,2) = h(z), z € (A, A), (3.54)

f(rx) =g(r,2), © & (=4, A). (3.55)

In [Vol05], it is shown that the best choice for g(7,z) is h(x +r7). Let {f'} be the numerical
solution of the scheme proposed and define a uniform grid:

Qat.Az = {(Tn,xi) T =nAt,n=0,1,..M,z; = —A+iAx,1 € Z,At = %,Aw = %} and
choose Kj, K, such that [B;, B;] C [(K; — 1/2)Az, (K, +1/2)Ax].

Then,
Ky
a~ o= (eyj — 1)I/j1|yj|>€, ~ A Z I/j1|y]|>€, (3.56)
J=K; J=K;
B, K
/ Frzi+y)v(dy) Lyse ® > Vifirily,se (3.57)
Bi =K
where

(§+1/2)
v; % / v (dy) ~ 0.582(0((j — 1/2)A) + v((j + 1/2)Ax)) (3.58)
(j—1/2)Az
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. —fi . 0-2 € ~
()~ gt it (2 -r+ ) <0, (3.59)
B fidion i (24D _ 4 4) > 0
*f fiv1 = 2fi+ fima
— | = 3.60
(8w2>i (Az)? ’ (3.60)
Of\ _ ftt - g
<37>i At (3:61)
Then replacing all these quantities in the problem (3.53)-(3.55) the algorithm becomes:
Initialization:
£ = h(x;),i €{0,1...,N}, (3.62)
10 = 9(0,22), ¢ {0,1.., N} (3.63)
For n=0,....M-1:
g
Vet (Daf™™); + (Jaf™)iyi € {0,1...,N}, (3.64)
i = g((n+ 1)At, x;),i ¢ {0,1...,N}. (3.65)
where

— AT, (3.66)

Dy = — (PO y o) AT 0% N -2 4 A
° 2 Az 2 (Az)?

K,

(Taf™)i =Y vifli il e (3.67)

J=K;
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Figure 3.3: Left: The price of an European put option using Fast Fourier Transform. Right:
The price of an European put option using the finite difference scheme.
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Figure 3.4: Left: The error metric in % as a function of # ,when 7 = T'. Right: The error in %

as a function of 7, when = = 0.

3.3.3.1 Numerical Results

In this section we briefly present a numerical experiment using the finite difference scheme
described above and compare it with the widely known Fast Fourier transform method that
can be used in this case for option pricing because the characteristic function of the Variance
Gamma process is known analytically. The process considered was the Variance Gamma with
0 = —-0.33,0 =0.12,k = 0.16,r = 0, Az = 0.01,At = 0.005, K = 100,A = 1,e = 0.6,7 =1
for the case of an European put option. The price as a function of the underlying for the two
methods is shown in Figure (3.3). We see that the function that represents the European put
option price using the finite difference scheme is very similar to the price of an European put
option using the Fast Fourier Transform. The error between the two methods for two cases is
displayed in Figure (3.4) and as we can see is relatively small. In order to compare the two
methods the error metric used (as in [CV05al) was the difference in absolute value between the
implied volatilities under the two methods:

e(t,x) = |[SPIPE (7 2) — 2FFT (7 2)| in %. (3.68)



Chapter 4

Option prices as viscosity solutions
of PIDEs

In this chapter we introduce the notion of viscosity solution in the PIDEs frame, that was first
introduced by Crandall and Lions ([CL92]). We saw in Section 3.1 that if some conditions of
smoothness are satisfied, then the option price function is a classical solution of the associated
partial integro-differential equation. But, as we saw in the examples of pure jump processes in
Section 3.2, the option price functions were not smooth. This motivates us to consider the notion
of viscosity solution. As we will see in Section 4.2, if we consider more general conditions, we
can express option prices , such as barrier or European options, as viscosity solutions of certain
PIDEs. In this introduction we give an idea of such concept. Consider a regular solution f of
the equation:

of af
oo Lf =0 (4.1)

where Lf is given by (2.10).
Then, if ¢ is a regular function such that f — ¢ has a global maximum at (7, ), we have:

dp dp
- < .
o Lo T(?at <0 (4.2)

In fact, because (7, ) is a global maximum, we have:

f —¢) _o0(f—v) _
or (7—7 JJ) = Oz (7—7 33) =0, (4.3)
2(f _
9 (ga:Q ?) (r. 2) < 0. (4.4)
and also Y(7,vy),
f(Tw%') - 90(7_737) > f(Tv y) - 90(7_73/) A f(T7 y) - f(T’ .T) < @(7_7 y) - 90(7—71.)' (45>

26
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Then,

0 0
9 2 52 2 o 0

— s () S - [t - s — (@ - D )
9 2 52 2 o 0

>3- G (7o) s [erer—strn @ Dl
0 0

= a—f —Lgp—ra—i. (4.9)

On the other hand if ¢ is a regular function and (7, z) is a globlal minimum of f — ¢ we have

0y Oy
L —Lp—r-—L>0. 4.1
or 1.4 T@az = (4.10)

We are going to see that if f satisfies (4.9) and (4.10), then f is called a viscosity solution, which
is nothing but a generalization of solution. This way f doesn’t need to belong to C12. If f is a
viscosity solution and also a function of class C12, then f is also a solution in the classical sense.
In fact, we could set ¢ = f, then f — ¢ = 0 and all (7, z) is a global minimum and maximum.
Then by (4.9) and (4.10) we have:

of of _ 9¢ 9p _
o L "o = B Ly rax—O. (4.11)

4.1 Definitions

Consider the following definitions that we will need to formalize the concept of viscosity solution.
Let

USC ={v:]0,T) x R— R: v is an upper semicontinuous function }, (4.12)

and

LSC ={v:[0,T) x R — R : v is a lower semicontinuous function } . (4.13)
Also,
M = {¢: ¢ is a measurable function }
CH([0,T] xR) ={¢: ¢ € M and IC > 0,[¢(t, )| < C(1+ |2["1s50)} -

This way, Lo can be defined for ¢ € C;F ([0, T] x R) N C?([0,T] x R) :
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_Of P Pf Ay
Lo(z) =~5 + 787 + /y|<1 v(dy)lp(z +y) — () —y7-(2)]
[ g+ ) - ola) (414)
ly|>1
The terms in (4.14) are well defined because for ¢ € C?([0,T] x R):
a "
ol +9) = () =y ()| S0 s | ()] for Jy] < 1. (4.15)

and for ¢ € CF([0,T] x R) :
/ yPr(dy) < oo. (4.16)
y>1

Let O = (a,b) C R be an open interval, 00 = {a, b} the boundary of O. Consider the following
initial boundary value problem on [0,7] x R :

gf Lf+r af o, (4.17)
f(0,z) = h(a;),x € 0; (4.18)
f(r,x) =g(r,x),x ¢ O (4.19)

We now present the definition of viscosity solution:

Definition 4.1.1 A function v € USC is a viscosity subsolution of (4.17)—(4.19) if Yy €
C2([0,T] x R)NCF ([0, T] x R) and for all global mazimum point (,x) € [0,T] X R of v— ¢ the
following properties are verified:

%_L _g‘P<o if (r.2) € (0,T) x O (4.20)
{8@ — r—i U(T x) h(x)} <0, iftr=0,z € 6, (4.21)
win{ 57 ~ Lo~ 13 u(ra) < g(re)} <0, FTEOTLw €00, (122
v(r,x) < g(r,x), if v ¢ O (4.23)

A function v € LSC is a viscosity supersolution of (4.17)—(4.19) if Yo € C?([0,T] x R) N
Cr ([0, T]xR) and for all global minimum point (1, x) € [0, T]xR of v—y the following properties
are verified:

99 1o —v2%2 50, if(ra) € (0,7] x O (4.24)
or Ox
Oy Oy L —
max{aT — Ly — ra,v(ﬂx) - h(:c)} >0, iftr=0,2€ 0, (4.25)
a a—(’D—L _9 (r,2) —g(1,2) p >0, if T € (0,T],2 € 00 (4.26)
max | - p—rgvne) —g(ra) e 20, if 7 T,z , .
v(r,x) > g(1,2), ifv ¢ O (4.27)

A function v € Cf ([0,T] x R) is called a viscosity solution of (4.17)—(4.19) if it is simulta-
neously a subsolution and a supersolution. Then v is continuous on (0,T] x R.

Note that the definition of viscosity solution requires that the test functions ¢ have second-order
derivatives and the viscosity solution only has to be continuous on [0, 7] x R.
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4.2 Option prices as viscosity solutions of PIDEs

The main tool for showing uniqueness of viscosity solutions is the comparison principle presented

in [Vol05].

Proposition 4.2.1 Let w € USC and v € LSC with polynomial growth. If u is a subsolution
and v is a supersolution of (4.17) — (4.19) with O = R and the function h is continuous, then
u<wvon[0,T] xR.

The following proposition indicates that the values of European and barrier options in a
exponential Lévy model can be expressed as the viscosity solutions of (4.17) — (4.19).

Proposition 4.2.2 Let the payoff function H verify the lipschitz condition (3.17) and let h(x) =
H(Spe™) verify the condition of polynomial growth at infinity:

Ih(z)] < C(1 + 2" Ly=o). (4.28)

Then:

1) The forward value f.(1,x) of an European option defined by f(r,x) = E[h(z + r7 + X;)]
is a viscosity solution of the Cauchy problem (4.17)— (4.19) with O = R.

2) The forward value fy(7,x) of a knockout barrier option defined by (3.37), (3.39) or (3.41)
is a viscosity solution of the Cauchy problem (4.17)— (4.19) with g = 0.

Notice that we do not make any kind of assumptions on the Lévy triplet of the Lévy process as
in Propositions 3.3.3 and 3.3.4. The conditions imposed on the payoff function imply that the
option price belongs to CJ , which is a requirement in the definition of a viscosity solution. The
proof that this viscosity solution satisfies (4.17)— (4.19) can be found in [Vol05].



Chapter 5

Conclusions

In this dissertation we showed that if the payoff function and the Lévy process satisfy some con-
ditions, then we can obtain the option price as a solution of a certain partial integro-differential
equation. Also, if a solution of a certain PIDE is smooth enough and if the Lévy process sat-
isfies a exponential moment condition, then we can apply the Feynman-Ka¢ formula for option
pricing in a Lévy market. In Chapter 3 we present this formula for the case of a pure jump
process. Two of the possible methods that can be used to compute the option price numerically
are the Fast Fourier technique and the finite difference method. In this dissertation we present
the latter in the form proposed by Cont and Voltchkova [CV05a]. The numerical results showed
that the finite difference scheme is a good approximation to compute the price of an European
option under the Variance Gamma process. Although the Fast Fourier transform method re-
quires less operations than the finite difference method, the latter can be applied to cases in
which the characteristic function is not known in closed form and can be used to compute the
price of barrier options. We could see that the price function of a binary option was not smooth
when we used the Generalized Hyperbolic process. So we can not apply the results of Chapter
3, instead we use the notion of viscosity solution that allows us to consider cases in which the
function that represents the option price is not a smooth function. To find such solutions, we
need to find test functions that bound the solution of the problem. A similar result for the case
of classical solutions is presented in Section 4.2, and shows that the only requirement is that the
payoff function has polynomial growth at infinity. In this dissertation we present also a proof
for the continuity of an up-and-out and down-and-out options when the Lévy process is of type
A, besides the cases of type B and C presented in [Vol05] and [CVO05b].

It would be interesting to study, in a future research, the continuity of barrier options,
when the Lévy process is of type B with infinite activity, which is not contemplated in the
propositions 3.3.5,3.3.6 and 3.3.7. It would be also interesting to study alternative numerical
methods for PIDEs such as the Analytic method of lines, finite element methods and Wavelet-
Galerkin methods, because they allow to compute the price of American options, unlike the finite
difference methods. One of the reasons to use numerical methods for partial integro-differential
equations is that they are computationally efficient in the case of single-asset options. However,
in the case of three or more assets these methods become inefficient and the most used method
to price American or barrier options is the Monte carlo method. So it would be also interesting
to study the case when there are three or more underlying assets. The potential theory could
also be an interesting topic for future research because it explores the deep connection between
partial integro-differential operators and Markov processes with jumps. Another issue that could
be interesting to study in the future is the hedging in incomplete markets.

30



Appendix A

Proofs of propositions and
Numerical Code

A.1 Proof of Proposition 3.3.1.
Proof. First, we need to prove the continuity with respect to x.

(T2 + Az) = f(7,2)| = [E[H (Soe™ H47HTHX) — H(Spe X0 ]|
< E[C|Soex+Az+rT+XT) _ Soex—i-rT—I—X.rH _ CE[SOea:+rT+XT eA:c o 1’]

= cSpe®TTE[eX7]|eAT — 1] = eSpe T [eRT — 1|

because E[e*X7] = 1 since eX7 is a martingale.
Then,

li Az) — < lim eSpe*T|er — 1] =0
A;IEOf(T’x_‘_ $) f(7_¢$) —Aigoc 0€ |€ | >

which means that f (7, ) is continuous in z.
Second,we need to prove the continuity in 7.

|f(T+ AT, 2) — f(1,2)| = ‘E[H(Soex+r(T+A)T+XT+AT) _ H(SOQHTHXT)”
< E[c|Soex+r(T+A)+XT+A) . Soex+TT+X-r H

= cSoeH”E[eXT]E\eTATJFXAT — 1]
But,

E[erd7+Xar 1] if erA7FXar — 1 >0,

AT+XAr _
E‘@T Triar 1| - { E[l o erAT+XAT] if 67’AT+XAT —1<0

AT 1 if erATHXar 1 >0,
1— ™7 jf erATHXar _ 1 <

)

E[l — erA7HXar] if 1 — "7 Xar 5 0
_ TAT

— ¢ HQ{ 0 if1—erdmHXar <
_ erAT — 1+ QE[(l o erAT—i—XAT)—i—]

Then, because "2 — 1 — 0 when A7 — 0, we only have to prove that:

E[(1 — e"A7tXar)+] 5 0, when A7 — 0.

31
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Let Co(R) = {h: h is continuous and vanishing at infinity}. The Feller property tells us
that,for any h € Cyp(R) we have:

P-h(0) =E[h(rT7 4+ X;)] = h(0) as 7 — 0

But, in this case h(z) = (1 — e®)" does not belong to Cp(R).
2,

-20 -10 L 10 20

-2
Then we try to approximate h with the function g(x) such that:
g(x) =h(x), fx>—-1,g9(z) =0, if < —-2,0 < g(x) < h(x)

and g(z) is continuously interpolated between -2 and -1, that is g(z) = h(—1)z + 2h(-1) for

—2 <z < —1. This way g € Cyp(R)
10

-4 -2 i 2 4

-051-

_10 L

E[(1 — e"37F%8) ] = |Prh(0)] = |Prh(0) — Prg(0) + Prg(0)] < [Prh(0) — Prg(0)| + |Prg(0)|
= |E[(h(TAT + XAT) - g(TAT + XAT))erT+XAT<—1]| + |P7'g(0)|
< E[larsxa,<-1] +[Prg(0)] = QIrAT + Xar < —1] + [Prg(0)]
S Q[XAT S _1] =+ ‘PTg(O)‘7
because g = h when rA7 + XA, > —1 and h(z) < 1, g(x) > 0 by construction.

Since |Prg(0)] — ¢(0) = 0 as A7 — 0, we only have to prove that: Q[Xa, < —1] — 0 as
AT — 0.
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Defining M = supp<<,(—Xs) we have Q[Xa, < —1] = Q[(—Xa-) > 1] < Q[M[ > 1].
Consider 7, | 0 and define Q,, = {w €Q: M (w)> 1}. This way, the sequence €2, is
decreasing. Therefore,

n—oo n—oo

lim Q[,] = lim Q[M,, >1]=Q[[ ) {we Q: M, (w)>1}]
n=1

since My = —Xo and Xo = 0 a.s . Then QM > 1] — 0 since 7, is arbitrary. Therefore
Q[Xar < —1] —0.
In order to show continuity for any (7,x) € [0, 7] x R, we use the triangular inequality:

‘f(T—FAT,.Z'—FAJ?) _f(T7$)’ < |f(T+AT,(I}+ACC)—f(T+AT,1')’+|f(T+AT,x) _f(Tv‘T)|
< CSOeCE+T(T+AT)’€ACC o 1‘ + Csoex-i-rTEHerAr—i—XAT - 1‘] -0,

Then f(7,x) is continuous on [0,7] x R. m

A.2 Proof of Proposition 3.3.2.

First step: We prove that the density function of r7 4+ X, p;(z) € C*

The condition .

liminfe’g/ lz|*v(dx) > 0
e—0 e

implies that

€
e, 50 lz|2v(dz) > c1€®
—€
for small e. Following the notation on [Vol05]: Let p-(x), be the density function of the Lévy
process 7 + X, with characteristic function:

Yroyx, (z) = eT¢r+x:1 ()
with - N
o4z . e )
brix,(2) = T + vz Jr/ (emc —-1- zzx1|x\§1) v(dx).
—00
Then,
i, (2)] = |7 (T TS i )

e’r(i(yz—i-fj;j(sin(zm)—zml‘x‘gl)y(dx))e—#+fj§:(Cos(zx)—l)u(dw)) < ef:r;:(cos(zx)—l)u(d:p)).

Notice that, 1 — cos(u) = 1 — cos(% + %) = 1 — (cos?(¥%) — sin?(%)) = 2sin?(%) > 2(%)? for
% < 1. Then,

i x —2(Z)2y(da
Wrrsx, (2)] < ef-m (cos(za)—Dv(dm) e 2@

—222 f\z\<L z2v(dx))
e =zl

™

—Kz? f‘z|<1 z2v(dx)
e =zl
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2 : _ 2
But [€_|z[*v(dz) > ¢1€, so by choosing € = 72 we get — fmg‘%‘ z*v(dx) < —C(%')ﬁ. Then,

— T \B — a
lYrryx, (2)| <e KECED 2 gmela™? Z e=el1* with ¢ = KOnP and a = 2 — B.

Also,
[ o @l < [ e oBnaz < oo (A1)
R R

and by inversion formula of the Fourier transform,
1 —iTz

% R € /lzZ}T'T‘i‘XT (Z) dZ'

Then, the right hand-side is n times differentiable with respect to x and differentiation is possible

under the integral sign because of (A.1). In fact,

ain(m) _ 1 - \M,—izT _ 1 n_(Snm—zx)i
P = o [ () de = 5 [T () as

1
< 2/ |2|" rr1x. (2) dz < o0.
T JR

pr(z) =

Then, by proposition 28.1 of [Sat99], the process r7 + X, has density function p,(z) of class
Coo-
Second step:Let us prove that f(7,z) = E[h(z + r7 4+ X;)] € C*((0,T) x R).
Defining,p; () = pr(—x), we have

f(r,x) =E[h(z+r7+ X;)] = h(z) xpr(z) = /Rh(a: — 2)pr(2)dz

= /Rh(a; — 2)pr(—2)dz = /Rh(m + w)pr(w) dw,

by making the substitution w = —z.
So we have to show that h(x) * pr(x) belongs to C*° and for that to happen, 6572@ has to
decrease sufficiently fast at the infinity so that

o f(r,x 8"p7
makes sense.
We have
Grvxi(2) = —0%2 +in+ /R (€ — 1,1<0)0(dy),
¢L&@——J+AWVW<@»
6% (2) = AMMWZMW%za
Therefore,
wgﬂwzkﬁwm+AMWAw%mmﬂsHMHﬂﬂAmwhu%mmw

< o?lz| + | + /R |iy(e™* —1y1<1)| v(dy) < o®[z] + 7] + /R [yl |v(dy)

=ﬁm+m+/ﬁwmw=ﬁ4+m+/ zwww+/ ylv(dy) < oo,
R lyl<1 ly|>1
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because of (3.22).

|brix, (2)] =

_&+Amﬁw@mﬁga% éwa2mﬁ

s#+/ummw%mw=¥+/Wme<m

also by (3.22) and (2.1).

k Yz Yz Yz
6%, (2) ]/wky @]l/mﬂywdy [ 1ol vtan)

=/ ly[Fu(dy) =/ IyIkV(dy)Jr/ ly[Fr(dy) < oo, Vk > 3.
R ly|<1 ly|>1

Then ¢, x, (z) € C* which implies that ¢, x, (z) = e™?+x1(2) ¢ ¢,
Next,we conclude that,

ngxar<vﬁuw+ww+ﬁQmwaw|<Au1+vn
Wmﬁﬂﬂﬁ+AWWwwS&

60 (2 >rfsr]g|ywu<dy>rs<Ak,vk;zg

and also that

8 7 L i / T z —cl|z|®
‘17b52)<()| = T‘¢r+X1(Z>‘€ ¢T‘+X1( ) S K(l + |Z’>er+XT(2’) S K(l + |Z’)€ ‘ |
2
’MTngZ;(T(Z)| = ’T¢;~/+X1(2’)67¢’"+X1(2) +T2(¢;+X1(2))2€T¢’"+Xl(z)

< TA267¢T+X1 (2) + 7—2141(1 + |Z|)2€T¢T+X1 (2)
< TAge” P L AL (1 4 |2])2e "
< K(l + |Z|2)6_C|z|a'

So, by recurrence, we get

8k = —clz|*
’W| < K(1+ |Z’k)er+XT(Z) < K(1+ ‘Z‘k)e |2| Wk >0
Also,
°
dk 12T 0 ~ dk 12T 00 . 12T
de/Re %pr(:r)dx = dz’f([ pr ()] oo_/R(lZ>€ () dz)

d : lzax
= dzk(—zz)/Re -(z) dz

< K|z|'tReel2l?,

dk 12T 82 ~ dk 12T 0 ~ 00 . izx 0 -~
’dzk/Re 5P (@) dz| = | (e axPT(:U)]_OO—/R(zz)e 5 br(2) dz)
dk 12T 0 ~ [e) 2T 00
B dzk([e %pT(x)]—oo—i_[( ) p‘r( )] —o0

k
- [P @ an)] = | Te(-i? [ () da

‘ a

< Kl|z[Re=1® vk > 0,
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because by proposition 28.1 of [Sat99] the partial derivatives of p, of orders 0,..,n tend to

zero as |z| — co. Once again by recurrence,

dk

PE; < Kzjrkeell,

dk 0"
/Re”””pT(x) dzr| =

dzFk D - ’

(i) [ (o) do

for all n,k >0 .

Then,

vk n>0/ dl{/eimanﬁ (z)dx : dz</ (K\z|”+ke_c‘z|a)2 dz < o0
e R de R ox™ 4 - R ’

which means that i—kk Jr €22 25 p; () dz € L?(R). But this implies that

[ (1t gita >)2 dz < oo

or that |x!k£3—nnﬁ7-($) € L?(R), and this in turn implies that:

om pT i / 1 ki1, 0D ()
dz| < 1 ——d
[ 172 aslaael <0 [ ol ) T 4

<C (/R (1—1—1|x]>2 dx>1/2 (/R((1+ \$|k+1>8ng~;£x)>2 dx>1/2
1

0"p-(x)
_ k+1\ Y Pr\¥)
] el P A== IR
Then,
L FER@| [ [, )
orm (T7x)’ - 'h(l‘) * o™ - /Rh(:C Z) oxm dz
<C/ + o — 2P 8”( ) szC(lJrI:E!”)/(H’Z‘p) a(‘i;gZ) 1z
R
< O+ |zfP) KH (1+|x|k+1)ap77($) = D(1 + [z[").
3:U” 12

Then g;,}: (7,x) is continuous and finite, which means that f is regular with respect to z. To

prove the regularity in time we notice that:

<C+[zP)

o222 +oo
rexs (@) = [T i [ 1= el

—0oQ0

and verify by recurrence that,

k ) m
b [ e ey -

dzF arm?

dr om _
/ zzacp_r( )d
R

dzk orm
dk
dz gk

< C«|Z|2m—|—ke—c\z|"Y ]

[brix, (2 )]meﬂiwrxl (2)
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Then, % Jz eizx%ﬁT(m) dr € L*(R) ,which implies that M(l + |z|*¥) € LY(R).

orm
Therefore,
gT‘n{(T,x)’ = ’h(az) *W = /Rh(ac—z)aaf;gz)dz < C/R(l—i— |z — z|P) 88];%(2) dz
"pr
§C(1+|x|p)/(1+|zp) Ibr(2)| g,
R 87—m
1 g,
<C0+ el | (1 + o) P )
1 + |SU‘ L2 a’Tm .2
= D1+ |z["),
which means that %(7‘, x) is continuous and finite.
In the same way we conclude that:
dk 12T an+m ~ dk s A\ m T z 12T
dzk/R@ FyngrmPr(@) dz) = |2 (=12)"[drx, (2)] e Prexa )/Re pr(z)dw

< C|Z|2m+n+ke—c|z|o‘ ]

B aner’ﬁT(x)
(r,x)| = h(f’«")*W

SC’/R(1+|x—z|p)

an+mf
ox™oT™

- /R W — )2 Pr(2) dz‘

oxnor™m

an+m’ﬁ7_ (Z)
QxnoT™
8n+mﬁ7_ (Z)
oxnoT™

(1+Jal**h)

dz

<ca+ |xyp)/R(1+ 12P) dz

1
1+ |z

8n+mﬁ7 ((E)

<O+ 2PV K
< O+ [2l”) H Dandrm

L2 L2

= D(1 + |z?).

Then f(r,z) € C*((0,T],R).

A.3 Proof of Proposition 3.3.5.

Proof. Define M = supge (o) H(S). We can do this because H is bounded due to the fact
that it is Lipschitz. We will prove first the continuity in « and 7 and finally prove the continuity
using the triangular inequality.

First step: Prove continuity in x for all 7 > 0 and = < w.Choosing § € (0,u — x) we get:

\fu(r, 2+ 6) — fu(r, )| = [E[H(Soe" ") cr, , s — H(Soe" ) Lrcr, |
<E[|H(Soe" "™ )rcr,_,_, — H(Soe" ") 1cp, ]
= E[|(H(Soe™ ") — H(Soe" ™) 1r<r, .,
+ H(Soe™ ) (Vr<r, s = Lr<ry )]
< E[k|(Soe®™"Y" — Soe™ ™) 1rcr, 5]+ ME[lR, , s<r<Ru .]
< ke*TE[SpeX 7)€ — 1| + MQ[Ry_p—5 < T < Ru_a]
< kSpe™ T |e? — 1| + MQ[Ry—»—5 < T < Ru_a),

because by the martingale condition E[e*7] = E[eX0] = 1.
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Then,

lim | fp (7,2 + 0) — fu((r, )] < lim kSpe® " |e® — 1| + MQ[Ry_»_5 < T < Ry_4] = 0.
d—=0 d—0

because |¢® — 1| = 0 and Q[Ry_,_5 < T < Ry_z] — 0 when § — 0 by Lemma 3.3.5.
Similarly we prove for x < u :

lim | fy(r,xz — 6) — fu((r,2))| < lim kSoe"‘””"T]e_‘S — 1|+ MQ[Ry—z < T < Ry_p45] = 0.
6—0 6—0

also by Lemma 3.3.5 and by the martingale condition.
As for = u the right continuity of fi/(7,z) is proven easily so:

\fo(r,u—68) — fu((m,u))| = |E[H (Soe* Y1, <] < MQ[r < Rys].
Considering 6, — 0 we have:
Q[r < Rs] = QM2 {w € Q|Rs, > 7} = Q[r < Ry =0,

because Ry = 0 a.s. Therefore, we proved the continuity of fy;(7,x) for all z € R.
Second step: Let us prove continuity in time. For x <w and 0 < s <t :

[fu(t, ) = fu(s,z)| = [E[H(Soe" ™) li<r,_, — H(Soe" ™) 1scr, ]|
< E[|H(Soe™™) — H(Soe" ™) [1y<p,,_, + [H(Soe™ ™) |1s<p, , <1
< kSpe® U E[|e¥t s — 1] + MQ[s < Ry_s < 1]
%E}; |fu(t,z) — fu(s,z)| < %g}; kSoe® S E[|e¥ —1|] + MQ[s < Ry_» <t] =0

because we know that, by the proof of the Proposition 3.3.1, E[|e**~s — 1|] — 0 when ¢ — s and
considering a decreasing set 2, = {w € Q|s < Ry_z(w) < tp}, t, — s

lim Qs < Ru_s(w) < tn] = Q[N Q0] = Q[0] = 0.

n—oo

Third step: Use the triangular inequality. Let (7,z) € [0,T] x (—oo,u) and (AT, Az) € R?

|fu(t+ A1, 2 + Azx) — fu(r,2)| <|fu(t+ Atz + Az) — fy(r,z + Ax)|
+ | fu(r,z + Az) — fu(r, ).

e First term.

Defining y =  + Az and t = 7 + A7 with A7 > 0 we obtain:

\fult,y) — fu(r,y)| = [E[H(Soe" ) licr, , — H(SoeV )1 <k, |
= |[E[(H(Soe" ") = H(Soe" ") i<r, _,
+ H(Soe" V") (Licry_, — Lr<ro_,)]]
< E[|H(Soe?"™) — H(Soe" ™) |Licr,_, + [H(S0e" )| 1rcr,_, <]
< KE[|Soe? " — Soe? " |Lycp, ] + MQr < Ry_y <]
< kSoeE[|e¥ — 7| + MQ[r < Ry_, < t] but V; — Y L Ya,
< kSoe?E[|e¥7 Y2 — 1]] + MQ[r < Ru—y < 1]
= kSpeVEle¥E[|e¥2" — 1]] + MQ[r < Ry—y < 1]
= kSpe?TTTE[|e¥A — 1]] + MQ[r < Ry—yy < 1]
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Similarly for the case AT < 0, we get:

lfut,y) — fu(r,y)l = fu(r,y) — fu(t,y)l
= [E[H (Soe" ") lrcr, , — H(Soe" ") icr, ]|
= [E[(H(Soe""") — H(Soe? )1, <r,_,
+ H(Soe"™)(Lrcp,_, — Licr,_,)]]
< E[H(Soe?"™") — H(Soe"™)|Lrcpr,_, + |[H(Soe" ™) |Licr,_, <7]
< KE[|Soe? T — Soe? Y |1 cp,_, ] + MQ[t < Ry—y < 7]
< kSpeVE[|e"™ — e¥'[] + MQ[t < Ry_,, < 7] but ,Y; £ Y, a, — Va,
< kSoeVE[le|e Y2 — 1]] + MQt < Ry—y < 7]
= kSoeVE[e"|E[|e¥-47 — 1] + MQ[t < Ry—yy < 7]
= kSoeVTTTATE[|e¥=A7 — 1[] + MQ[t < Ry—y < 7]

So for Az € R,

‘fU(tv y) - fU(Tv y)|

< kSoe? (€™ ar>0 + €1 ar<0)E[[e¥1a7 — 1|] + M(Q[r < Ryu—y < t]1ar>0
+ Q[t < Ru—y < T]1A7'<0)

= kSOeerrT(lATZO + eTATlAT<Q)EH6Y‘AT| — 1” + M(Q[t <Ryy < T]1A7<0
+ @[T < Ru_y < t]lATZO)

< kSpeVTTE[|e¥arl — 1]] + M(Q[t < Ry—y < T]lar<o
+ Q[T < Ru—y < t]lATZO)

= kSpe?TTE[|e¥1ar — 1] + M(Q[AT < Ry—y — 7 < 0]1ar<0
+ Q[O < Rufy —7< AT]lATZO)]

= kSoeV T TE[|eY1a71 — 1] + M(Q[-AT < Ry—y — 7 < 0]
+ Q[O < Rufy —7< AT])lATZO

< kSoe?TTE[|eVarl — 1] + MQ[|Ry—y — 7| < AT].

We would like to apply Lemma 3.3.5, but we can’t, because we still have a bound that
depends on A7 and Axz. However, note that Vesg, Vaz—€e < Az <6, Ry 32« < Ry_ow_nz <

Ruf:ere .
Then,

lim Q[Ry—y— 7| <A7] < lim  (Q[|Ry—z—e — 7| < AT] + Q[|Ry—z4c — 7| < AT]

AT,Az)—0 (AT,Az)—0
+Q[Ru-g—e <7 < Ry—ate))
= Q[Ru-s—c = 7] + Q[Ry—zte = 7]
+ Q[Ruy—z—c <7 < Ry—ge]
= Q[Ru—x—e <7< Ru—m+e]

after Lemma 3.3.4.

e Second term
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|fu(r,y) = fo(r, )| = [E[H(Soe" )1 <r, , — H(Soe™ )1, <r, ]|
< kSpe™ e — 1| + M(Q[Ry—y < T < Ru—z]laz>0
+ Q[Ru—x <7< Ru—y]lA:L"<0)
As already demonstrated this expression tends to zero when Az — 0.
Then,
li A ) A - ) < li M Rufccfe <7< Rufx €
(arAy o U H AT 2+ A2) = Julm )l < T | (MO 7% Ruard
+ kSOe$+TT|eA$ _ 1|
=+ M(Q[Rufy <7< Rufx]lAmZO

+ @[Ru,x <7< Rufy]lAac<0))
= MQ[Ru—y—e <7< Ru—y-{—e]-

So it remains to prove that when ¢ — 0, which implies Az — 0, that
QRu-—2—« <7< Ry gy = 0.
But once again taking €, — 0 and if
Ap={w e QURy—2—, <T<Ry_s+1c,},

then
li_m QRu-z—e, T < Ruute,] = QML 4n] = QRy—z = 7] =0,

after Lemma 3.3.4.
Fourth Step:Let us show continuity in x = w.

|fu(t+ At,u+ Az) — fu(r,u)| = [fu(T + AT, u + Az)1az<0
= |E[H (Soe" ™Y+ aArcr ou 1az<o]
< MQ[r + AT < R-az]laz<o = MQ[T + AT < R\Ar\]

But, for all £ > 0 such that |A7| < &, implies:
{w eQr+ AT < R‘Aﬂ} C {w eEQr—¢E< R|Ax|}.
which in turn implies:
Q[r + AT < Rjpay] £ Q1 =€ < Rjaz] = 0,

when Ax — 0, because it only depends on Az. =
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A.4 Numerical Solution of PIDE

V@ensity[k_, sigma_, theta , x_]:=Mdul e[{A, B, v},
A=theta/sigma”2;
B=Sqrt [theta”2+ (2/Kk) »sigma”2] /sigma”2;
V= (1/(kxAbs[x])) *EXp[AxX -Bx* Abs[x]]
]
Put Opt VGFFFi nal [S_, K, vgdensity , r_, k_, sigma_, theta_,
X, W, A, A , A _,T,N, M, epsilon_, KI _, payoff_, xx_]: =
Modul e[{B, F, E, G P, w, q, t, h, v, auxl, aux2, u, ufourier, v, ufourier, d,
vg, g, deltax, deltat, deltaep, y, al pha, al phae, | anbdae, al phal, al pha2,
al pha3, | anbda, u, si gnaepsilon, sigmaepsilone, L, R dtdx2, dtdx, zeros},
g[u_, v_,Vy_, z_]:=vgdensity /. {k>u, sigma->v, theta-sy, Xx-»2z};
hiw_1:=payoff /. {XX - w};
v[ic_]1:=0.5xdeltax = (g[k, sigma, theta, (c-0.5) xdeltax] +
g[k, sigma, theta, (c+0.5) xdeltax]) I f [Abs[c »xdeltax] >=epsilon, 1, 0];
deltax = (A-W / (N); deltat =T/M deltaep=2=*epsilon/Kl;
dtdx2 =deltat / (deltax"2); dtdx =deltat /deltax; R=N/2; L = -R;
al phae = Sum[ (Exp [j] *deltax] -1) *v[j ], {j, L, R}1;
| anbdae = Sum[v[j 1, {j, L, R}1;
si gmaepsi l one = Sum[v[j ] * (j *deltax)"2, {j, L, R}1;
al pha =N ntegrate[ (Exp [y] -1) »g[k, sigma, theta, y],
{y, -KI, -epsilon}, Method -» {Automatic, "SynbolicProcessing" - 0}] +
Nl ntegrate[ (Exp [y] -1) »g[k, sigma, theta, y], {y, epsilon, K},
Met hod - {Aut onmati ¢, "Synbol i cProcessing" -» 0}1;
| anbda = NI ntegrate[g[k, sigma, theta, y], {y, -KI, -epsilon}] +
NI ntegrate[g[k, sigm, theta, y], {y, epsilon, Kl }J;
sigmaepsilon =N ntegrate[g[k, sigma, theta, y] *y~2, {y, -epsilon, -0.00001}] +
NI ntegrate[g[k, signa, theta, y] xy”2, {y, 0.00001, epsilon}l;
y =Tabl e[h[Al + (i) xdeltax+r xj =deltat], {j, O, My, {i, O, N-L+R}1;
zeros =Table[0, {i, O, N-1}71;
u=Join[Reverse[Table[v[i], {i, L, R}11, zeros]; ufourier =Fourier [u];
v=Table[O, {j, O, M}, {i, O, N+R-L}]; u=Table[O0, {j, O, M}, {i, O, N-L+R}];
auxl = Table[O, {j, O, M}, {i, O, N+R-L}J;
aux2 = Tabl e[0, {j, 0, M}, {i, O, N+R-L}];
al phal = - (si gmaepsil on) = 0.5 % (dt dx2) +
0.5=% (0.5 % (sigrmaepsilon) -r +al pha) % (dt dx);
al pha2 =1 + (dt dx2) * (si gmaepsi | on) -
0.5% (0.5« (sigmaepsilon) -r +al pha) » (dt dx) +| anbda »del t at ;
al pha3 = -0. 5 % (si gmaepsi | on) * (dt dx2);
F = Di agonal Matri x [Tabl e[al pha2, {i, 0, N}11;
E = Di agonal Matri x [Tabl e[al phal, {i, 0, N-1}7], 11;
G=Di agonal Matri x[Tabl e[al pha3, {i, 0, N-1}], -171;
B=F+E+G P=Inverse[B];
For[i =1, i sN+1-L+R i ++,
uf[l, i11=yI[I[L, i11;
I
Do[
For[i =L, i <R i ++,
auxl[[n-1, i -L+21]]1 =u[[n-1, i -L+1]7;
IN
For[i =R+1, i s N+R, i ++,
aux2[[n-1, i -R]] =u[[n-1, i -L+1]71;
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2| CodeImpExp.nb

1
For[i =1, i =N, i ++,
vi[n-1, i]] =aux2[[n-1, i]1;
1
For[i =N+1, i <sN+R-L+1, i ++,
v[l[n-1, i]] =aux1l[[n-1, i -NI11;
1
ufourier = Fourier [Table[v[[n-1, i]], {i, 1, N+R-L+1}17;
d = InverseFourier [Tabl e[ufourier [[i ]] »ufourier [[i]], {i, 1, N+R-L+1}117;
Dofu[[n, i1l =y[[n-1,1i1], {i, 1, -L}];
Do[u[[n, i1]1=y[[n-1, i]1], {i, N-L+2, N+1-L+R}];
Dol
upn, i 1] =P[[i +L, 1]1] *
(uf[n-1, -L+1]] +deltat *d[[N+R-L+1]] -alpha3%u[[n, -L]]) +
SumiP[[i +L, m+L]] % (u[[n-1, m]+deltat xd[[m+L-1]1]),
{m -L+2, N-L}] +P[[i +L, N+1]] =
(ufn-1, N-L+1]] +deltat «d[[N]] -al phal*u[[n, N-L+2]1);
, {i, -L+1, N-L+1}7;
, {n, 2, M+1}7;
Tabl e[{S*EXp[Al + (i -1) »deltax], Exp[-r (j -1) xdeltat] «u[[j, i]11},
{, 1, M+1}, {i, -L+1, N-L+1}]
1
Pri ceput VGPI DE =
N[Put Opt VGFFFi nal [100, 100, V@ensity[0.16, 0.12, -0.33, x]1, 0, 0. 16,
0.12, -0.33, x, -0.5, 0.5, -1, 1, 1, 100, 200,
0.3, 200, Max[100 - 100 = Exp[xx], 0], xx]11[[201]]
Li st Li nePl ot [{Pri ceput VGPI DE, FPut }, Pl ot Range » Al |, AxesLabel - {S, Price}]

Comput ati on of the price of an
eur opean opti onusi ng Fast Fourier Transform
VGCF[u_,s ,o0,r _,Qq,6,v ,t 1:=

Wth[{w: 1/v) Log[-ev-vzor +1]}, (%vu202_ivue+1 _Velu(t (r+W)+Log[s])];

VGEuropeanCall [K , s , 0 ,r_,q_,6_, v_,t_1:=
Exp[- ak]

2 Pi

Wth[{k:Log[K], a=1},
VCCF[v-(a+1)l, s, o, r, q, 6, v, t]

Re[NI ntegrate[Exp[—I v k] EXp[-rt]
ar2+a-v"2+1 (2a +1) v

{v, -10, 10}, Method -» {Automatic, "SynbolicProcessi ng" » 0}]”;

VGEuropeanPut [k_, s , o ,r_,q_,6_, v ,t 1:=
VGEur opeanCal | [k, s, o, 1, q, 6, v, t]1 +kKEXp[-rt]-s;
Put Opti onVGFFTX[N_, A, S ]1: = Mdul e[{del tax},
deltax =2%xA/ N
Table[{S*Exp[-A+ (i -1) »del tax], VGEuropeanPut [100,
S+« Exp[-A+ (i -1) »deltax], 0.12, 0, 0, -0.33, 0.16, 11}, {i, 1, N+1}]
1
Codetoconputethe errors.
Put Opti onVGFFTt [M_, T_1 : = Modul e[{del t at },
deltat =T/ M
Table[{( -1) »del tat, VGEuropeanPut [100,
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CodeImpExp.nb |3

100, 0.12, 0, 0, -0.33, 0.16, (j -1) =xdeltat1}, {j, 1, M+1}]
1
FPut = Put Opti onVGFFTx[200, 0.5, 100]
ImpliedVolatilityx[price_, x_, K, T ,r_, S ]1:=Mdule[{p, IXx, It, o},
p[o_]:=price /. {0-X};
Ix =Table[{p[Length[price]l]l[[j, 111,

Fi nanci al Deri vative[{"European", "Put"}, {"StrikePrice" »K,
"Expiration" » T, "Value" -» p[Length[pricelll[j, 211},
{"InterestRate" » r, "CurrentPrice" » S, "Dividend" - 0},

"ImpliedVolatility"]}, {j, 1, Length[price]}]
1
I npl i edFFTX =
I nmpliedVol atilityx[PutOptionVGFFTx[200, 0.5, 1007, x, 100, 1, O, 1007;
I mpl i edPI DEX = I mpl i edVol atilityx[PriceputVGPlI DE, x, 100, 1, 0, 1007];
Err [W, A, U]:=Mdule[{deltax, error},
deltax = (A-W / U;
error =
Tabl e[Abs [l npl i edFFTX[[j, 2]1] -InpliedPIDEX[[j, 2]11] =100, {j, 1, U}1;
Li stLinePl ot [Table[{-A+i xdeltax, error [[i]1}, {i, 1, U}1],
Pl ot Range -» {0, 50}]
1
Err[-0.5, 0.5, 100]
Put Opt i onVGFFTt [200, 17;
pri ceput VGFFFi nal t =
Transpose [N[Put Opt VGFFFi nal [100, 100, VQensity[0.16, 0.12, -0.33, x1,
0, 0.16, 0.12, -0.33, x, -0.5, 0.5, -1, 1, 1, 100, 200,
0.6, 200, Max[100 -100 » Exp[xx]1, 01, xx111[[100/2+1]7;
ImpliedVolatilityt[price_, x , M, K, T,r_,S1]:=
Modul e[{p, Ix, It, o, m deltat},
p[o_]:=price /. {0-X};
deltat =T/ M
Ix =Table[{(j -1) »deltat,
Fi nanci al Derivative[{"European", "Put"}, {"StrikePrice" -» K,
"Expiration" » (j -1) xdeltat, "Value" -» p[Length[pricell[[j, 211},
{"InterestRate" -» r, "CurrentPrice" » S, "Dividend" -0},
"Inpliedvolatility"]1}, {j, 1, Length[price]}]
1
I mpl i edFFTt = I npliedVolatilityt [Put OptionVG-FTt [200, 1], x, 100, 100, 1, 0, 100]
I mpl i edPl DEt =
Reverse[l npliedVol atilityt [priceput VGFFFi nalt, x, 200, 100, 1, 0, 100]]
Err [T_, M ]:=Mdule[{deltat, error},
deltat =T/ M
error =
Tabl e[ (Abs [l npliedFFTt [[j, 211 -InmpliedPIDEt [[j, 2]111), {j, 1, M+1}7];
Li stLinePlot [Table[{(i -1) xdeltat, error [[i]1]}, {i, 1, M}],
Pl ot Range » {0, 1}]
1
Err [1, 100]
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A.5 Value of a Knock-out option using Monte Carlo

Si mul ati on of prices under t he Vari ance Gamma Pr ocess.
path[s_, r_, sigma_, k_, theta_, n_, T _]:=
Modul e[ {del tat, del tax, normal, gama, sum m g, prices, di st Gama, di st ND},
deltat =T /n;
g=(1/k) xLog[l-thetaxk-0.5%k xsigm”"2];
m= Tabl e[r =i xdeltat +i xdeltat g, {i, 1, n}];
di st ND = Normal Di stri bution
[0, 11;
di st Gama = GarmaDi stri buti on[deltat /k, 11;
nor mal = Tabl e[RandonReal [di stND], {i, 1, n}]1;
gama = Tabl e [k * RandonReal [di st Gama], {i, 1, n}];
deltax = Tabl e[0, {i, 1, n}];
For[i =1, i sn, i ++,
deltax[[i]1] =sigma+normal [[i]]*=Sqrt [gama[[i]1]] +thetaxgama[[i]1];
1
sum= Tabl e[0, {i, 1, n}];
sum[[1]] =deltax[[1]];
For[j =2, ] =n, j ++,
sum[[j 1] =sum[[j -1]] +deltax[[j1];
K
prices = Tabl e[0, {i, 1, n}];
For[i =1, i sn, i ++,
prices[[i 1] =s*Exp[sum[[i ]]1+m[[i]1];
K
Last [prices]
1
Conmput ati on of a bi nary opti onusi ng Monte Carl o.
ncprice[n_, nt_, s_, K, T_,r_, sigma_, k_, theta_]:=
Modul e[ {si mul , soma, preg¢o, y, S, mat},
simul =n; S=s; mat =T; soma = 0;
y = Tabl e[path[S, r, sigma, k, theta, nt, mat], {j, 1, sinul }];
For[i =1, i <simul, i ++,
[f[y[[i]1] 2K, soma =sonma+1, sona = soma];
1
preco = Exp[-r *T] % (1 /sinmul) »som
1

knockout [sim, n_, nt_, s , K, T, r_, sigm_, k_, theta_]:=Mdule[{kprice},
kprice = (Sum[ntprice[n, nt, s, K T, r, sigma, k, thetal, {j, 1, sim}]) /sim
1
kp = Tabl e[{0. 25+ (2-0.25) / (50) » (j -1), knockout [25, 100, 100,
0.25+(2-0.25) 7/ (50) » (j -1), 1, 0.1, 0, 0.25, 2, -0.11}, {j, 1, 50}]
kp0l1 = Tabl e[{0.25+ (2-0.25) / (50) » (j -1), knockout [25, 100, 100,
0.25+(2-0.25) 7/ (50) = (j -1), 1, 0.5, 0, 0.25, 2, -0.171}, {j, 1, 50}71;
kp05 = Tabl e[{0.25+ (2-0.25) /7 (50) » (j -1), knockout [25, 100, 100,
0.25+(2-0.25) 7/ (50) = (j -1), 1, 1, 0, 0.25, 2, -0.113}, {j, 1, 5011;
Li st Li nePl ot [{kp, kp05, kp0l1}, Dat aRange -» {0, 2}, AxeslLabel - {S, Price}]
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