Foundations of Financial Economics

Bernardino Adao

Final Exam

Total time: 1:30 hours. Total points: 20

Instructions:

Please sit in alternate seats. This is a closed-book, closed-note exam. Please
get rid of everything but pen/pencil. In your answer explain all the steps in
your reasoning. Keep answers short; I don’t give more credit for long answers,
and I can take points off if you add things that are wrong or irrelevant.

Formulas:

If x and y are random variables then

E (zy) = ExEy + cov (z,y)
0% (z) = E2® — (Ex)”
If 2 is normal distributed then exp(z) is lognormal, and
Eexp(z) = exp(Ex + 0.502 (z))

Brownian motion

Zt4+A T Rt ™ N(O, A)

Differential
dzy = lima~o(zi4a — 2t)

dzi = dt, dzdt =0, dt* =0, if a > 1

Ei(dz) = 0,vary(dz;) = Ey(dz?) = dz? = dt

Ito’s Lemma

1
df (z,t) = fidt + fodx + 5fmdgc2
1
Questions:
1. Suppose that x = [—2,1] is the payoff vector of the only asset available

in an economy with two states. The price of x, p (z), is 2. Denote by X € R?
the space of payoffs formed by x. The law of one price holds.
(2 pts) a. Obtain a discount factor 2* € X able to price all payoffs in this
economy. Is this discount factor positive?
Answer:
¥ =\z

and
p(z) =z = x2'\
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(2 pts) b. Is it possible to obtain a positive discount factor y* € Ri that can
price all payoffs in this economy? If so, calculate one and illustrate graphically.
Are there any arbitrage opportunities in this economy?

Answer: Let € be a vector that is orthogonal to X and such that the vector
y*=z"+¢ce€ Rﬁ_. The vector y* is a discount vector. For instance ¢ = [1,2] is
orthogonal to X, since the product ze’ = 0. Also, y* = [1 — %, 2+ %]

' =

p(z) =ay” =z (z" +¢&') =ax”.

We proved in class that if there is a positive discount factor there are no arbitrage
opportunities.

(2 pts) c. How would your results change for x = [2,1] and p(z) = —2.
Mustrate.

Answer:

In this case there is an arbitrage opportunity because the asset pays a positive
payoff in each state and has a negative cost. Also, there is no positive discount
factor.

From
p(z) = vz =z’
get that A\ = —2, 2" = [—%, —2]. Because z* is in the negative quadrant there

is no discount factor y* = z* 4+ ¢ € Rﬁ_, where € L z*.

2. Consider the Garleanu and Panageas model. In the model there are two

cL]A
—0t Z At dt

types of people. The utility function of type A individuals is fooo R

c, B
_‘”13'7‘(175. Assume
—TB

and the utility function of individuals of type B is fooo e
that v, = 2vp.

(2 pts) a. Obtain the consumption level of each type of individual as an
implicit function of the aggregate consumption, Cy = Ca; + Cp;. How does
the consumption share of each type of individual change with the aggregate
consumption? Explain.

Answer:

The solution to the planner’s problem gives the competitive equilibrium
allocation as the first welfare theorem holds.

The planner’s problem is

1—7v4 1—vp

o0 C 0 C
max Ej / e Ot AL gt L \E, / e 0t 2Bt gy
0 T—74 0 1—vp

subject to
Cat+Cpt=Cy



where X is some positive constant.
The first order condition of this problem is:

C;ZA = )\C];ZB
This condition together with the resource constraint determines C'4+ and Cp ;.
L A
Car+ A0 =C (1)
Cpt=Cr—Cay

The graph of Cy ; + )\%Cﬁ’t is

C
7

.

S
A
f/‘. ,/"‘/
e
T ca
. Gy o L o
The ratio , which is given by the ray from the origin, is increasing in Cjy ;.
At

Thus, the share of type A’s consumption decreases in "good times", when C; is
"large", and increases in "bad times", when C; is "small".

(2 pts) b. In the context of this model the market Sharpe ratio obeys the
following inequality:

o @r) |- \¢c, )

where 7,, is the aggregate risk aversion. Let the inverse of the aggregate risk
aversion be - = Lo 4 L Car 19 ¢hig formula in accordance with the
v v Ct va Ct

empirical facts? Explain.
Remark: if you did not solve question a) assume that in the competitive

equilibrium C, }* = C5 2.
Answer:
Aggregate risk aversion goes up in recessions and down in booms. Since

1 1Cpy 1 Cay

Tm B B Ct YA Ct 7

Cp - c
'yl goes up as gf increases and Cf‘f’t decreases, conversely

in recessions % goes down. Thus, the upper bound on the Sharpe ratio goes

then in expansions



down in "good times" and goes up in "bad times". This is in accordance with
the empirical fact that the Sharpe ratio goes down in "good times" and goes up
in "bad times". Expected returns are high, prices are low, and risk premiums
are high in the bottoms of recessions. Conversely, expected returns are low,
prices are high, and risk premiums are low at the tops of booms.

(3 pts) c¢. Assume that aggregate consumption follows a Brownian motion:
dc—(’:t = udt + odz;. Obtain the standard deviations of consumption growth for
each type of individual as a function of the aggregate consumption growth.
Which type has a lower standard deviation of consumption growth?

Answer:

From (1)

2
d <CA¢ + chgjst) = dC,

Applying Ito’s Lemma

Ya dCay | A5 <7A ) 74 4C5,
Cat+ A75 C”B) + B C”B =dC,
< At TB At Ca At 2 B At B 012415 !
Now
0 Ya (7 LA
<0At+m3 A(ﬂB) = 4 (BCA,t+chg§>
y YB \7a ’
_ o, (C’At + CBt)
YA VB
_ A
Ym
Thus,
dcC dcC
At _ Tm Tt 1 Jdt
CA,t YA Ct

This implies

(dCA’t) Ym (dCt> and <dCB,t> Ym <dC’t >

o\l —=—)=—"0|— o\ —— —0

CA,t YA Cy CB,t Cy
Individuals type A Will have will have a lower standard deviation of con-

sumption growth since — < —
p g ’YA ’YB

3. Let R;; be the risk-free real gross return between periods ¢ and ¢ + j. At
the beginning of ¢, the return R;; is known with certainty. In equilibrium

(&d”—&{ﬁggT%,szyﬁr



Let Aciy1 = InCyyq —In Cy. Assume that Acyyq is an i.i.d. Normal distribution
1—
with mean p and variance o2. Let the preferences be u(Cy) = C;i ~

(2 pts) a. Obtain the analytical solution for the short-term (one-period)
interest rate. Recall that the short-term rate is (Ry 1) " = E; {%} Is

the interest rate positively correlated with consumption growth?
Answer:

o cy —a

(Rl,t)71 - Etﬂ (Cé+1> = Etelnﬁ( Ctl) = ﬁefali‘f’af;UQ
t

or

2

InRi;=—-InB+op— %02.

From the formula we obtain that ceteris paribus a higher expected consumption
growth is associated with a higher interest rate.

(2 pts) b. Define the long-term (two-period) interest rate as the square root
of Ry ¢4+1. Show that long-term (two-period) interest rate satisfies the equation:

1 1 pu' (Cry1) ﬁu’(CHg)}
— = —FE | =——| +cov , .
I W {RLHJ t[ u'(Cy) " u'(Cpyr)

Is the long-term interest rate the average of the expected short-term interest
rates? Does this depend on the fact that Acyqq is i.i.d. 7 What if v = 07
Answer:

1 B, {W} _ K, {BU'(CtH) ﬁu’(0t+2)}

E,t u’(C’t) U/(Ct) ul(Ct+1)
_ pu' (Cii1) pu' (Cii2) pu'(Cir1) Bu'(Cryz)
- E{ W(Cy) }Et{u%cm) }+{ W(C) " w(Ci)
or
1 1 pu'(Cii1) ﬂu/(cwz)}
Ryy RuElt |:R1,t+1:| ot { w(Cy) T ' (Ceyq)

The long-term interest rate is the average of the expected short-term interest

: Bu' (Cii1) Pu’(Ciy2)
rates only if the covy [ u/(cr:r)l ’ u’(Ct::Q)
ii.d. or if the utility function is linear. If the utility function is linear then

% is a constant.

] is zero. That happens if Acgyq is

(3 pts) c. Consider now that consumption growth follows the process,
Aciy1 = ast + €441, o > 0, where s; is an i.i.d. process, independent from
€41, that can take only two values, {0, 1}, with equal probability. All variables
with subscript ¢ are known at time ¢. The €41 is an i.i.d. Normal distribution
with mean g and variance o2. Obtain the analytical solution for the long-term
interest rate. Can the long-term rate be smaller than the short-term rate?



Answer:

o - ea{(%)(62)
Rat Cy Cita
_ 52Et {e_’YACt+1 e—vAcHz }
52Et (ef'yaSr’YEHl) E, (e*’YOéStJrle*’thﬁ»Q)

— BQEt (e—’Yast—'YEt+1) E, (6—7a8t+1 Et+1e—75t+2)

—vyasy , —a +ﬁa2 —« +£02 —yas
:6(6"/ te T AHT S 56“2 EteV t+1

o 1 1 1
-alrt]
Ryy  Ruig Ry
where
1 :5(e—va8¢e—au+§02>
Ry
and

1 a2 2
I TR
Ry

Thus, when s, = 1 then Ry > (R27t)1/2. The opposite holds when s; = 0.



