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Two-Dimensional Random Variables: Exercises

Joint Distribution, Marginal Distribution and Conditional Distribution Functions
Chapter 4



1. Let (X,Y) be a two-dimensional random variable such that its cumulative distribution
function is given by

0, z<0ory<l

zﬂ, 0<Le<lando <<l
Fxy(z,y) =< 3% z>land0<y<1

gl 0<z<landy>1

‘1, r>landy>1

Compute the marginal cumulative distribution functions of X and Y: Fx and Fy.

@ The Marginal cumulative distribution function of X :
Fx(x)=P(X<x)=P(X<x,Y <+400)= lim Fxy(x,y).
y—4oo

e The Marginal cumulative distribution function of Y :
Fr(y) = (Y <y)=P(X < +00, Y <y)= lim Fxy(xy)




Exercise 1

0, r<Qory<0
0o 0<z<land0<y<l

Fxy(z,y)={ 3% z>land0<y<l1

=t 0$x<1and-J Dt

|1, :.r:zland-

¢

o 4> © (140)
x‘;.f (O\<I<1)
0 (y<o)

FY(“/) = L Fx’\,;()z,y) = ’];z (o.{y<1)

> S+




2. Let X and Y be two independent random variables such that

0, =<0 0, y<0
Fy(z)=<¢% 0<z<2, and Fy(y)=% 0<y<3.
1, =z>2 1, yv=3

a) Find the joint density function of X and Y.
b) Compute the marginal density function of X and Y




Exercise 2 a)

a)

[3 2coumne X LY we boot:

(x <o v y<o)

—
0

(og¢x<2, 0¢y<3)

PHCRIE F(z) FT(Y)={ (0€x<a, y»3)

(72, 0<yc3)

(X7, y»3)

= 2[R Q\IH
~

1
2
o

L-D M'T}M Acluds Ny Musw F&Y(x:y‘)
(o<z<a 0<y<3)




Exercise 2 h)

o)

o= 4 - {3‘(““”
x o ( ethouuine )

f o 4 R - { s (ecred)
y 0 (etfewuine )

(o0<¢x<2)

( othaurine )




3. If the values of the joint probability function of X and Y are as shown in the table

X 0 1 2
Y
0 /12 1/6 1/24
1 1/4 1/4 1/40
2 1/8  1/20 0
3 1/120 0 0
B |
(a) find:

i P(X=1,Y =2);

i. P(X=0,1<Y <3);

iii. P(X+Y < 1);

iv. P(X >Y).

(b) find the following values of the joint cumulative distribution function of the two
random variables:
i F(1.2, 0 9);
F(=3,1.5);
iii F(2, )
iv. F(4,2.7).
e ]




Exercise 3 a)

WPx=1y=2) = (2= 1
i fixeo revesis 2 foay - 2

[y x=ontsya ¥=1

- ,gm(o,ﬂ ! *x.'r(oal) = % +3'?_ =3

]
- = = 1+ 1 41 =
(i) Plx+y ¢1) wlv)é%ﬂw MERY Jw(qo!nﬁm(tong‘vton 1.ty
= 2, 1.1 = 6 +1 =1 ,1=1
M ™9 29 9 Ty 2
(A ro X»Y)= xy) = 1 2 (at)= 1L +1 +1 =5 4 1 =
i) (x> Y) = #x,v{ ) m[,o)'f,&m( B R A R

il
Y

= AOQ + Q_‘\f_
K60 =¥ %]




Exercise 3 h)

»)
(.k) Fx,q (1.9, O-Cﬂ)

(a:) = = #—ﬂ(:‘f,y)=

(Ly)ep, i x<12A y$0.9

Fe(-3,1) = P(x¢-3,y¢1) = = #”{:QY)T o

Fe(1,0) =P(X<1, ¥s0) = = RCRCL SRUCEE NULIEE e
i ‘? !

(x,v}snl,,‘:xcmyso

(.U.) Fx‘q {_"3‘15) X »
(ey): Dy xs-3ayst

(o)

= ﬁm(x’ V)

(x,y) :p”: A=A y.sls'

(i) Fry(2,0) = P(Xg2 Y<o)= = &”(:t;y)= g”(:!,o} { (10)*{”(“#:‘1 éh 5 rted
1 ] Yy

(zy) €D, x €2 Ay <0

Um) Fryl4,a3) = Frl2,2) = POX42,9€2) = 1-P(X>2 v ¥>2) = {- gmfo,sh 1—1% R
. = ( = =
[ o) 2 ga’."‘ ZY) Gye Dm%an)’a g'f"r(x)\/)

(Xyle Dyy 254 A ysar

Y
l 1/12 1/24
1/4 1 4 1/40

1/3 /20 ©

3 0

1/120 0




4. If the joint probability distribution of X and Y is given by
fxy(z,y) =c(z® +¢%), forz=13 y=-12
a) Find the value of ¢;

b) Compute P(X +Y > 2);
¢) Compute the cumulative distribution function. Fxy(x,y) = P(X <x,Y <y)

Properties of the joint cumulative distribution function:
0 0< Fxy(xy)<1

@ Fx y(x,y) is non decreasing with respect to x and y :
e Ay > 0= Fxv(x+Ax,y) = Fxv(x.y)
o Ay > 0= Fxy(x,y+ Ay) = Fx.v(x,y)

° X_I;r_anx!y(x,y) =0, J‘__Ilr_nm_)Fx,y(x, y) =0 and

lim Fxy(x,y)=1

x—+o0,y—+o0
e Pa<X<xyn<Y<p)=
Fx v (%2, y2) = Fx,v(x1, y2) = Fx,v (32, 1) + Fx, v (31, 71)-
9 Fx,y(x, y) is right continuous with respect to x and y:
lim Fx v(x.y) = Fxv(a,y) and lim Fx y(x,y) = Fx v(x,b).
x—at y—rb*




Exercise 4 a)

I Gy s extyt) (xeaa)ys- )
v

a)
B (L) is 0 Lo . ro:
a L .

2 ) o 4 2
2 g (xy) = | © ¢ -1+ c(1v2)+c(ar-n)e(3+2 )=1 &
(ry)ed,, Uxy

= e (141 +1+L1+C1+1+q+‘1):1 (=)

& 20c¢c =1 &) e = 1




Exercise 4 b)

k)
P(X+Y>2) = > Ltzyy= 4 02+, (52)=

(X,Y)E€Dyy: X+y>2

A a
A (%) e (3 27) = L (141 +Q+4)= 18 -9 -3
20 20 Y




Exercise 4 ¢)

e)
( o (x<-1v\/<-1)
# (-1-1) = 2 - 1 (-1¢2x<3: -1 € y<a)
x4 30 1€
F(X, =J -1 -1 - = 2 =71 -1 £ 4 vy
(x.¥) R A S (-1 ¢x<y, Yy a)
10




5. Given the values of the joint probability distribution of X and Y shown in the table

| X=-1 X=1
Y = 1 I :
Y =0 0 i
Y =1 : 0

a) Find the marginal probability function of X.
b) Find the marginal probability function of Y.

)
)

c¢) Find the conditional probability function of X given Y = —1.

d) Compute the conditional cumulative distribution function of X given ¥ = —1.
)

e) Verify if X and YV are independent.




Exercise b a)

INERY

Y = -1 e e D =410 f
= — l ;

Y =0 0 h DY={-1’0,1f

Y = % 0




Exercise 5 h)

b) .
¥z “g'gy VT
1 (y=o)
= - q
D= F b2 1 ly = 1)
¥
o (ehrowton)




Exercise 5 ¢)




Exercise 5 d)
4)
Fxiy=-1 (X) = > 4’le=-1 (2')

xep,: X' <% ¥ =1

AM/&.GA? CalendoLisvn:

Fxlv=-1 (‘1) = ,4”?:_1 (- ) = ,_é'_'_
Fay =1 (1) = #HY:_,(‘)*«#W 1(1l=_11-_:|: =1
Thoelent :

FXIY=-1 (x) =



Exercise 5 e)

£ )

‘g'xlg((-go): o # #X(—'l)%,(o): ?" "::' = ’?_z_

Tj"“’*"'gw X omd Yanfmfmw




6. If the values of the joint probability function of X and Y are as shown in the table

X 0 1 2
Y
0 /12 1/6 124
1 1/4  1/4  1/40
2 1/8 1/20 0
3 1/120 0 0

find

a) the marginal probability function of X;
b

)

) the marginal probability function of Y;

¢) the conditional probability function of X given ¥ = 1;
)

d) the conditional probability function of ¥ given X = 0.




Exercise 6 a)

/12 1/6 1/24
1/4  1/4 1/40
/8 1/20 0

/120 0 0

um-—~9|*<




Exercise 6 h)

J)
(0)= 4. 1L .1 = 3
G)= 1 +24 + 1L = 21

9 Y o0 140

= .
—
~
|5}
p—
1
™|
+
o=~
3+




Exercise 6 c)

¢) 4,""'((0’”/?[\’(” = L/y =
%XW =1 (x) = é’xﬂ’ (x) ! = lﬁ’x’y (1) 1)/4}'(” = 2}'/;1"?71 = 31% (~ =1)
X




Exercise 6 d)

%( (0)

4;49(0)0) / &r(o) -

tr

£

o L0,1)/ éj\, (0) =

# Y(OJ'Q)/ /ér (0) =

1:0
=
x = 2
~ = 3




7. If the joint cumulative distribution function of X and Y is given by

Q=) —e)  forz>0,y>0
Fxy(z,y) = { 0 ,elsewhere

(a) Find the marginal cumulative distribution functions of the two random variables
X and Y.

(b) Find the joint density function of the two random variables X and Y.
(¢) Find P(1 < X <2,1 <Y <2).
(d) Verify if X and Y are independent random variables.




Exercise 7 a)

—e (1 —e or T
Fx,Y(T—-.'J)={ (1 )0(1 o ,elsze“?l;efezn
Cb) _ zf
1-e (7 0)
F)((x) = M Fx,.,(x,y)=
y-o-\m 0 (Z < O)

Aoy coleuledion:

Liron (( 1-5""4)(1-6"”1)) =1-e
Y€ 4o

Fo(y) = L Fuy(zy) =

A Liony codonSaTion:
Lo (=™ (1-€77)) = 1

Ao + 2




Exercise 7 b)




Exercise 7 ¢)

¢)
P14 X<, 1¢742) f{ (z,y) dz dy =

2,2
= / [nyc-yzc_ dydx = ‘f‘fz‘f-xf Yﬂ_yd}’dz"

1 1

2 _z N 1
=w[11exg-[ev]1dx=~lfxc e g
= —2(e L e !x.e dx=—a(e'—a-)_%['5_ L"‘
=(eT-eM (e e (e Te ™) = ara2




Exercise 7 ¢)

o
Plrex<a 1 ¢vea) = R (22)- R, @1 - K, W £ (1)

(1-6-.1)(1—64) (- )(1-e7) -(1-8-1)(1-£—q)+ (1-e ")(1-e7")

T
Il

- 2
=(1-¢€ "2 (1-6'1J(1-c"1)+(1—e") =~ 0.122




Exercise 7 d)

d) 1
-e” " (xz 7o)
Fx(x) = {
o) (= < o)
2
: {1—6-}( (Y » o)
FY )’) ) 0 (y<0)

(1-e _x)(f—r:_yz) (=20, y2o0)

Fx(x) R (y) =
0 ( eliewdae )

GConcunion: X 1L Y Jecauwn

= Fxulz, Y)

4
VGy) € R F . (xy) = & (@) F, ()



8. If the joint probability density of X and Y is given by

1
_f i@r4+y) for0<z<l, 0<y<2
Fxx(mv) = { 0 . elsewhere

find

a) the marginal density of X;

b) the conditional density of ¥ given X = 1/4
c)
d)
)
)

e
f

the marginal density of Y;
the conditional density of X given Y = 1;
P(X > X <2).

the joint cumulative distribution function of X and Y.




Exercise 8 a)

1
fx,y(:v,y)={ 4(2:1i']+y) Jor0<z<l, 0<y<2

, elsewhere




Exercise 8 bh)

k)

.g- (y) = g”\w(ﬁ, y) = w(d+y) = $+3Y -
Yix=1% —

(
L8 i 3




Exercise 8 ¢)

c)

1

;,fi‘r(y) =_/ww={xaf('z)y) dx :o/ Tlaz+y)dz =

x =1
[ xx"' x)’]x=o =

1
= 2 + dx: .L
of / =

2
t1

= 2 (1vy) = 1L 4 (o<y<)
y q




Exercise 8 d)




Exercise 8 e)

P(x>dlxc2)= P(3<x<2). 2 =32 .16
: Plx<d) T2l oz
22

Pldexe )= [T @de =] =4 da




Exercise 8 f)

Ancebiny ColeetloLions:
0O xX<1 o<cYyY<2

oy
Fen ) = | | (s, ) dwdan = [ [ E(ausw) derda =

(o]

o=y

. &
% ! [Juv-;%r_“]n,m du =




Exgrcise 8 1)

0 <L XL V2

Fry (2£Y) j # (m /)d/dﬂ = [

‘-~...,_...-—T’ X

(T4 odu=[nstdu-

ES
N ;_M]o g

I
—
p|§

XL 71 o Ly<2

[ 7




Exercise 8 f)

oncluson:

(O (<o v yco)
Fey (2, y) = iyxﬂ%x_ya (0L xX<1  oLVY<R)

’ “
A
J é’.x + 1z (0gx<1a \/}J)
2 > <y<
%y-l-%-y (x[‘lj O\y '2)




9. Consider the joint probability density function of X and Y given by

kzy for0<z <2 0<y<l1
Fey(a,y) = { 0 , elsewhere
a) Determine k so that fxy can serve as a joint probability density function.
b) Determine the joint distribution function of X and Y.

c) Determine the marginal cumulative distribution function of X and Y.

d)
e) Verify if X and Y are independent.

f) Compute Compute P(X < 1.25,Y <0.5), P(Y > X+ 1) and P (Y < 3 + 3).
)

g) Compute fxy—, and fy|x—;-

Determine the marginal probability density function of X and Y.




Exercise 9 a)

[ kzy for0<z<2 0<y<l
fxy(z,y) = { 0 , elsewhere

@) fo Ag-,w(agy) ts Aea ,f..d.f.w.e ovurt  Lan

2 1

[ ] {fm(:{,yldydx =1 @

2

1 1
e | f1}<xydydx = 1 (=)K!’C°/ydyd:r=1 (=)

2 ]
l=)l([x%[ yz]ldx, =1 (=) ){] < dx = 2 (=)

Q

a
) k21l x®J, =2 &) K(4-o)= 9 (=) K=1




Exercise 9 b)

&) (x y) = ( <a <1)
AL E N S g

(O (z<o v y<o)
2 2
X y (0s2<2, 0<y<1
Dt’.y Y
F«\;?(I))’)=/ / &,:,,(M,m-)drvdu= { y? (X722, ogy<t)
_,Ll (041423 y7,1)
=

(X % 2,

y 7 1)




Exercise 9 b)
Awucidiany calceloLipn:

0< XL O0Ly< 1!

x 1y x
d =Y
Fx,%(x))’):/ /M nr- dm—o‘u=/§_ [ - r::-o d m =
0 0 a
L M= X 2
2_21] Myid m= 1 [144‘/2],“‘: = >yt
(o] Lar L'

2
X 7 2, o&y< 1l Fy(xy)= 2y =y
51

O £ <2, \/2-11 Fx#(ZJ\/)= X x1 = X




Exercise 9 ¢)
AMXA:/EA.MZ coleLaLion: Fo(xX) = i F(x,y)= %f (o<cx<2)

Y—D—t-w
{OJ (x <« 0a)
Fx(X) =427/ 4 (o € x<2)
1 (x> 2)

Avcitioy colodoliom:  Fy(y) = i Fry (2,y) = y& (o< yca)

o i

o (y<o)
Fo(y) = (¢ y? (o0<y<t)
Y 4

1 (y » 1)




Exercise 9 d)

X (oc¢cx<2)
éun S R (x) = {3
“ o ©  (etlorwwne)

{Jy (o <y<t)




Exercise 9 e)

ay fxt/ (0<x<d, 0<y<t)

( et howwzins) ) Eg":" Ly




Exercise 9 f)

b R

2 (S !
P(x<c1as v<os)=Ffc,(1.25 0.5)= 143~ 0s :(j)éj:-w >
’ 1 Y 4

= 25 1
ey 1 256




_ Exercise 9 f)

Aoy €
a +
Plyedd)= [ /5 54 (ayp) dydx -




-

Exercise 9 g

%) #,‘;T(-’r, o xy - =x (0¢x«<a, #;ud\/)
2

(y)
3, C(x2) = fy Y
X1Y =y




10. Let X and Y be two independent random variables such that

1L 0<z<? 1 0<y<3
r)=<7% . and ={¥ .
fx(@) { 0, elsewhere Frw) 0, elsewhere

Find the joint density function of X and Y.




Exercise 10
X 1V

1

fx($)={§’ O<z<?2

0, elsewhere

1

7, 0<y<3
, d = ¢ ¥ .
and  fr(y) {0, elsewhere

Same X L Y we Aot

KB
\ = ) = 6
;#m(:r, /) = (x Q{Zv(v) L

(0<x<d, 0¢y<y)

( ot horusine )




11. If the joint probability density of X and Y is given by

) 24wy JforO0<z <1, 0<y<l,z4+y<l1
xy(@.9) = { 0 , elsewhere

a) Compute P(X +Y < 1/2).
b) Compute Fxy_1(x)




Exercise 11 a)

| 2dzy  for0<z<l, O0<y<l, z+y<l
fX,Y(Ivy)—{ 0 , elsewhere
X< 3
a) Xay<t e x< Loy D(+?’<i-v{
2 y(i
' 2
2 1
Plx+t< )= |7 [57 Jvzydady -
[s] Q
i, 2y x x= L.y
a 47777
:,9*1}\// xdxdy:&‘f/yai[l Jaeo "y =

2 2
= 12 [Ty ( 4-v) dy = 11/}y(&+y*—y)dy=
Frrte oty = g P




Exercise 11 h)

&) 9C+y<1 (=) X £ 1-y

—P(Xoal‘hai
x
,(H_J.(x / & (W) dum = / Sm dm / L—tcawu Gt Y-~ we b
o B xry <16
:%}__M]Mo-qx (o¢x< L) (=):r+5'7’<1(:)3£<';—
B o, (x <o)
Conclunom:  Fypgor (X3 =) Yx CREXED.
2 1 (x> 2)
& (x) = for (23 - 102 =24 x = 8x (o<x<dl)
XIN=% #(L) 2 =S 4
g % 2

ror (- o
b= [ @y de - [arey da= 21 2157 -

o
= 12y(1 -y ) (o<y<i)
2
UNEIENACEES =t-2




12. If the joint probability density of X and Y is given by

[ 24y(1-z—y) Jorz >0,y >0,z+y <1
fxy(z,y) = { 0 , elsewhere

a) Find the marginal density of X;
b) Find the marginal density of Y;

d) Determine whether the two random variables are independent.




Exercise 12 a)

€L 1=y
DC-H/('T (=){y< 1o x

—
&~
1

1-2c Cx
j fox L) dy = [“auytimz-y) dy =

y: 1-%

1=
a4 [ y-xy-ytdy =2 [y =y -y )00

I

]

—

2 2 3
24 ( (1-2¢) - x(1-2) -(1-x) ) =
11(7‘1)2—131(1—:\:) - & (1-x)

(12-12 x - 2(1—3:))(1-::)2

a
=(12-12x-2+3x)(1-%) =

4 3
=(Y-yx)(1-2) =4101-x) (o¢czxc1)

2 2
Y (1-=) (-2) ==Y (x-1) (-1(1-x) =
-4 (x- ) (x-1) = - 4 (x-1)2 > Bt

Abe amacuws

Nl : 4(1-2)°




Exercise 12 b)

-7 -y

#Y(y) = 4, e da =] auyta) dx =

Q

= .?%y!i_yff-x—ydx = 24y [x-%c_"_xy]i:’;*
= Q%y(T-y—%xf-(i-vly) =

= 2%y(1-y—j¢§kz-y+y4):
=.?‘1y(1—y-al-;_/,“v/f—)4y'?)=

='2%y(% +%f—y)= 12y+12y3-31y‘;
=120y- ay2 «y®)=gay(1-2y+y?)=

=1Ry(?—yJJ

(o<y<1)




Exercise 12 c)

,# (1)4 (y) = ‘1(1-x)3 ‘1(1—x)3= 8(1—::)34&5{— (2 y)= 249y (1-2-y)}
X ¥ Y X, ¢ .:Y y Y
X




13. If X is the amount of money (in dollars) that a salesperson spends on gasoline during
a day and Y is the corresponding amount of money (in dollars) for which he or she is
reimbursed, the joint density of these two random variables is given by

l(m‘z) for 10 <2 <202 <y<uw
—J B\ & ’ 12
f(@y) { 0 ,elsewhere

find

a) the marginal density of X;
b) the conditional density of Y given X = 12;

(
(

(¢) the probability that the salesperson will be reimbursed at least $8 when spending
$12.




Exercise 13 a)




Exercise 13 b)

&)
1 [20-12
qﬂ— (y) = Jg'm("%‘/) = _as (?;—;11 =_-1§-( %) =
Yl X =12 {@(13) 20 —12 2
X S0 S0
so 1 & = A& =21 (6<y<1)
= 8 2y 1N 72 ¢ \7\

(x =122 Z< VYL &) 6<Y<¢12)




Exercise 13 c)

g

Lody = L1yl-

_ 8
Forx=1a (8) 2_1, Foix=1a(Y) dV'_‘{
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