Lisbon School
of Economics

& Management
Universidace de Lisboa

Economics / Finance/ Management
2" Year/2" Semester
2025/2026



LESSON 12

Professor: Elisabete Fernandes
E-mail: efernandes@iseg.ulisboa.pt




1. Basic Probability Theory.

2. Univariate random variables.

3. Expected Values.

4. Multivariate random variables (random vectors).
5. Expected Values of Functions of Random Vectors.
6. Special Random Variables and Repeated Sampling Distributions.
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Continuous Distributions: Exercises

Exponential Distribution, Gamma Distribution and Chi-Square Distribution
Chapter 6



8. (Lack of memory of the exponential random variable) Let X ~ Exp(A), prove that
PX>z+s|X >2)=P(X >s) forany x > 0 and s > 0.




Exponential Distribution

The probability density function and the cumulative distribution
function of an exponential random variable with parameter A are

respectively Adriana, 2025

0 if x<0 0 if x<0
f"(")z{/\e—f\x if x>0 FX(X)={1—e—AX if x>0

Remark: If X is an exponential random variable with parameter A
we write X ~ Exp(A).
Properties: Let X be an exponential random variable. Then,

@ Moment Generating Function Mx(t) = (1 — t/A) 7t <A
@| E(X) =1/X and Var(X) =1/)2.
@ Lack of memory: P(X > x + 5|X > x) = P(X > s) for any
x > 0 and s > 0.

Q| Let Xi ~ Exp(\;), i = 1,2, ..., k, be independent random
variables, then Y = min { X1, X2, ..., Xk} ~ Exp(fo:1 )




Exercise 8

X~ €x (A) A>oO A x>»s
J—Ax .H//////////!m_b m X >+
#K(:LIA)= AE (x>0) A X+AN Bl X>A AX>X+4
o's P _ A —AM = - \Z 0
Fe(x)= [} (uindu=[ Ae Tdu=-[e "1il=-(e"-e)=
0 x [
= 1-e 7 (xz50)
P(X>x+alXoan)= P(X>x+A) = 1- Fe(x+n)
P(X> A) 1- Fx (A)
- AMaA+x) - A(A+X) ZAA -Ax - Ax
= 1-(1-e ) = & = e - e = e E
- (1- &™) e " e~"A
_ax
=1-(1- e ) = 1- Fe(x) = 1- P(x<x) = Plx>x) Q¢

—_—
Fx (X)




9. Let X; ~ Exzp(\), i = 1,2, be independent random variables. Prove that ¥ =
min {Xl, Xg} ~ E:!;‘p(/\l + /\2)

(Hint: Note that P(Y > y) = P (X, >y, X2 > y)).




Exercise 9

X~ Ex(Ag), A;>0 (i=12) X, L X,
- AL X, .
. k)= K Jxv0 (i=12)
C A X

Y= o (X X,)
PLY>y) = PlXyp>y, Xary) = Plx>y) P(x,>y) =
=(1- Fr, (p)) (1= Fx () =

- N2 - A - A2
:(1—(1— e~ M/ ))(1—(1—e ’ ) -e Te M.
- (A1+/\J]y

= &




Exercise 9

_(A,wu)y
Rl = PCY<y)=1-P(Y>y)=1-
Thain 4n M C.D.F.sg'a E (h+ha) Nocdom nraniads ).

Y~ & ( AN+ Ay) Q@eD




11. The lifetime in years of an electronic component is a continuous random variable X
that follows

X ~ Exp(1)

(a) Find the lifetime L which a typical component is 60% certain to exceed.

(b) If five components are sold to a manufacturer, find the probability that at least
one of them will have a lifetime less than L years.




Exercise 11 a)
X= Lfbos of a comhontnt Cin yeorr)
X~éex (1) #X('x): e (x>0)

a)

P(X>»L) =066 1- FxlL)= 06 &

L -
(=) 1_/ e xd:{ = 0.6
0

_ L
@1-[-e ], = 066

=) 1—(-e‘L+e°) =06 @
_ L
©1-(1-e ) =046

L

) 1-1+€ = 06 &

= e_L_-o_(; @ L = - kn(06) =081
0.1 Soun.




Exercise 11 h)
n = S MM
L= P(X<L)= 1-06 = o

Y = 4 gg-m,‘.eg@»:b)(mg) WA «ei,gﬁfa'/w vy Thom L.

V'~ R (S 0.4) ah(y =(y) oulx 06" (y=0,1,o?,3,‘f,5)§
P(Yy 1) = 1- Ply<t) = 1—>{Y(o)- 1-(8ox" xo6’ = 0.9222




12. The time intervals between successive trains stopping in a certain rail station have an
exponential distribution with mean 6 minutes.

(a) Find the probability that the time interval between two consecutive trains is less
than 5 minutes.

(b) Find a time interval ¢ such that we can be 95% sure that the time interval between
two successive trains will be greater than {.

(c¢) Assume that the number of trains arriving in one hour is modeled by a Poisson
random variable. Compute the probability that in a random hour 5 trains stop
at the train station.

(d) If we have counted 8 trains in the first hour, what is the probability that two of
them arrived in the first 30 minutes?




Exercise 12 a)

X = Tine (AMM(MA)LWMWM
X~ Ex(1/6) €(X)=6 %X(x):é_’e"é' (% >0)

SR

(£ >0)

a)
P(x<s) = Fx (S)




Exercise 12 b)

P(x>4)=0.195 &) 1- F,(4) = 097 &)
- X
=1-(1-e ¢)
=) e-g = 0.9 (=)
=) _é_ = JMn(0.95) @)
1 = - 6 fn(095) >~ 0.308

0.95 =)

&)




Exercise 12 ¢)

Tinwe (A.M M) Mwm AMCTMA}\){ M ~ &(1/6)
#  Ancuons +.M reniaatt B-L(é_

* win fon Irown ~ Ri(Fx60) = Ri(10)

Y = #%‘ﬁa‘m CUM\)-(M& din N Anoun ~ %(10)

- 1o

%Y(Y) = e ‘foy (y:oj*r,a,u-)

— 10 S
P(Y=g)-= {Y(s) - e 10 = 00338




Exercise 12 d)

M =3 fims  (dim 1 Rouw)

W = off faim amivimg im the fiwt 20 mwin ~ Bi )= Bi(S)
Z = % of toim Wnivtag am Hur fost 30 pominn ~ B ()
Plw=21Y=38)= Plw=3aAY=8) =Pw=2AZ:=6)-=




13. Compute the following probabilities:

(a) If Y is distributed y?(4) find P(Y < 7.78).
(b) If Y is distributed x?(10) find P(Y > 18.31).
(c) If Y is x*(1) find P(Y < 3.8416).




Chi-squared Distribution

Adriana, 2025

In the case of the chi-squared random variables we have:
Q@ E(X)=v.
Q@ Var(X) =2v.
© Let X1, X3,...,Xk be independent random variables with
Chi-squared distribution X; ~ x?(v1) and
Xo ~ 2 (12) o Xic ~ 0 ()., then 54 Xi ~ 32 (SF wi)
oo = =/




Exercise 13 a)
Tobli S Ay p: P(ALo? Luw) =

| Yo €R
o) RV
{~Xw  P(Y <2¥8) = 04
2
L K ) T
Z ‘ AMAA O excd Aecoune T.18
+ + & fi =DIST.CHIQ(7,78;4;VERDADEIRO)



Exercise 13 b)

A z:;‘/

—
2
N :0.0S‘
>

|
183.30%

le- r2 Aglsfe §




Exercise 13 c)

T wne tabhle &
P(Y <3.8416) =~ P(Y €3.841)=1-P(Y>3.841)

=1-0.08 = 09




14. Using the moment generating function, show that if X ~ Gamma(a,b) and Y = 2X/b,
then Y ~ x?%(2a).




Gamma Distribution

Gamma distribution: The gamma cumulative distribution function
is defined for x > 0, a > 0, b > 0, by the integral

FX (X) =

a bd
z:w"r(a)/0 uoend

where ' (t) = [, e “u'"'du is the Gamma function. The
parameters a and b are called the shape parameter and scale

parameter, respectively.

The probability density function for the gamma distribution is

fx(x) =

1

bl (a)

X

Adriana, 2025



Exercise 14
X ~ CJOWNW\O.(CLJ L) Y‘ i

M) = (- h2) " (< 1) "
Q,~ xl(l(} oy
Mo t)=(1-at) = (t<2)
toomneguintRy -
Q™ Xdua,)

- 2a -~a
Molt)=(1-2 ) = = (1-21) (1<)
To dawewhiotr theot 5’— X ~ Laa) W mud
Ao Ahsw Ahaat M, )= M a(r)=(1—2r) - (£ < %)




Exercise 14

M, (1) = ez ec(e®) = mlas) -
:(I—JQét) =(1-at) (t<Z)

2
Gonclunion: ¥~ A (a a) QED.




15. Prove that if X; and X5 are independent random variables with Gamma distribution
X1 ~ Gamma(ay,b) and Xy ~ Gamma(az,b), then Xy + Xo ~ Gamma(a; + asz, b).
(Hint: Recall that if X ~ Gamma(a,b), then Mx(t) = (1 — bt)"“ for t < 1/b).




Exercise 15

X, L X,
Xy~ Gtwona (@5, J) My (£) == b t) (< f)
Ko ~ Glas, b) My, ()20 kt) " (te F)

/E'QCOAM? X, L X,

N £
Myor, (1) = €(e*5%)) —e( e 77 2
Xa
et )~MX,uJMXg(xJ
-a, - (a;tay)

(- bt) - k1) (<% ),
MC‘JF 96% GWG( a,+ O,;J ,fv—)

1
m
—~
M

E@w;@w Xyt Xy~ Gla,+agy, ,H, QED




16. Suppose customers arrive at a store according to a Poisson process, where the expected
number of customers per hour is 0.5.

(a) Knowing that 4 customers arrived at the store during the morning (4 hours)
what is the probability that in this day (8 hours) the store receives more than 15
customers?

(b) Compute the probability that the first customer does not arrive during the first
hour (since the opening hour of the store).

(c) What is the distribution of the time until the second customer arrives?

(d) Find the probability that one has to wait at least half an hour until the second
customer arrives.

(e) Find the probability that one has to wait at least five hours until the fourth |
customer arrives.




Exercise 16 a)

X = 4 of toliesn i 1 hou ~ Ri(05)
€(x) =
a)

lT’ #%’CWAMWMMM? (1 Ksunn) ~

‘]’ 7 I % a.%:tl/m—wbeﬁn(” z )"’E«.(sz) {'Y(y):e
A

Yo 8 houws ~ B (8x05)= Ri(4)

R(yxos) = B(2)

(V =012,

(1Ll

m
N
\\

P(YA)“,\]JM:“‘) =1~ Fﬁk(ﬁ))m =
$ (%) /FY (4)

I

P(Y > 15 1Y,= 1)

i M
1 o_a vy
= 1-R)=1-2€ 2 =~o
y=o Y!
> 1 - sum((exp(-2) * 2 A (8:11)) / foctorial(@:11))
[1] 1.364615¢-06

E)af/{()u.ﬂﬂ’ nme R : [1] 1. ;:mguoan

Jx =1-DIST.POISSON(11;2;VERDADEIRO)

E:a’ﬂ&,\ﬂﬁ‘ me excel




Exercise 16 h)

T = MMXMWW(M Jnstnn ) ~ € (0.
_x

F-lt) =1-e * (tyo)

P(r>1) = 1- F-(1) = 1-(1—e‘*) ~ 0.61




Exercise 16 ¢) and d)

c) m A am
S 4 PR
Ta 2 Lt iR Tt atcond Cundorman aminrts Cim houn) ~ Gornmma (2,0.5) = X (4)
d) Ts Jodols v Tk de v
.[é A e J

P(T,»05) = P(T, »0484) =0.9%5




Exercise 16 e)

Tl.l = b ik poN #—&M/& Contorman amines (im Joun) ~ Garanma (‘1,0-5)-‘- X&)

P(Ty» §) ~ P(Ty » S031) = 03§

lr{s -'P(X>Zr{s):€

H 995 990 975 950 900 750 500 250 100 050 025 010 005 001

000 000 001 004 016 102 A55 1323 2706 3841 5024 6635 7879 10827
010 020 051 103 211 575 1386 2773 4605 5991 7378 9210 10.597 13815
072 115 216 352 584 1213 2366 4108 6251 7815 9348 11345 12.838 16.266
207 297 A84 11 1.064 1923 3357 5385 7.779 9488 11143 13277 14.860 18.466
412 554 831 1.145 1610 2675 4351 6626 9236 11.070 12832 15086 16750 20515

676 872 1.237 1.635 2204 3455 5348 7841 10645 12592 14449 16812 18.548 22457
989 1.239 1.690 2167 2833 4255 6346 9.037 12017 14067 16013 18475 20278 24321
1344 1647 2180 2733 3490 (B.0701) 7344 10219 13362 15507 17.535 20.090 21.955 26.124
1735 2,088 2700 3325 4168 5899 8343 11389 14684 16919 19.023 21.666 23.589 27.877
2,156 2558 3247 3940 4865 6737 9342 12549 15987 18307 20483 23209 25188 29.588

Sewas e =

Jx =1-DIST.CHIQ(5;8;VERDADEIRO())




Continuous Distributions: Exercises

Normal Distribution, Uniforme Distribution and Central Limite Theorem
Chapter 6

40



Normal Distribution

The most famous continuous distribution is the normal distribution
(introduced by Abraham de Moivre, 1667-1754). The normal
probability density function is given by

) Adriana, 2025
x—p)?
fx (x) = —e_( 207,

V2r

The cumulative distribution function does not have a close form
solution:

1 _e=wp?
FX(X):/ \/—76 20 dt

o T

When a random variable X follows a normal distribution with
parameters 1 and o2 we write X ~ N (p,0?) .

Properties: X ~ N(”, 2) A o
@ Moment generating function Mx(t) = o(pt+0.50°1%)
@ E(X)=

@ Var(X) =02




17. Compute the following probabilities:

(a) If Y is distributed N(1,4), find P(Y < 3).

(b) If Y is distributed N(3,9), find P(Y > 0).

(c) 'Y is distributed N(50,25), find P(40 <Y < 52).
(d) If Y is distributed N(0,1), find P(|Y| > 1.96).




Exercise 17 a), b), ¢) and d)

(a) 0.841
(b) 0.841
)
)

(c) 0.633
(d) 0.05



19. Suppose that diameter of a certain component produced in a factory can be modeled
by a normal distribution with mean 10c¢m and standard deviation 3em.

(a)

(b)
(c)

(d)

Find the probability that the diameter of a random component is larger than
13em.

Find the probability that the diameter of a random component is less than Tem.

Selecting randomly 10 components, what is the probability that 2 of them have
a diameter less than Tem?

What is the expected number of components that we have to inspect to find 1
with a diameter less than 7em?




Exercise 19 a) and b)

(a) Let X be the diameter of a certain component produced in a factory.

X ~ N(p= 10,62 =9).

Then,
X -1 13-1
HX>H3=P( 30> 330)=HZ>U=1—MU=059
where Z ~ N(0,1).
(b)
- 10

X-1
HX<U=P( 30<73

)zpw<—n=1—mn=uw9

the last equality following in light of the symmetry of the normal distribution.




Exercise 19 ¢) and d)

(c) Let Y be the random variable that represents the number of components that
have a diameter less than 7em, in a set of 10 components.

Y ~ Bin(n = 10,p = 0.159)
because p = P(X < 7). The requested probability is

P(Y =2) = (19)0.159%(1 — 0.159)® = 0.285.

(d) Let Z be the random variable that we have to inspect to find 1 with a diameter
less than 7em.

Z ~ Geo(p), where p=P(X <7)=0.159

Then,

E(Z)=1/p~6.3,

which means that, in average, one has to inspect 7 components.




20. A baker knows that the daily demand for a specific type of bread is a random variable
X such that X ~ N(u = 50,02 = 25). Find the demand which has probability 1% of
being exceeded.




Exercise 20

61.65 j



21. Assume that X;, with ¢ = 1,2, 3 represent the profit, in million of euros, of 3 different
companies located in 3 different countries. If

Xy ~ N(1,0.01), X, ~ N(15,0.03), X3~ N(2,0.06)

(a) Which company is more likely to have a profit greater than 1.5 millions?

(b) What is the probability of the profit of these 3 companies does not exceed 4
millions of euros? (Assume independence.)




Exercise 21 a)

(a) Due to the symmetry of the normal distributions, we know that

P(X;>15)<P(X>1)=05 P(Xy>15)=0.5

Therefore, company 3 is more likely to exceed a profit of 1.5 million.




Exercise 21 h)

(b) From the properties of independent normal random variables, we know that

Xi+Xo4+ X3~ N(p=1+15+2,0%=0.01+0.02 + 0.06).

Therefore, if Z ~ N(0,1), then

Xi4 Xo+ X5 —4. 4—4.
P(X1+X2+X3<4)=P( 1+ Xo+ X3 —45 5)

<
0.3 0.3
= P(Z < —5/3) ~ 0.05.



22. The time elapsed since failure until repair (designated as repair time) of a certain type
of machines is a random variable with exponential distribution with mean of 2 hours.

(a) What is the probability that a broken machine has a repair time of 1 hour or less?

(b) If 10 broken machines were randomly selected, what is the probability of the
fastest repair be performed in less than 15 minutes? (assume independence)

(¢) What is the probability that the total repair time of 50 broken machines does not
exceed 90 hours? (assume independence)




Exercise 22 a)

Let X be the random variable that represents the time (in hours) elapsed since
failure until repair.

X ~ Ezxzp(A), A=1/E(X)=0.25.
Then,

P(X <1)=Fx(1) =1—¢% =0.393.




Exercise 22 h)

Let X;, with ¢ = 1--- 10, be the random variable that represents the time (in
hours) elapsed since failure until repair of the i*" machine.

Xi~ Exzp()), A=1/E(X)=0.5.

and the the random variables X1, - - - , Xj, are independent. From what we already
saw min{ Xy, -+, X0} ~ Exp(5). Then,

P(min{Xy, -, X0} <1/4) =1—-e 4=~ 0.713




The Central Limit Theorem

Theorem: (The Central Limit Theorem - Lindberg-Levy)

Adriana, 2025
Assume that X;, i =1,..., n are independent, E(X;) = ux, and
Var(X;) = ox < 400, then the distribution of

7 - D> oiig Xi — npx _ Vn (X = px)
O'X\/E gx
converges to a standard normal distribution as n tends to infinity

We write Z < N (0, 1) where the symbol < reads “distributed
asymptotically”




Normal Distribution: Results

ii.d

If X1, X2,-- X, ~" N(u,0?) then the following holds true:
)

Adriana, 2025

ZX; ~ N(un,o%n) or equivalently X ~ N(u,c?/n)|
i=1

X — X -
2i=1 il N(0,1) or equivalently £~ N(0,1
o/n a/vn




Exercise 22 c)

Let X;, with ¢ = 1--- 50, be the random variable that represents the time (in
hours) elapsed since failure until repair of the i*" machine.

X;~ Exp()), A=1/E(X)=0.5.

and the the random variables X, --- . X5, are independent. Then the total repair
time of 50 broken machines is given by

Due to the Limit Central Theorem, we get that

50
Tso =Y _ X; % N(p,0%)

i=1




Exercise 22 ¢)

where
50 50 4
p=> E(X;)= ZX = 100
i=1 i=1
and
50 50
ot =Y Var(X;) =Y 1z = 200
i=1 i=1
Then,

Tso — 100 90 — 100
10v/2 102

P(Ts < 90) = P (

) ~ P(Z < —0.71) = 0.239.



25. Assume that the number of hours per week that a student spends studying for the
course of Statistics 1 follows a continuous uniform distribution in the interval (0. 5).

(a) What is the probability that a random student spends more than 3 hours studying
for the course of Statistics 17

(b) In a group of 300 students, what is the probability that more than 100 spend
more than 3 hours studying for the course of Statistics 17

(¢) In a group of 300 students, what is the probability that, on average, students
spend more than 4 hours studying for the course of Statistics 17




Exercise 25 a)

(a) Let X be the random variable that represents the number of hours that students
spend studying for the course of Statistics 1.

X ~U(0,5).

Then,

2

x>3)= [ 2
, 57075




Exercise 25 h)

Let Y be the random variable that represents the number of students. in 300,
that spend more than 3 hours studying for the course of Statistics 1.
2
Y ~ Bin(n =300,p), withp=P(X >3)= 5

As the number of trials is large enough, the central limit theorem allows us to say
that
Y & N(u,0%)

where,
p=nxp=120 and o nxpx(l—p) =72

Therefore,

—120 _ 100120
VT2 V72

Y
P(Y > 100) = P ( ) ~ P(Z > —2.36) = 0.99




Exercise 25 c)

Let X;, with ¢ = 1,---,300, be the random variable that represents the number
of hours that student ¢ spends studying for the course of Statistics 1. Then

X, ~U(0,5), fori=1,---,300
and X;, with ¢ = 1,---,300 are independent random variables. Therefore, the

average number of hours spent by students studying for the course of statistics
one is modeled by

- 1
X=ﬁ;k}.

From the properties of expected value and variance, we get
L

EX)=—)Y E(X)=E(X,)=2

() = g5 2 X = B(X) =25

and

_ 1\? & 1 12
Var(X) = ( ) Z Var(X;) = —Var(X;) = 300 % 1—2

300 300

i=1

due to independence

Therefore, from the central limit theorem, we get that




Exercise 25 c)

The intended probability follows

4-2.5

1 25
300 X 12

P(X>4)ﬁP(Z> )=P(Z>18)ﬁ0.




24. Suppose that a book with 300 pages contains on average 1 misprint per page. Assume
that the number of misprints per page is a Poisson random variable.

(a) What is the probability that a random page has 2 or more misprints?

(b) What is the probability that there will be at least 100 pages which contain 2 or
more misprints? (assume independence)

(¢) What is the probability that there will be no more than 200 misprints in the
book?




Exercise 24 a), h) and c)

(a) 0.264
(b) 0.0033
(c) ~



Uniforme Distribution

The probability density function of the uniform random variable on
an interval (a, b), where a < b, is the function

fx(X) = {

0
1

b

a

0

if
if
if

x<a
a<x<b
b<x

The cumulative distribution function is the function

0 if x<a
Fx(x)=<X 3= if a<x<b
1 if b<x

Remark: If X is a uniform random variable in the interval (a, b) we

write X ~ U(a, b).

Adriana, 2025

@ E(X)=(a+b)/2.
Q@ Var(X) = (b - a)?/12.
@ Skewness = vy; = 0.




18. Prove that if the random variables X;,i = 1,2 have a normal distribution, X; ~
N(pi,0?), and are independent and if Y = aX; +bXs+c¢, then Y ~ N(uy, 0% ), where
[y = ajt1 + bps + ¢ and J%, = a%f -+ chrg.
(Hint: Recall that if X ~ N (g, 0?), then Mx(t) = e(1+055°) o0 d note that functions
of independent random variables are also independent).




Exercise 18

X, 4+ o.sT A
X, ~ Ny, T3), My (#)=€(e )= e MATOSTA (4 2)
X Lox. (i#y)
Y =a X, * bX,*e L2eount ofy imdofmdines /=£(€Ct)= e(:j becawe ¢ T € R
(
M'{[k) = MaX1+1?)<.1‘|‘E- (I) = de1(i’) Mb-)(_}(t) m =
Es

2
at+osT @)y btros qf(ﬂ»t)ec t
e

ct
= My o) Melb ) € =€
),.,],;tJro.SFY“JtJ
€

e()“"'”‘ﬂf”“” v oslatnts Bg)tT

This in BMu M6 Foh a Ny, 7)), Whas My = afy+ bpa+e
f = at Tt AT TS T s Meedow dimenadatid

omd Ty
ot 1~ Ny, @) = Nlaggr bpare, a*a « b° vf)




Exercise 18

Note:
o ngmmr
@ X+ R t+ bX,trect 15007cds oy alre im
Mop= (TR C et :’ hre )/ """Q oopsmdonl
1’ Xi a t b; cx
S (2T e e e () =

(a ) My, (bt) " =




Questions?
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