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Teste de Hipoteses de
Independéncia do Q-0

Hipoteses, Estatistica de Teste e Decisao



5. Um inspetor de qualidade recolheu uma amostra de 176 produtos alimentares num centro
de distribui¢do. Sabendo que cada produto pode ser proveniente de uma de trés fabricas e

pode ou ndo estar contaminado; o inspetor avaliou todos os produtos ¢ obteve os seguintes

resultados:

Fabrica A | FabricaB | Fabrica C Total
Contaminado 8 15 11 34
Nio contaminado 55 67 20 142
Total 63 82 31 176

Pode-se afirmar que o facto de um produto estar contaminado ¢ independente da sua fabrica

de origem, considerando a = 0,017

[Adaptado da fonte: https://www.ime.unicamp.br/~veronica/Coordenadas I s/aula8pr.pdf]
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Qui-Quadrado

Exercicio: Teste de Independéncia

., Dados
Hipoteses N=176
H,: As varidveis sdo independentes VOE=7,024
Valor-p =0,03
Versus a=1% = 1-0.=99%
A S VR df=g.l.’s=2
H,: As variaveis ndo sao independentes &

Frequéncias esperadas

Estatistica de teste E, - L xC;
N
' (O; _EE_)E apr 3 L =total linhas e C = total colunas
Z Z# m Z N =n° total de elementos
— E (1-1)(e-1)

Tabela da distribuicao do Qui-Quadrado

Decisao
Pelo valor critico: Valor da Estatistica de Teste = 7,024 n3o pertence a RR = (%0002 +o°[ = [9,21; +o0[
Pelo valor-p: valor-p =0,030>0,01

N3o se rejeita H, para a. = 1%. Assim, ndo existe evidéncia estatistica para afirmar que as variaveis ndo
sao independentes para o = 1%.



Exercicio: Teste de Independéncia do Qui-Quadrado

ks . (O: _Er}z apr 2
Estatistica de Teste: ZZ% Ny
i J ij

(I-1)(e-1)

Contaminado * Fabrica Tabulacéoe cruzada

Expected Count

63,0

82,0

31,0

Fahrica
Fabrica® | FabricaB | Fabrica C 'Loml/
Contaminado  Sim Contagem 8 15 114 34
Expected Count 12,2 15,8 6,0 34,0
WEDS Contagem 55 67 20 142
Expected Count 50,8 66,2 250 1420
Total Caontagem 63 a2 3 176

Frequéncias esperadas

=total linhas e C = total colunas
N =n° total de elementos

Valor da Estatistica de Teste

Testes de chi-quadrado

A Condicao de Aplicabilidade dos Testes do Qui-
Quadrado é satisfeita:
= Todas as frequéncias esperadas E;= 5.

Sig. Assint. (2
df lados)

Chi-guadrado de 7,02 2 030
Pearson
Razio de probabilidade 6,450 2 040
Associagdo Linear por 6,093 1 014
Linear
N de Casos Validos 176




Teste de Independéncia do Qui-Quadrado

Decisdo (para o =0,01)

Pelo valor critiw %%0.99:2 = 9,21

Tabela da Distribuicdo do Qui-Quadrado

Quantil de probabilidade 1-a da
distribuicao do Qui-Quadrado

Pelo valor-p: valor-p=0,03>0,01

N&o se rejeita-se H, para o = 0,01. Assim, ndo existe evidéncia estatistica para afirmar que as variaveis
nao sao independentes para o = 1%.



zie JP(X > z§.5)=£

Calculo do Quantil da Distribui
de Probabilidade 1-o e com (-

Nivel de significancia (a=0,01)

Nivel de confianca (1-a=0,99)

Areatotal éigualal

%%0.99:2 = 9,21 (ver tabela)

O nivel de significancia é igual a o = 0,01,
entdo tem-se 1-a=0,99

04

03

0.z

0.1

00

%)ao Qui-Quadrado

x(c-1) g.l.’s

995 990 975 950 900 750 500 250 100 050 )25 010 005 001

n

1 000 000 001 004 ole 102 455 1323 2706 3841 5.024 7.879 10.827
2 010 020 051 103 211 575 1386 2773 4605 5991 7378 10.597 13815
3 072 115 216 352 584 1213 2366 4108 6251 7815 9348 11345 12838 16266
4 207 297 484 1 1064 1923 3357 5385 7779 9488 11143 13277 14860 18466
5 412 554 831 1145 1610 2675 4351 6626 9236 11.070 12832 1508 16.750 20515
6 676 872 1237 1635 2204 3455 5348 7841 10645 12592 14449 16812 18548 22457
7 989 1239 1690 2167 2833 4255 6346 9037 12017 14067 16013 18475 20278 24321
8 1344 1647 2180 2733 3490 5071 7344 10219 13362 15507 17535 20090 21955 26.124
9 1.735 2088 2700 3325 4168 5899 8343 11389 14684 16919 19023 21666 23589 27877
10 2156 2558 3247 3940 4865 6.737 9342 12549 15987 18307 20483 23209 25188 29.58R




Calculo do Valor-p quando a Estatistica de
Teste tem Distribuicao Qui-Quadrado

Areatotal é igual a1

valor-p = P(X2= 7,024) ~ P(X2> 7,378) =0,025

ng,e"P(X?“Zis):g o

7,024) ~ 0,975

e




Exercicio: Teste de Independéncia do Qui-Quadrado

Frequéncias esperadas
Condicdes de Aplicabilidade dos Testes do Qui-Quadrado:
* As frequéncias esperadas devem ser 2 5. LxC
» No caso de tal ndo se verificar, entdo pelo menos 80% das frequéncias E,=
esperadas =5 e todas > 1 (ndo é valido para tabelas 2x2).

L =total linhas e C =total colunas
N =n° total de elementos

Verificacdo das condicoes de aplicabilidade

Neste caso, todas as células tém frequéncias esperadas

superioresa 5.

Contaminado * Fabrica Tabulacdo cruzada

Fabrica
| . Fabrica A | FabricaB | FabricaC Total

O teste do Qui-Quadrado apenas informa Contaminado  Sim __ Contagem B 15 T 4
. A~ . ., . Expected Count 12,2 15,8 6,0 340

sobre a independéncia entre variaveis, mas N3o  Conagem e a7 30 e
. . ~ . Expected Count 50,8 66,2 250 1420

nada diz sobre o grau de associagao existente. — Contagem - - e =
Para esse efeito calculam-se medidas de Expected Count 83.0 82.0 30| 1760

associacgao tais como o coeficiente Phi, o

coeficiente V de Cramer e o coeficiente de contingéncia.



16. Uma companhia de seguros estd interessada em saber se existe independéncia entre

a realizacdo de seguros de dois tipos: “ Seguro de Vida” e “Seguro de Saide”. Para
tal analisou as apodlices detidas por uma amostra casual de 200 clientes tendo-se ve-
rificado que: 90 tinham simultaneamente um seguro de vida e um seguro de satde;
35 tinham apenas seguro de vida; 42 tinham apenas seguro de satde; os restantes
ndo tinham qualquer destes dois seguros. Com base num teste a 0.05, que pode
concluir?




Exercicio 16

#M

X{(i{U (-1)

'P,u = P;.P.j (L,J' = 1,9,)
3(,:.’;_'\) Pxi* PA'-P-:\

}

&O&M

X (1)




Exercicio 16

H,: ij = P,.E.P.J- (x:,j = '1,3,)

H,: 3(11_\) Ces # P P-
#M e Coliumar

Q = 4’; i: %, ’6444) X[(J 1) (2- 7)} Xl('f)




Exercicio 16

Beguoneics erfoados sab Ho (%ﬂﬂ-):
gﬁ'ij = m /154'. ﬁ_{ (/‘-‘)J- = 1,2-) p
Ledpin®  Aaude

M~ mae

Aeoune A | 200 x0.625x066= BBl | 200 x0.625 0.3 = NG

Mae | 00 x 0.3%5 x 0.£6=- Q00 x43F x 0.3‘12-




Exercicio 16

L

X‘l,o.os‘ = 39441 \J\/q = {Qobb: Qo& > 3-2“11}
a 2 A L
Qy, = (90-82.5) ~(35-4a.6) +(42-49.0)+B3-25.5) -
32.5 Ya.§ 4q.rl 25. 5

=03Yrs € w, —= etowmes  Ho.




Modelo de Regressao Linear Simples

Interpretacao dos Coeficientes da Reta de Regressao

11



* An equation can be fit to show the best linear
relationship between two variables:

Y:ﬁn+/81X

Where Yis the dependent variable and
X is the independent variable
by is the Y-intercept

B, is the slope

Newbold et al (2013)



Least Squares Regression

- Estimates for coefficients g, and f, are found
using a Least Squares Regression technique

« The least-squares regression line, based on sample
data, is

y=b,+bx

* Where p, is the slope of the line and b, is the y-intercept:

b

_ Cov(x,y)

12

by

= J-bX

Newbold et al (2013)



Introduction to Regression Analysis

* Regression analysis is used to:

— Predict the value of a dependent variable based on the
value of at least one independent variable

— Explain the impact of changes in an independent
variable on the dependent variable

Dependent variable: the variable we wish to explain
(also called the endogenous variable)

Independent variable: the variable used to explain the
dependent variable
(also called the exogenous variable)

Newbold et al (2013)



Linear Regression Model

» The relationship between X and Y is described by a linear
function

» Changes in Y are assumed to be influenced by changes
in X

* Linear regression population equation model
Y, =6+ Bx &

- Where g, and g, are the population model coefficients
and & is a random error term.

Newbold et al (2013)



Simple Linear Regression Model

The population regression model:

Fopulation Independent Random

Slope -
Coefficient Variable Error
| term

Population
Y intercept

Dependent

N\,
\ Ny v
Variable _ »
Y= /60 + /81xi T &,

Linear component Random Error
component



* The true relationship form is linear (Y is a linear function of
X, plus random error)

 The error terms, &, are independent of the x values

* The error terms are random variables with mean 0 and
constant variance, o

(the uniform variance property is called homoscedasticity)
E[g]=0 and E[gf] = for (i=1,...,n)

* The random error terms &, are not correlated with one
another, so that

E| &g, |=0 forall i=j

Newbold et al (2013)



Simple Linear Regression Model

Y Kf:ﬁo_l_ﬁlXi_l_gi

Observed |, .
Value of i
Yforx, § || @ e J—
Predicted | Random Error
Value of for this X; value

Y for x;

Intercept
= b

Newbold et al (2013)



Simple Linear Regression Equation

The simple linear regression equation provides an estimate
of the population regression line

FStimactj?(i " Estimate of Estimate of the
or preaicte the regression  regression slope
y value for intercept ) P
observation i \ /
\ Value of x for

— observation i

.)’>i = bo T blxi

The individual random error terms €, have a mean of zero

€ z(yi_.j}i)zyi_(bo_'_blxi)

Newbold et al (2013)



Coefficient Estimators

« b, and b, are obtained by finding the values of
b, and b, that minimize the sum of the squared
residuals (errors), SSE:

1
min SSE =min Zef
i=1

=min ) (y,-5,)
=min ¥ [y, — (b, +bx,)]

Differential calculus is used to obtain the
coefficient estimators 5, and b, that minimize SSE

Newbold et al (2013)



Least Squares Goefficient Estimators

* The slope coefficient estimator is

S (3, ~F)(, - 7)

— =l
bl -

Z(xi _f)z

_Cov(x,y) _ 8, |

* And the constant or v-intercept is

* The regression line always goes through the mean x, y

¥
Sx R = Sgy
t Szzsyy
B Smy Szy:Zmy —nmyh
1 —
wa
Spr = Za:f — nz?

Newbold et al (2013)



» The coefficients b, and b,, and other
regression results in this chapter, will be
found using a computer

— Hand calculations are tedious
— Statistical routines are built into Excel
— Other statistical analysis software can be used

Newbold et al (2013)



* b, is the estimated average value of y when
the value of x is zero (if x = 0 is in the range of
observed x values)

* b, is the estimated change in the average value
of y as a result of a one-unit change in x

Newbold et al (2013)



Simple Linear Regression Example

» Areal estate agent wishes to examine the
relationship between the selling price of a home and
its size (measured in square feet)

« Arandom sample of 10 houses is selected
— Dependent variable (YY) = house price in $1000s
— Independent variable (X) = square feet

1

4

/oY
& oy

Newbold et al (2013)




Sample Data for House Price Model

House Price in $1000s

Square Feet

() (X)
245 1400
312 1600
279 1700
308 1875
199 1100
219 1550
405 2350
324 2450
319 1425
255 1700

Newbold et al (2013)



Graphical Presentation

* House price model: scatter plot

450
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House Price ($1000s)

0 500 1000 1500 2000 2500 3000
Square Feet



Graphical Presentation

* House price model: scatter plot and regression line

450
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Intercept
= 08.248
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Square Feet

—_—

house price =98.24833 +0.10977 (square feet) 1
] 1 Ll

Newbold et al (2013)



—_— T

house price =(98.24833 |+ 0.10977 (square feet)

- b, is the estimated average value of Y when the

value of X'is zero (if X = 0 is in the range of
observed X values)

— Here, no houses had 0 square feet, so |5, =98.24833

just indicates that, for houses within the range of sizes
observed, $98,248.33 is the portion of the house price
not explained by square feet

Newbold et al (2013)



e —

house price = 98.24833 +|0.10977|(square feet)

. b measures the estimated change in the
average value of Y as a result of a one-unit
change in X

— Here,

b =.10977

tells us that the average value of a

house increases by .10977($1000) =$109.77, on
average, for each additional one square foot of size

Newbold et al (2013)



Exercise 11.18 A)

11.18 Cnf:mpute the coefficients for a least squares regression

equation and write the equation, given the following
sample statistics.

a. ¥ = 50,y = 100,s, = 25,5

-



Exercise 11.18 A): Solution

Given data
Answer: . F-50
o § =100
e 5,=25H
e 5, =175
* 7y = 0.6
e =060

Step 1: Compute the slope coefficient

For a simple linear regression, the slope is:

a Sy
= P, —
/31 Ty P

. 75
Br=06x 32 =06x3=18




Exercise 11.18 A): Solution

Answer:

Step 2: Compute the intercept

Bo=10—hz
By =100 — 1.8 x 50 = 100 — 90 = 10

Step 3: Write the regression equation

Y =10+ 1.8X

Final answer

The least squares regression equation is:

Y =10+ 1.8X



Exercise 11.20

1120 Fora sample of 20 monthly observations, a finan-
cial analyst wants to regress the percentage rate of
return (Y) of the common stock of a corporation on
the percentage rate of return (X) of the Standard
& Poor’s 500 index. The following information is
available:

20 20 20 20
Su=226 Xx =254 >x =1457 Jxy =1505
i=1 i=1 i=1 i=1

a. Estimate the linear regression of Y on X.
b. Interpret the slope of the sample regression line.
c_Interpret the intercept of the sample regression line.




Exercise 11.20 A): Solution

a) Estimation of the linear regression of Y on X

We consider the simple linear regression model:
Yi=Bo+AiXite

Given:

e n=20

« Ty=226=7=2 =113
e Yzi=24=13=24=-127
Szt =145.7

o Y zy; = 1505

Step 1: Compute Smy and S,

Szy = Z TiY; — NTY
Szy = 150.5 — 20(1.27)(1.13) = 150.5 — 28.702 = 121.798
Sy = Z :I:? — nz’

S.p = 145.7 — 20(1.27%) = 145.7 — 32.258 = 113.442




Exercise 11.20 A): Solution

Answer:

Step 2: Estimate the regression coefficients

o Sa 121798
b= Spe  113.442 1074
Bo=7- Pz

Bo = 1.13 — 1.074(1.27) ~ —0.234

Estimated regression line:

Y = —0.234 + 1.074X



Exercise 11.20 B): Solution

Answer:

b) Interpretation of the slope

The slope estimate ,@1 = 1.074 indicates that for each additional 1 percentage point increase in the return
of the S&P 500 index, the stock’s return is expected to increase on average by approximately 1.07

percentage points.

This suggests that the stock is more volatile than the market (beta greater than 1).




Exercise 11.20 C): Solution

Answer:

c) Interpretation of the intercept

The intercept estimate ,’3‘0 = —(.234 represents the expected return of the stock when the market return

is zero.

Although this interpretation has limited practical relevance in finance, it serves as a baseline adjustment
ensuring the best linear fit of the model.



| 11.21 A corporation administers an aptitude test to all new

4

|

Exercise 11.21

sales representatives. Management is interested in the
extent to which this test is able to predict sales repre-
sentatives’ eventual success. The accompanying table
records average weekly sales (in thousands of dollars)
and aptitude test scores for a random sample of eight
representatives.

Weeklysales 10 12 28 24 18 16 15 12
Test score 55 60 8 75 80 85 65 60

a. Estimate the linear regression of weekly sales on
aptitude test scores.
b. Interpret the estimated slope of the regression line.

Newbold et al (2013)




Exercise 11.21 A): Solution

Answer:

a) Estimation of the linear regression

Step 1: Compute sample means

55+ 60 + 85+ 75+ 80+ 85+ 65+ 60 565

- 22 70.62

7 2 o = 70625
10412428 +24+18+16+15+12 1

g 012428+ 48— 8416+ 15+ :%:16.875

Step 2: Compute S;; and S,

o = _(z; — ) = 906.88

Sey =Y (zi — ) (y: — ¥) = 301.88




Exercise 11.21 A): Solution

Step 3: Estimate the regression coefficients

Slope:
- Say _301.88
h=5,, ~ ooess 03
Intercept:
Bo=7—hz

Bo = 16.875 — 0.333(70.625) ~ —6.66

Estimated regression equation

YV = —6.66 + 0.333X

where:

e Y = weekly sales (thousands of dollars)

¢ X = aptitude test score




Exercise 11.21 B): Solution

Answer:

b) Interpretation of the slope

The estimated slope 3; = 0.333 indicates that:

For each additional one-point increase in the aptitude test score, average weekly sales are expected to
increase by approximately 0.33 thousand dollars (about $330), on average.

This suggests a positive relationship between aptitude test performance and sales success.



Explanatory Power of a Linear Regression
Equation

« Total variation is made up of two parts:

SST =SSR + SSE

Total Sum Regression Sum Error (residual)
of Squares of Squares Sum of Squares
=\2 ~ —\2 A N2
SST= (,~7)* SSR=)(5,-F)° SSE=2.(y,~7)
where:

Y = Average value of the dependent variable
¥, = Observed values of the dependent variable
v, = Predicted value of y for the given x, value

Newbold et al (2013)



« SST = total sum of squares
— Measures the variation of the y; values around their
mean, y
* SSR = regression sum of squares

— Explained variation attributable to the linear
relationship between x and y

« SSE = error sum of squares

— Variation attributable to factors other than the linear
relationship between x and y

Newbold et al (2013)



Analysis of Variance

Y Unexplained
¥; variation
I A A
SSE = X(y;— »;)? Y
;=) < Explained
5} __ variation
’ Pl
y y

/




» The coefficient of determination is the portion of the
total variation in the dependent variable that is
explained by variation in the independent variable

* The coefficient of determination is also called
R-squared and is denoted as R?

R SSR  regression sum of squares

SST total sum of squares

note: )< R* <1

Newbold et al (2013)



Examples of Approximate r Squared Values

Perfect linear relationship
X between X and Y:

Y 100% of the variation in Y'is
explained by variation in X

Newbold et al (2013)



Examples of Approximate r Squared Values

0<r’<l

Weaker linear relationships
between X and Y-

Some but not all of the
variation in Y is explained by
variation in X

Newbold et al (2013)



Examples of Approximate r Squared Values

No linear relationship
between X and Y.

The value of Y does not
depend on X. (None of the
variation in Y is explained by
variation in X)

Newbold et al (2013)



Correlation and R Squared

- The coefficient of determination, R*, for a

simple regression is equal to the simple
correlation squared

2 2
R =vr

Newbold et al (2013)



Exercise 11.22

/ 11.22 In Wanchai Computer Centers in Hong Kong, there
4 are dozens of computer shops selling multiple lap-
"/ top brands. After a survey in one of them, 10 were

; selected. The ordered pairs show the speed of each
\

4

computer’s CPU in gigahertz and its price in Hong
Kong dollars (1 USD = 7.78 HKD).

(1.8,14,500), (1.6,12,290), (2.0, 17,500 ), ( 1.6, 16,500 ),
(1.8,19,650), (2.4,21,000), (1.2, 7,500), (1.4,12,500),
(1.6,14,650), (2.0,18,350)

a. Determinate the regression equation of the
sample.

b. Find the intercept and the slope of the equation.

c. Compute the coefficient of determination and in-

terpret its meaning in this specific context.

Newbold et al (2013)




Answer:

Exercise 11.22 A): Solution

Given data

Let
e 1 = CPU speed (GHz)
e gy = Laptop price (HKD)

Sample size: n = 10

Sample means:

Formulas for simple linear regression

Slope

> (xi —2)(yi — 9)

D S P

Intercept




Exercise 11.22 A): Solution

Answer:

Computation of the coefficients
S (@i — @)y~ §) = 17498.6
3 (i - 2)* = 1.6836

Thus,

17498.
7498.6 =10391.19

1 =

1.6836
by = 15390 — 10391.19 x 11.74 = —106 548.54

a) Regression equation of the sample

4y = —106548.54 + 10391.19




Exercise 11.22 B): Solution

Answer:

b) Intercept and slope with interpretation
From the regression equation

7 = —106548.54 +10391.19z
we obtain:

Intercept (bg)
by — —106 548.54

Interpretation:
The intercept represents the estimated price of a laptop when the CPU speed is 0 GHz.
Although this value has no practical meaning in this context (since a CPU cannot have zero speed), it is a

mathematical consequence of fitting a linear model to the data.

Slope (b1)

by =10391.19

Interpretation:
For each additional 1 GHz increase in CPU speed, the laptop price increases on average by approximately

HKD 10,391, according to the sample data.



v Answer:

Exercise 11.22 C): Solution

¢) Coefficient of determination

How R? is obtained

The coefficient of determination is defined as:

,_SSR_, SSE
©8ST SST

where:
e SST = S (y; — §)? is the total sum of squares,
e SSR = Y (§; — 7)? is the regression sum of squares,
e SSE = Y (u; — 1)? is the error sum of squares.

Equivalently, in simple linear regression,

R2=T2

where 7 is the sample correlation coefficient between « and y.

For this data set, the sample correlation is:

r == 0.880

Thus,

= (0.880)% = 0.7743




Exercise 11.22 C): Solution

Answer:

Interpretation of 22
R® = 0.7743

This means that approximately 77.4% of the variability in laptop prices is explained by the linear
relationship between CPU speed and price in this sample.

The remaining 22.6% of the variability is due to other factors not included in the model, such as brand, RAM,

storage capacity, graphics card, and design.




Exercise 11.25 A)

¥ \

11.25 éompute SSR, SSE, 52, and the coefficient of determi-
nation, given the following statistics computed from a
random sample of pairs of X and Y observations.

a. 3 (y — 7) = 100,000, R* = 050, = 52




Exercise 11.25 a): Solution

Given
Answer: e Total sum of squares:

SST = (3 — §)* = 100,000
i=1

e Coefficient of determination:

R*=0.50

e Sample size:

1) Regression sum of squares (SSR)
By definition,

 SSR

2 -
R T 8ST

SSR = R? x SST = 0.50 x 100,000 = 50,000




Exercise 11.25 A): Solution

Answer: 2) Error sum of squares (SSE)

SSE = §ST — SSR = 100,000 — 50,000 = 50,000

2

3) Estimator of the error variance s

In simple linear regression:
¢ n-—2
s 50,000 50,000
©52-2 50

— 1,000

4) Coefficient of determination

This was already given, but for completeness:

R* =050




Exercise 11.28

-
e\

11.28 Find and interpret the coefficient of determination for
the regression of DVD system sales on price, using the
following data.

Sales 420 380 350 400 440 380 450 420
Price 98 194 244 207 89 261 149 198




Exercise 11.28: Solution

Step 1: Compute sample means
\/ _ 98+ 194 + 244 + 207 + 89 + 261 + 149 + 198
Answer: T = 3 =180

420 + 380 + 350 + 400 + 440 + 380 + 450 + 420
3 =

405

Y=

Step 2: Compute sums of squares
Spp =Y (zi—7)? = 22,088
Sy = (ui —7)° = 8,200

Soy =3 (z: — 2)(y; — 5) = —8,180

Step 3: Compute the correlation coefficient

Sy —8,180

- ~ —0.608
V/SexS,,  +/22,088 x 8,200

T =




Exercise 11.28: Solution

Answer:

Step 4: Coefficient of determination

R? =r? = (—0.608)% ~ 0.37

Interpretation

The coefficient of determination R? =~ (.37 means that:

Approximately 37% of the variation in DVD system sales can be explained by changes in price through
the linear regression model.

The remaining 63% of the variation in sales is due to other factors not included in the model, such as
advertising, product features, competition, or random variation.



Estimation of Model Error Variance

* An estimator for the variance of the population model
error is

. 2

e.
, 2% ssE
' n=-2 n=-2

A2
o}

=S

* Division by n - 2 instead of n — 1 is because the simple regression
model uses two estimated parameters, 5, and b, instead of one

S, =1 /Sj is called the standard error of the estimate

Newbold et al (2013)



Comparing Standard Errors

S, i1s a measure of the variation of observed y values from
the regression line

smalls, X large s,
The magnitude of S, should always be judged relative to the

size of the y values in the sample data
i.e., s, =$41.33K is moderately small relative to house prices in the

$200—-$300K range

Newbold et al (2013)



Statistical Inference: Hypothesis Tests and
Confidence Intervals

» The variance of the regression slope coefficient
(b)) is estimated by

2 2
5 S S

£ Z(xf— ¥ (n —el)si

where:

= Estimate of the standard error of the least squares slope

Sh

/SSE
S, = —2 = Standard error of the estimate
n —_



Comparing Standard Errors of the Slope

S, 1s @ measure of the variation in the slope of regression

lines from different possible samples

Y

Newbold et al (2013)



* t test for a population slope
— Is there a linear relationship between X and Y?
* Null and alternative hypotheses
H,:5=0 (no linear relationship)
H :p#0 (linear relationship does exist)
- Test statistic

b _ ﬂ where:
| 1 . -
[ = —— b, = regression slope coefficient
Sbl B, = hypothesized slope

df=n-2 Sy = standard error of the slope

Newbold et al (2013)



Inference About the Slope: t Test

Hiﬁugfoggge Square Feet Estimated Regression Equation:
) ) o X | ]
oae 1200 ouse price =98.25 +0.1098 (sq.ft.)
312 1600
219 1700 The slope of this model is 0.1098
308 1875
199 1100 Does square footage of the house
219 1550 significantly affect its sales price?
405 2350
324 2450
319 1425
255 1700

Newbold et al (2013)



Inferences About the Slope: t Test Example

n b ] |s
H,:6,=0 From Excel output: Ll b
. — /
H 1- ﬁl o 0 Coefficients St;aﬂ'ard Error ), t Stat P-value
Intercept 98.24833 58.03349 | 1.69296 | 0.12892
Square Feet 0.1097 0.03297) 3.32938) 0.01039

b—p, _0.10977-0
0.03297

=3.32938

Sh

Newbold et al (2013)



Test Statistic: t= 3.329

H,:p =0 b S t

oA From Excel output: Ll b .
H 1 :ﬁl * 0 Coefficients Styaﬂ’ard Error / t Stat P-value
4f =10-2=g |Intercept 98.24833 58.0334¢ | 1.69296/ 0.12892
f —2.3060 Square Feet 010977  ( 0.03297) 3.32938) 0.01039
8..025 * = =

: Decision:
Reject H,

. Conclusion:
Refect 1, 00 otk 1, Ji . There is sufficient evidence
~2.3060  2.3060 that square footage affects
house price

Newbold et al (2013)



P-value = 0.01039
Hy: =0 From Excel output:

H, :p #0

P-value
Coefficients Standard Error t Stat P-value
Intercept 98.24833 58.03348 | 1.69296 || 0.12892
Square Feet 0.10977 0.03297 | 3.32938 Q0.01035L

-

This is a two-tail test,
so the p-value is
There is sufficient evidence

that square footage affects
house price

=0.01039
(for 8 d.f.)

Decision: P-value < ¢ so
Reject A,

Newbold et al (2013)



Confidence Interval Estimate of the Slope:

D

b—t s, <P <b+t _ s
n-2,— n-2,~
2 2
df.=n-2
Excel Printout for House Prices:

’Q
Coefficients | Standard Error t Stat P-value (N__I_.Bwer 95% Upper QS“L
Intercept 98.24833 58.03348 1.69296 | 0.12892 -35.57720 232.07386

Square Feet (0.109??‘ 0.03297 3.32938 | 0.01039

o .
( 0.03374 0.18580
~—

At 95% level of confidence, the confidence interval for the
slope is (0.0337, 0.1858)

Newbold et al (2013)



—
Coefficients | Standard Error t Stat P-value (::waer 95% Upper 95“/1_ :
Intercept 98.24833 58.03348 1.69296 0.12892 =-35.57720 232.07386
~ ~ ~
Square Feet ( 0.10977 0.03297 | 3.32038 | 0.01039 | (7 0.03374)) (C 0.18580

Since the units of the house price variable is $1000s, we are
95% confident that the average impact on sales price is
between $33.70 and $185.80 per square foot of house size

This 95% confidence interval does not include 0.

Conclusion: There is a significant relationship between house price and
square feet at the .05 level of significance

Newbold et al (2013)



Hypothesis Test for Population Slope Using the
F Distribution

* F Test statistic:

_ MSR
MSE

where
MSR=%

F

SSE

n—k—1

MSE =

where F follows an F distribution with kK numerator and (n - k- 1)
denominator degrees of freedom

(k = the number of independent variables in the regression model)



Hypothesis Test for Population Slope Using the
F Distribution

 An alternate test for the hypothesis that the slope
IS zero:

H,:p5=0
H :pB #0
» Use the F statistic
MSR SSR

F = >
MSE S

 The decision rule is
reject H, if FF>F,

Ln-2,x




H,:p =0 Test Statistic:
=0 F="R 1108
df,=1 df,=3 -
- " / Decision:
Critical Reject H, at a = 0.05
Value
Fl,s,n.o =5.32
o= 05 Conclusion:
\/_F There is sufficient evidence
I b e F that house size affects

reject H, F, =532

selling price

Newbold et al (2013)



Exercise 11.32 A)

- 1132 Given the simple regression model

S
Y =6y + BiX

f

and the regression results that follow, test the null
hypothesis that the slope coefficient is 0 versus the al-
ternative hypothesis of greater than zero using prob-
ability of Type I error equal to 0.05, and determine the
two-sided 95% and 99% confidence intervals.

a. A random sample of size n = 38 with
by =5 s, =21



Exercise 11.32 B)

/

? 1132 Given the simple regression model

i’ Y =0+ pX
"‘\ and the regression results that follow, test the null
‘ hypothesis that the slope coefficient is 0 versus the al-
ternative hypothesis of greater than zero using prob-

ability of Type I error equal to 0.05, and determine the

two-sided 95% and 99% confidence intervals.

b. A random sample of size n = 46 with |
bl =52 Sb] =21

Newbold et al (2013)




Exercise 11.34

. 1134 Mumbai Electronics is planning to extend its market-
i { ing region from the western United States to include the
" - midwestern states. In order to predict its sales in this new
' region, the company has asked you to develop a linear re-
gression of DVD system sales on price, using the follow-

ing data supplied by the marketing department:

Sales 418 384 343 407 432 386 444 427
Price 98 194 231 207 89 255 149 195

a. Use an unbiased estimation procedure to find an

| estimate of the variance of the error terms in the
population regression.

b. Use an unbiased estimation procedure to find an
estimate of the variance of the least squares estima-
tor of the slope of the population regression line.

c. Find a 90% confidence interval for the slope of the

population regression line.




Exercise 11.34: Solution

Step 1: Compute sample means

98 + 194 + 231 + 207 + 89 + 255 + 149 + 195

7= . =177.25
418+ 384 + 343 + 407 + 432 + 386 + 444 + 427
y= : = 405.13

Step 2: Compute sums of squares
Szz = Z(J:2 — 5)2 = 21,584
Sy = (z: — 7)(y: — §) = —7,503

Sy = (ui — ) = 8,468

Step 3: Estimate the regression coefficients

» Sa  —T503

= S.. 21584 —0.347

o = § — 17 = 405.13 + 0.347(177.25) ~ 466.7
Regression line:

V = 466.7 — 0.347X




Exercise 11.34 A): Solution

Answer:

a) Unbiased estimate of the variance of the error terms

First compute:

82 (—7,503)?
_ Hzy VT 0IYS)
SR = Sia 21,584

SSE = 8§, — SSR = 8,468 — 2,609 = 5,859

~= 2,609

The unbiased estimator of the error variance is:

E
52 SSE 5859 or6

n—2




Exercise 11.34 B): Solution

Answer:

b) Unbiased estimate of the variance of the slope estimator

5’2

Val'('él) = Szm
5 976.5
Var(p;) = 21581 0.0453

Standard error of the slope:

85 = V0.0453 =~ 0.213




Exercise 11.34 C): Solution

Answer:

¢) 90% confidence interval for the slope

Degrees of freedom:
df =n—2=6
Critical value:
tooss = 1.943
Confidence interval:
Bitt-sy = —0.347 + 1.943(0.213)
= —0.347 = 0.414

(—0.761, 0.067)



Exercise 11.35

| 1135 A fast-food chain decided to carry out an experiment

4 to assess the influence of advertising expenditure on
/ sales. Different relative changes in advertising expen-
diture, compared to the previous year, were made in

eight regions of the country, and resulting changes in

sales levels were observed. The accompanying table

shows the results.
Increase in 0 4 14 10 9 8 6 1
advertising
expenditure (%)
Increase in 24 72 103 91 102 41 76 35

sales (%)

a. Estimate by least squares the linear regression of in-
crease in sales on increase in advertising expenditure.




Exercise 11.35 A): Solution

(a) Least squares regression of sales on advertising

Step 1: Compute sample means

o 0+4+14+10+9+8+6+1 52

X = 6.5
"4 Answer: 8 8
5244725103401 +102 441476435 544
= 8 -5 ¢

Step 2: Compute sums of squares
Ser =3 (X; — X)? =146

Sey =D (X~ X)(¥: ~¥) = 806

Step 3: Estimate slope and intercept

~ S, 806

Bo=V — B, X =6.8—0.552(6.5) ~ 3.21

Estimated regression line

¥ =321+ 0.552X |

Interpretation:
An increase of 1% in advertising expenditure is associated with an average increase of about 0.55% in sales.



Exercise 11.35 B): Solution

(b) 90% confidence interval for the slope
Step 1: Compute residual variance
Spw= (Vi —T)* = 64.64
SSE = 8y, — 15,y = 64.64 — (0.552)(80.6) ~ 20.15
SSE 20.15
MSE:—2 =5 ~ 3.36

n—

Step 2: Standard error of the slope

. MSE 3.36
SE(1) = 4/ S :1/E6w0.152

. Step 3: Critical value

Degrees of freedom:
df =n—2=6
For a 90% confidence interval:

t0_05,ﬁ ~~ 1.943




Exercise 11.35 B): Solution

Answer:

Step 4: Confidence interval
B1+t-SE = 0.552 + 1.943(0.152)

= 0.552 £ 0.295

90% confidence interval for the slope

(0.26, 0.85)




* The regression equation can be used to predict a
value for y, given a particular x

* For a specified value, X, ,, the predicted value is

an+1 =b, +bx

n+l

Newbold et al (2013)



Predict the price for a house with 2000 square
feet:

house price =98.25 + 0.1098 (sq.ft.)
=98.25 + 0.1098(2000)
=317.85

The predicted price for a house with 2000 square
feetis 317.85($1,000s) =$317,850

Newbold et al (2013)



Obrigada!

Questoes?
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