Chapter 1

Basics of Probability

1.1 Random variables and their distributions

Probability is, at its core, the mathematical theory of quantitative measure
of uncertainty: the age at which an individual dies, the time until an event
is reported, the number of events recorded in a year, the amount that must
ultimately be paid out. Each of these quantities is unknown in advance but
becomes a definite real number once the underlying random experiment (a
lifetime, a year of observation, a population) has run its course. The math-
ematical device that formalises “a numerical quantity depending on chance”
is the random variable. Before we can define it, however, we must first fix
precisely what we mean by underlying probabilistic model, i.e., a probability
space (£2, A, P). When modelling the underlying experiment we usually have
a set ) of all possible outcomes, a collection A of all events (an event is
a set of outcomes) related to the experiment and a function P: A — [0, 1]
that measures the likelihood or probability of each event taking place. In
mathematical terms, we have the following definition.

Definition 1.1.1. Let  be any set, A a collection of subsets of 2 and
P: A — [0,1] a function on A. We say that the triple (€2, A, P) is a proba-
bility space on 2 if A is a g-algebra of (2 and PP is a probability measure.
Recall that A is a g-algebra if the following conditions are satisfied:

1. g€ A,
2. Ae Aiff Ace A,
3. A1, Ay, e A=, A € A

Also recall that P is a probability measure if it satisfies the conditions:
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1. 0=P(@) <P(A) <P(2) =1 for any A € A,
2. if Ay, Ay, ... € A are pairwise disjoint, then P(|J, 4,) = >, P(A,).
The 2nd condition is called the o-additivity.

Example 1.1.1. Consider the following example: 2 = {head, tail} for the
set of outcomes of the random experiment of tossing a coin. The o-algebra
of this experiment is the collection of all possible events:

A =29 = {@, {head}, {tail}, {head, tail}}.

The notation 2 is used to denote the power se of €.
If the coin is perfect, we can define P on A as follows:

P(2) =0, P({head}) = P({tail}) = % PQ) = 1.

Of course, other choices for A and P would give a different models for the ran-
dom experiment. For instance, one could define the probability P({tail}) = 2
for a more tail bias coin, or simply define A to be the trivial o-algebra
A = {2@,Q}. For this particular case of €2, it is easy to see that these two o-
algebras (the trivial one and the power set) are the only possible o-algebras.
The trivial o-algebra is not that interesting since we can only ask two ques-
tions: was the outcome a head or tail? Neither of these two?!

Example 1.1.2. To give a more complicated example, consider now the ex-
periment of picking a real number at random from the interval [0, 1]. Clearly,
the set of outcome of this experiment must be 2 = [0,1]. The collection of
events of this experiment is more complicated because, in principle, we can
ask any questions we like, for instance: was the number 0.57 was the number
rational? irrational? algebraic? the inverse of a Pisot number?! Therefore,
we are left to think that the o-algebra A for this experiment must be the
power set of [0,1], i.e., A = 20U Now, we wish to define a probability
measure for every subset of R, that is, a function P: A — [0, 1] that satisfies
the axioms 1 and 2 of a probability measure in Definition[I.1.1} Because our
experiment is picking a point at random, it is natural to ask that P further
satisfies the following two extra conditions:

1. Compatible with length, i.e., the probability that the point belongs to
an interval [a,b] is equal to its length: P([a,b]) = b — a for every 0 <
a<b<1,;

IThe power set of a set is the collection of all subsets of that set. This collection is also
known as the discrete o-algebra.
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2. Invariant by translations, i.e., the probability that a point belongs to
a subset A is the same if we translate the set A by some number b,
P(A+b) =P(A) for every b where A+b={a+0b:a¢c A}.

It turns out that there is no such bonafide probability measure defined for
every subset A of the interval [0,1]. If you are curious about it, look for
Vitali set. The problem is that we are too greedy, we are looking to define
a probability for every subset of [0,1] and that is simply not possible. In
a first course of measure theory, one can show that there is a proper o-
algebra M C 2[%1 (removing some pathological subsets of [0,1] such as
Vitali’s sets) for which a probability measure m on [0, 1] can be defined and
satisfies the above extra conditions. The o-algebra M is called the Lebesgue
o-algebra and m is called the Lebesgue measure on [0,1]. The triple
([0,1], M, m) is called the Lebesgue space. The o-algebra M is rather big:
contains all open subsets of [0, 1], all closed subsets, in particular all intervals
(open or closed), unions/intersections of these, and so on... Quite often, we
prefer to work with a smaller o-algebra that already contains all the sets
just mentioned, which is called the Borel o-algebra, denoted by B. To be
precise, B is the smallest o-algebra that contains all open subsets of [0, 1].
An element B € B is called a Borel set.

After this diversion, we step back and recall what we wanted to do: define
a mathematical model for the experiment of picking a real number at random
(with no preference at all) from the interval [0, 1]. Therefore, we define the
set of outcomes to be Q = [0, 1], the collection of events A to be the Borel
o-algebra B and the probability measure P to be the Lebesgue probability
measure m on [0,1]. The triple ([0,1],B8,m) is known as the standard
probability space of [0,1]. Now we can ask questions about out random
experiment. Pick z € [0, 1] at random. What is the probability that = >
0.57 Well, we are asking about the probability of the event [0.5,1], that
is, what is the Lebesgue measure of [0.5,1]. Notice that the event [0.5,1]
is a Borel set (an interval). Because Lebesgue measure is compatible with
length, m([0.5,1]) = 1 — 0.5 = 0.5. Thus, the probability is 0.5, which
makes sense. And what is the probability of x = 0.57 As before, the event
{0.5} is a Borel set and m({0.5}) = m([0.5,0.5]) = 0.5 — 0.5 = 0. So, the
probability is zero. In fact, the probability that z is equal to any given
number is zero. We can further ask, what is the probability that x > 0.57
The answer is again 0.5, because [0.5,1] = {0.5}U]0.5,1], and we have, by
o-additivity, that m(]0.5,1]) = m({0.5}) + m(]0.5,1]) = m([0.5,1]) = 0.5.
Now, a more difficult question: what is the probability that z is rational?
That is, what is the Lebesgue measure of the set R of rational numbers
in [0,1], i.e., R = {z € [0,1]: x is rational}. The set R is also a Borel
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setEl We can calculate the measure of R by using the properties that define
m. Indeed, enumerating R as aq,as, ..., by the o-additivity of m, we have
m(R) = m(,{an}) = >, m({a,}) =>_,0=0. Thus, the probability that
x is rational is zero! If you arrived at this point, then you should known by
now that the probability that x is irrational is...

With the underlying probability space (€2, .4, P) now in hand, we can give
the central definition of this section.

Definition 1.1.2 (Random variable). Let (£2,.4,P) be a probability space.
A random variable (r.v.) is a function X :  — R such that

{weQ: X(w)<r}eA, for every r € R,
that is, X is A-measurable.

Remark 1.1.3. In the definition of a r.v., the probability P plays no role,
only (€, .A) is required. It is usual to say that X is A-measurable.

Remark 1.1.4. In order to ease the notation, it is customary in probabil-
ity to write {X < r} for the event in Definition The measurability
condition in Deﬁnition is what allows us to speak of the probability of
events such as {X < r}, {a < X < b}, or, more generally, {X € B} for
any Borel se B C R: these are precisely the sets whose probabilities are
guaranteed to be well defined once {X < r} € A for all r. In fact, asking
that {X € B} € A for every Borel set B can be seen to be equivalent to the
measurability condition in Definition[I.1.2] The name “random variable” is a
misnomer, X is neither random (it is a perfectly deterministic function of w)
nor, in the usual sense, a variable. However, the terminology is so entrenched
that renaming it would only cause confusion. Indeed, a constant function is
a random variable!!

The distribution of X is a probability measure on R that characterizes
the "randomness" of X.

Definition 1.1.3 (Distribution probability measure). Let X be a r.v. in
(Q, A,P). The distribution probability measure (or simply distribution) of
X is the probability measure Px on R defined by the pushforward of P under
X, ie.,
Px(B)=P(X e€B), BeB
2Every countable set is a Borel set. Indeed, each point set {a} is Borel and the countable
union of point sets is also Borel.

3The o-algebra of Borel in R is the smallest o-algebra of R that contains all open sets
of R. As before, we denote this o-algebra by B.
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Remark 1.1.5. The distribution Px is also called the law of X.

An event A € A is said have full probability if P(A) = 1. Typically, a
statement in probability can be expressed using an event, e.g. the r.v. X is
non-negative, corresponding to the event {X > 0} = {w € Q: X(w) > 0}.
Such a statement is said to hold almost surely, commonly abbreviated to
a.s., if the corresponding event has full probability.

The support of a r.v. X, often denoted by supp X, is the set of values it
can take, i.e. the smallest closed set S with full probability, i.e., S C R with
P(X € S) = 1. Alternatively, it is equal to the intersection of all closed sets
with full probability.

According to how many values they can take, random variables are clas-
sified as follows.

Definition 1.1.4 (Discrete, continuous and mixed random variables). A
random variable X is:

(a) discrete if its support is a countable set, i.e., finite or countably infinite
set:

(b) continuous if P(X = x) = 0 for every = € R;
(c) mixed if it is neither discrete nor continuous.

We will make this classification precise below, once we have introduced the
distribution function. Typical random variables encountered in applications
include: the age at death of a newborn; the time until an individual’s status
changes (e.g. recovery or attrition); the time to the first event of a given type
affecting a randomly chosen subject; the severity (size) of a loss arising from
an accident or an occurrence; the number of events recorded in a year for
a randomly selected individual; the total amount paid out in a year on a
randomly selected unit; and the value, at some future date, of an underlying
financial index. All of these examples will recur throughout the chapter.

Everything we will ever want to know about a random variable’s prob-
abilistic behaviour — probabilities of intervals, moments, quantiles, tail be-
haviour — can, in principle, be recovered from a single function.

Definition 1.1.5 (Distribution function). The (cumulative) distribution
function, or cdf, of a random variable X is the function Fx : R — [0, 1]
defined by

Fx(x) = Px(] —o0,2]) = P(X < ), z eR.

Proposition 1.1.6 (Properties of a distribution function). Every distribu-
tion function Fx satisfies:

10
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(P1) 0 < Fx(z) <1 forallx € R;
(P2) Fx is nondecreasing: a < b —> Fx(a) < Fx(b);
(P3) Fx is right-continuous: limy, o+ Fx(z + h) = Fx(x) for all x;

(P4) lim Fx(x)=0 and lim Fx(z)=1.
T——00 T—+00

Proof. (P1) is immediate since Fx(z) = P(X < z) is a probability.
For (P2), if a < b then {X < a} C {X < b}, so monotonicity of P gives
Fx(a) < Fx(b). For (P3), let h, | 0; then {X < = + h,} is a decreasing
sequence of events with intersection {X < x}, so continuity of P from abov
gives Fx(x + h,) — Fx(z). For (P4), take x,, | —oo: the events {X < z,}
decrease to &, so Fx(z,) — P(&) = 0; similarly, taking ,, T +00, the events
{X < z,} increase to €, so by continuity of P from belo we must have
Fy(z,) — P(Q) = 1. O

Remark 1.1.7. Conversely, any function F' : R — [0, 1] satisfying (P1)—(P4)
is the distribution function of some random variable (e.g. the generalised
inverseﬁ of F' defined on the standard probability space ([0, 1], 5,m)). Thus
(P1)—(P4) characterise distribution functions completely, and in practice one
often specifies a probabilistic model by writing down a function satisfying
them directly, without reference to an underlying (2.

Remark 1.1.8. Using continuity of P from above, we have the following
important identity:

P(X =a) = Fx(a) — lim Fx(x).
r—a—
This means that the probability P(X = a) is equal to the size of jump of Fix

at the point a. From this observation, we conclude that X is continuous iff
Fx has no jumps, that is, Fx is continuous.

Example 1.1.9 (Four basic distributional shapes). The following cdf’s, all
satisfying Proposition|1.1.6] illustrate the range of shapes a distribution func-
tion can take.

4Continuity of P from above: given any nested sequence of events A1 D Ay D -+ we
have P(,, An) = lim, P(4,).
5Continuity of P from below: given any nested sequence of events A; C Ay C --- we

have P(UJ,, An) = lim,, P(4,).
6CF=1(p) =inf{z € R: F(z) > p}.

11
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1. Age at death. A Gompertz—Makeham law of mortality for the age at
death X of a newborn, with constants o > 0, 5 > 0 and A > 0,

Fx(l’):1—eXp|:—)\l’—%(€ﬁI—1>:| , x>0,

and Fx(z) =0 for z < 0: a continuous cdf.

2. Magnitude of a loss. X is the size of a loss arising from an accident or
occurrence, with

Inz —p

FX(JU):@( ), x>0, peR, o>0,

g

(Fx(z) = 0 for x < 0), where ® is the standard normal cdf: again
continuous (this is the lognormal law, Section .

3. Event count. X is the number of events (e.g. accidents, arrivals, or
defects) recorded in a year for a randomly chosen individual, taking
values 0,1,2,3,4,... with Flx a step function, e.g.

(0, z <0,
0.818731, 0<z <1,
Fr(e) 0.982477, 1<z <2,
0.998852, 2 < x < 3,
0.999943, 3 <z <4,
1, x=>4:

\
a discrete cdf.

4. Total loss amount. X is the total amount paid out in a year for a
randomly chosen individual, allowing for the possibility of no events at

all,
0 x <0
F — ) b
x(@) {1 —0.2e70001 4>,

Here Fx(0) = 0.8 > 0: there is a jump of size 0.8 at the origin (the
probability of paying nothing), superimposed on an otherwise contin-
uously increasing curve. We revisit this last example in Section
once we have the vocabulary to describe it precisely.

12
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1.2 Discrete, continuous and mixed random vari-
ables

1.2.1 Discrete random variables

Definition 1.2.1 (Probability function). Let X be a discrete random vari-
able with supp X = {z1,z,...}. Its probability function (or probability
mass function, pmf) is

PX =z;), z=ux; j=1,2,...
€Tr) =
Ix(@) {0, otherwise.

The distribution function is recovered from the probability function by
summation,

Fx(z) = Z fx (),

Yy

which is precisely why the cdf of a discrete random variable is a (right-
continuous) step function, as in item 3 of Examplem it jumps by fx(z;)
at each mass point z; and is constant in between. The law of X is the convex
combination of Dirac masses:

PX = Z fx(l')(sz

zEsupp X

where ¢, is the Dirac mass at x, i.e., the probability measure

1, x€B

1.2.2 Absolutely continuous random variables

Definition 1.2.2 (Probability density function). A continuous random vari-
able X is absolutely continuous if there exists a function fx : R — [0, 00),
called its probability density function (pdf), such that

FX(:E)—/j fx(u) du, z eR.

Equivalently, fx is a pdf if and only if
(i) fx(x) >0 for all x, and

13
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+oo
(ii) fx(z)de = 1.
—0oQ
Whenever Fy is differentiable (which, for the densities considered in this
course, is everywhere except possibly a finite set of points) we have fx(z) =
F%(x); at any remaining points fx is left undefined (its value there does not
affect any probability computed by integration). In any case, the law of X is

px (o, b)) = / f(u) du

We are implicitly assuming that fx is a bounded function and Riemann
integrable in every interval. We will extend this later on.

1.2.3 Decomposition of a distribution function, and mixed
random variables

Not every random variable of practical interest is purely discrete or purely
continuous: item 4 of Example[1.1.9]is a case in point, combining a point mass
at 0 (no event occurs) with a continuously distributed positive loss amount.
The general theory of distribution functions accommodates this through a
decomposition theorem, which we state without proof (it is a special case of
the Lebesgue decomposition theorem of measure theory).

Theorem 1.2.1 (Decomposition of a distribution function). Every distribu-
tion function Fx can be written as

Fx(x) = pr FD(z) + po F) (2) + ps F©) (), r € R,

where pr, pa, p3 = 0, pr+pa+ps = 1, FD is the distribution function of a dis-
crete random variable, F°) is the distribution function of an absolutely con-
tinuous random variable (i.e. it has a density in the sense of Deﬁmtionm,
and F©9 is singular continuous: continuous, but with derivative equal to
zero almost everywhere.

Singular continuous distribution functions are pathological objects (the
classical example is built from the Cantor set) that do not arise in the models
used in this course, and we exclude them from now on by assuming p; = 0.

Definition 1.2.3 (Mixed random variable). A random variable X whose
distribution function has the form

Fy(z) =pF9D)+(1-p) F), 0<p<l,

with F(@ discrete and F(#) absolutely continuous, is called mixed.

14
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Example 1.2.2 (The total loss amount is a mixed random variable). Return
to item 4 of Example Fx(x) =1—0.2¢7%% for x > 0. Writing

0 <0
F)((d)(x) = {1’ z -0 (degenerate at 0),

ac 0, x <0 .
F)(( )(z) = {1 TIPS (Exponential(§ = 1000)),

one checks that Fy(z) = 0.8 F\” (z) + 0.2 F{ () for every z: with proba-
bility p = 0.8 no event occurs (mass at 0), and with probability 1 — p = 0.2
a strictly positive, exponentially distributed amount is paid.

1.3 Expected value

We have so far described a random variable X through its distribution func-
tion Fx, and distinguished the discrete, continuous and mixed cases. We now
introduce the single most important summary of X: its expected value.
The classical statistics textbook approach separates the expected value in
two definitions — “>"_x fx(z) for discrete X, [z fx(z)dz for continuous X”
— treating the two cases separately and declaring E(X) to be a sum or an
integral, without saying why these are instances of the same underlying con-
struction and without covering the mixed case at all (recall Example .
More importantly, this naive approach does not tell us when the resulting
expression is even meaningful. To fix both problems we define E(X) prop-
erly, as an abstract Lebesgue integral of X with respect to the probability
measure P on (€2, A). The construction is carried out in stages of increasing
generality; a full treatment belongs to a measure theory course, so here we
recall the definitions and the statements of the results we need, referring to
a standard text (e.g. Billingsley, Probability and Measure) for the proofs we
omit.

1.3.1 Integrating non-negative random variables

Definition 1.3.1 (Simple random variable). A random variable X is simple
if it takes only finitely many values ay, ..., a, € R. Writing A; = {X = a;} €
A (sothat Ay, ..., A, partition ), X admits the canonical representation
X = Z?:l ailAi'

15
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Definition 1.3.2 (Integral of a nonnegative simple random variable). If
X =3"",a;14, >0 is simple (canonical representation, so a; > 0 for every
i), its expected value is defined as

E(X) = Zai]P’(Ai) € [0, 00).

Definition 1.3.3 (Integral of a nonnegative random variable). For a (not
necessarily simple) random variable X > 0, define

E(X) :=sup{E(Y):Y simple, 0 <Y < X} € [0, 4o0].

Remark 1.3.1. This supremum is exactly what is needed to make the def-
inition consistent with the simple case and with the intuitive idea of “area
under the graph of X

Remark 1.3.2. Every X > 0 is the pointwise limit of a nondecreasing
sequence of nonnegative simple random variables. For instance

n2"—1

k
X = Z on Likjon<x<kr1)/2ny + 1 1ix>ny, n €N,
k=0

satisfies 0 < X; < X5 < --- and X,, T X pointwise on {2 as n — o0o. As
we recall next, E(X) = lim,, £(X,) for any such approximating sequence, so
Definition does not depend on any particular choice of approximation.

1.3.2 Signed random variables, integrability, and the
definition of E(X)

To extend the integral from nonnegative to general (signed) random variables,
we split X into its positive and negative parts.

Definition 1.3.4 (Positive and negative parts). For a random variable X,
let X* :=max(X,0) >0 and X~ := max(—X,0) > 0. Then

X=X*"-X"  and |X|=X"+X",
and B(X*), E(X™), E(|X]) are all well defined in [0, +00] by Definition|1.3.3|

Definition 1.3.5 (Integrability and expected value). A random variable X is
integrable if F(X™) < oo and E(X ™) < oo; equivalently (since the integral

16
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of nonnegative random variables is additive, so F(|X|) = E(X*) + E(X ™)),
if E(]X]) < co. In that case, the expected value, or mean, of X is

E(X)=EX")-EX") € R

We also say, interchangeably, that “X has finite mean” or that “F(X) exists
and is finite”.

Remark 1.3.3. If exactly one of E(X™), E(X ™) is finite, E(X) := E(XT)—
E(X ™) is still well defined as an extended real number in {—oco} URU{+o0},
but X is not called integrable; if both are infinite, F(X) is undefined (an
“oo — 00" indeterminacy). This is exactly the “absolute convergence” proviso
used informally throughout elementary treatments: a series > xfx(x) or
integral [z fy(z)dz that is convergent but not absolutely convergent does
not define F(X), precisely because it depends on the (irrelevant) order in
which the positive and negative contributions are added up.

Remark 1.3.4. In a course of measure theory, the expected value as we’ve
just defined is called the Lebesgue integral of X over the measure P. The
following notation is often used

E(X) = / X dP.

Proposition 1.3.5 (Basic properties of the expectation). Let X,Y be inte-
grable random variables and a,b € R. Then:

(a) (Linearity) aX +bY is integrable and E(aX +bY) = aE(X)+0E(Y).

(b) (Momnotonicity) if X <Y a.s., then E(X) < E(Y); in particular
[E(X)] < E(1X]).

(c) if P(X =c¢) =1 for a constant ¢ € R, then E(X) = c.

These properties are inherited directly from the corresponding (easily
checked) properties of the integral of nonnegative random variables in Defi-
nitions|1.3.2{1.3.3} via the decomposition X = X — X ~; we omit the routine
verification.

1.3.3 Convergence theorems

The question of when lim, £(X,) = FE(lim, X,,) holds, that is, when limits
and expectations may be interchanged, has no simple answer for the Riemann
integral, and is the main technical reason probability theory is built on the

17
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Lebesgue integral instead. We recall the three basic results governing this
question; each is progressively used throughout the rest of these notes, usually
without further comment.

But first, we need to define precisely the mode of convergence.

Definition 1.3.6 (Pointwise convergence). We say that a sequence (X, ),>1
of r.v. converges (pointwise) almost surely (a.s.) to a random variable X
and write X,, — X a.s. if

P{w e Q: lim X, (w) = X(w)}) = 1.
n—00
Theorem 1.3.6 (Monotone Convergence Theorem, MCT). If 0 < X; <

Xy < --- 45 a nondecreasing sequence of nonnegative random variables and
X, — X as., then

E(X,) T E(X) (possibly + 00).

Proof. By monotonicity of the integral (Proposition, 0<E(X)) <
E(X3) < -+, 80 (E(X,))n>1 1s amonotone sequence and FE(X,,) 1 sup,, £(X,).
We just need to show that E(X) = sup,, F(X,). Because X,, < X for every
n > 1, we must have F(X,) < E(X). Thus, sup, F(X,) < E(X). To show
the reverse inequality, we proceed as follows. Let Y < X be a simple random
variable. Given any ¢ €]0, 1], consider the events E,, = {X,, > Y} forn > 1.
Because X; < X, < ---, we have Fy C Ey C ---. Moreover, P(, E,) =1,
because X,, — X. Thus, E(X,) > E(1g,X,) > cE(1g,Y). Taking n — oo
on both sides of the previous inequality we get sup, E(X,) > cE(Y). Be-
cause ¢ is arbitrary close to 1, sup,, £(X,) > E(Y). Finally, taking the sup
over all simple r.v. Y < X we obtain sup,, £(X,) > E(X). O

Theorem 1.3.7 (Fatou’s Lemma). For any sequence (X,,)n>1 of nonnegative
random variables,

E(limiann) < liminf B(X,).

n—00 n—oo

Proof. 1t is a corollary of MCT. We leave it as an exercise. 0

Theorem 1.3.8 (Dominated Convergence Theorem, DCT). Let (X,,),>1 be
random variables with X, — X a.s., and suppose there is an integrable ran-
dom wvariable Y > 0 with | X,| <Y a.s. for every n. Then X is integrable
and

E(X,) = E(X).

18
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Remark 1.3.9. The MCT is where the real magic happens (it is, essentially,
the statement that Definition is well behaved under limits); Fatou’s
lemma and the DCT are both short consequences of it. As an illustration,
and because the DCT is used repeatedly later in these notes, we derive the
DCT from Fatou’s lemma.

Proof. Since | X,,| <Y for every n and X,, - X a.s., also | X| <Y as., so
E(|X|) < E(Y) < oo and X is integrable. BothY 4+ X, >0and Y —X,, >0
a.s., so Fatou’s lemma applies to each sequence:

E(Y)+E(X) = E(liminf(Y+X,)) <liminf E(Y+X,) = E(Y)+liminf F(X,),

E(Y)-E(X) = E(liminf(Y -X,)) <liminf E(Y-X,,) = E(Y)-limsup E(X,).
Since E(Y) < oo, it may be cancelled from both sides of each inequality,
giving F(X) < liminf, F(X,) from the first and limsup, E(X,) < E(X)
from the second. Combining,

limsup £(X,) < E(X) < liminf F(X,) < limsup £(X,),

n n

forcing equality throughout, so E(X,,) — E(X). O

1.3.4 [Expectation via the distribution measure

Recall from Section that the law (or distribution) of X is the probability
measure Py on (R, B) given by Px(B) = P(X € B), B € B, and that Px
determines, and is determined by, F'x. Being itself a probability measure, Py
has its own Lebesgue integral, built exactly as above, but now on (R, B, Pyx)
rather than (2, A, P). The next result shows that expectations of (functions
of) X, computed as integrals over the abstract space €, are always equal to
concrete integrals over R against Py; in particular, this finally makes precise,
and unifies, the elementary discrete and continuous formulas for E(X) and
E[g(X)]. In the following, we will consider measurabl functions g : R — R.

Theorem 1.3.10 (Change of variables). Let X be a random variable and g :
R — R measurable. Then g(X) is integrable if and only if [5 |g(z)] dPx(z) <
oo, in which case

Blax) = [ 9P = [ g(o)dPs(a). (1:3.1)

"More precisely, B-measurable. That is, {g € B} € B for every B € B.
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In particular, taking g = id,

B(X) = /]R dPy(z).

Proof. We argue by the standard procedure of measure theory: verify
the identity for indicators, extend to simple functions, then to nonnegative
functions, then to general integrable functions.

If g = 1p for a Borel set B, then g(X) = 1{xecp} and, directly from the
definition of Py,

E[g(X)] =P(X € B) = Px(B) = /R 15 dPy,

which is (1.3.1) for indicators. By linearity (Proposition a), applied

on each side), (1.3.1) extends to every nonnegative simple g = > . a;15,.
For general measurable g > 0, approximate g pointwise from below by a
nondecreasing sequence of nonnegative simple functions g, 1 ¢ (exactly as
in the remark after Deﬁnition now on R instead of 2); then ¢, (X) 1
g(X) pointwise on 2, and the MCT (Theorem , applied once on (2
to Eg,(X)] — E[g(X)] and once on R to [g,dPx — [gdPx, carries
(1.3.1) from the g, to g. Finally, for general measurable g, apply the non-
negative case to g7 and ¢~ separately and subtract, which is valid exactly
when E[g(X)*] = [¢"dPx and E[g(X)"| = [ ¢~ dPx are not both infi-
nite, i.e. exactly when [ |g|dPx = E[g(X)"] 4+ E[g(X)"] < oo, i.e. g(X) is
integrable. Ol

Corollary 1.3.11 (Recovering the elementary formulas). Let g : R — R be
measurable.

(a) If X is discrete with probability function fx, then Px({z}) = fx(x) for
every x € supp X, and Theorem |1.5.10 gives

Elg(X)]= > g(z) fx(),

zesupp X

provided Y |g(x)|fx(z) < oo.
(b) If X is absolutely continuous with density fx, then Px(B) = [, fx(x)dx
for every Borel set B, and Theorem|1.5.10 gives

Elg) = [ " o) fx (@) de,

o0

provided [~ _|g(x)|fx(z) dz < co.
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Proof. (a) A discrete Px is precisely a countable sum of point masses,
PX = ZzESuX fX(‘%') 6:87 50 ngdPX = ZxESUpr g(x)fx(x) directly from

Definitions applied on R (approximate the countable sum by finite
partial sums, which are simple functions, and pass to the limit via the MCT

for the nonnegative parts g*,¢7). (b) That [, fxdx = Px(B) for every
Borel B is precisely the statement that X has density fx; the stated formula
for f g dPx is then the standard fact, again proved by the standard procedure
applied in the proof of Theorem (indicators, simple functions, MCT,
signed decomposition), that integration against a measure with a density
reduces to ordinary (Riemann or Lebesgue) integration against that density.

O

Remark 1.3.12. Corollary recovers exactly the formulas used in-
formally in elementary treatments and stated again, for convenience, in
Section below. Now, as a consequence of a single, general definition
of F(X) that also covers the mixed case of Example writing Fy =
pF& + (1= p)FY as in Deﬁnition the law Px decomposes as Px =

pP)((d) +(1— p)P)(f C), and linearity of the integral gives
Elg(0)] =p Y 9@ () + (1 -p) [ ga)f¢(a)da,

a weighted combination of the discrete and continuous formulas, each applied
to its own piece of the mixture.

1.4 Multivariate random variables and indepen-
dence

Most quantities of interest in applications (e.g. the total loss of a population,
the joint lifetimes of a pair of individuals, the correlation between the fre-
quency and severity of events) depend on several random variables observed
simultaneously. We now extend the previous definitions to this setting, re-
stricting attention, for notational simplicity, to the bivariate case (X,Y"); the
extension to n variables is entirely analogous.

Definition 1.4.1 (Joint distribution). The joint distribution law of a
bivariate random variable (random vector) (X,Y) is

Pxy(E) =P{(X,Y) € E}), Borel set E C R?
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and the joint distribution function is

Fxy(a,y) = Pxy(] = 00, 2]x] = 00,4])
=P(X <z,Y <vy), (z,y) € R*.

Remark 1.4.1. When ' = C' x D with C and D being Borel sets of R, then
PX7y(C X D) = P(X € C,Y € D)

Definition 1.4.2 (Joint probability and density functions). If (X,Y) is dis-

crete, its joint probability function is fxy(z,y) = P(X = z,Y = y).

If (X,Y) is (jointly) absolutely continuous, its joint density is a function
fxy = 0 such that

T Yy
Fxy(z,y) =/ / Ixy(u,v)dvdu, (z,y) € R?,

82FX’Y
ox Oy

equivalently fxy(z,y) = (x,y) whenever this exists. For Borel sets

C,D CR,
P(XeCYeD)= // fxy(z,y)dxdy.
{(z,y):zeC,yeD}

Definition 1.4.3 (Marginal distributions). The marginal distribution of X
(and, symmetrically, of Y') is obtained from the joint law by summing out,
or integrating out, the other variable:

Px<B) = PX7y(B X R) and Fx(l’) = FX7y(I, +OO)

In the special cases of discrete and absolutely continuity,

fx(x) = Z fxy(x,y) (discrete),

all Yi
+oo

fx(x) = fxy(z,y)dy (abs continuous).

Definition 1.4.4 (Conditional probability and density functions). For P(Y =

a) > 0 (discrete case) or fy(a) > 0 (abs continuous case),

P(X =z,Y =a)
PY =a)

Fxiy=a(®) = fxrlz.a)

fr(a

PX=z|Y=a) =
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Proposition 1.4.2 (Law of total probability).
fx(z) = Z PX=z|Y=y)PY =) (discrete),

all y;
+oo
Ix(z) = Ixy=y(®) fy(y) dy (abs continuous).

—00

Proof. In the discrete case, by Definitions|1.4.3|and [1.4.4]
fx(z) = Z fxy(z,y:) = ZP(X =z |Y =y)P(Y = i),
Yi Yi

since P(X =2,V =y;) =P(X =2 | Y = y)P(Y = y;) whenever P(Y =
y;) > 0 (and both sides are 0 otherwise). The continuous case is identical,
replacing sums by integrals and using fxy(z,y) = fxjy=y(2)fy (¥). O

Definition 1.4.5 (Independence). Random variables X and Y are inde-
pendent if
PX7y(C X D) = Px(C)Py(D)
for all Borel sets C, D C R. Equivalently,
PXeCYeD)=PXeC)PY €D).

The following proposition shows that independence can be expressed in
terms of distribution and density functions.

Proposition 1.4.3. If X, Y are independent, then Fxy(x,y) = Fx(z)Fy(y)
for all (x,y); moreover fxy(z,y) = fx(x)fy(y) for all (x,y) (equality of
probability functions in the discrete case, of densities in the continuous case).
Conversely, either factorisation implies independence. Furthermore, if X,Y
are independent and G, H : R — R are measurable, then G(X) and H(Y)
are independent random variables.

Proof. Taking C' = (—o0,z|, D = (—o0,y] in Definition mgives
Fxy(z,y) = Fx(xz)Fy(y) directly. In the discrete case, take C' = {z},
D = {y} to get fxy(z,y) = P(X = 2)P(Y =y) = fx(z)fy(y). In the
continuous case, differentiate Fxy(x,y) = Fx(z)Fy(y) with respect to x
and y to obtain fxy(z,y) = fx()fy(y); the converse direction integrates
the factorised density back up to Fxy(z,y) = Fx(x)Fy(y), from which Def-
initionfor rectangles C' = (—o0, z|, D = (—00, y] follows, and hence, by
the standard extension from generating rectangles to all Borel sets, for general
C, D. For the closure statement, note that {G(X) € C'} = {X € GYC")}
and {H(Y) € D'} = {Y € H (D)} for Borel C’,D’; since G~!(C") and
H~Y(D’) are themselves Borel sets, independence of G(X) and H(Y") follows
directly from Definition applied to C = G~Y(C"), D= H (D). O
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1.5 Conditional Expectation

Expectation, as constructed in Section is the best constant approxima-
tion of X: among constants ¢ € R, it is the value of ¢ minimising E[(X —c)?]
(for X with finite variance). Conditional expectation refines this question:
given that some partial information about the outcome w € € is available,
for instance, the value taken by another random variable Y, what is the best
approximation of X available with that information? The answer, F(X | Y),
or, more generally, E(X | G) for a sub-c-algebra G representing an arbitrary
piece of information, is again a random variable, since it depends on what, ex-
actly, has been observed. We will define the conditional expectation in several
steps of increasing generality. First, we define E(X | Y) directly and elemen-
tarily when Y is discrete, then identify the abstract structure this definition
exhibits, and finally use that structure, together with the Radon-Nikodym
theorem, to define E(X | G) in full generality. Conditional expectation, to-
gether with families of sub-o-algebras called filtrations, is one of the central
tools of the theory of stochastic processes and Markov chains developed in

Chapters [5] and [6]

1.5.1 Conditional expectation given a discrete random
variable

Let Y be a discrete random variable with support {y;,vs,...} and P(Y =
yn) > 0 for every n, and let X be an integrable random variable (Defini-

tion .

Definition 1.5.1 (Conditional expectation given Y = y,,). The conditional
expectation of X given the event {Y =y,} is

1

EX|Y=vy,) =——— X dP.
(XY =) P(Y:yn>/{y_yn}

Definition 1.5.2 (Conditional expectation given Y). The conditional ex-
pectation of X given Y is the random variable E(X | Y) : @ — R defined
by

EX|Y)(w):=EX|Y =y,) whenever w € {Y =y, }.

Equivalently, E(X | Y) = g(Y) where ¢(y,,) :== E(X | Y = y,); in particular
E(X |Y) is constant on each event {Y = y, } and takes finitely or countably
many values, one for each value of Y.
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Remark 1.5.1. If X is itself discrete, this reduces, via Definition for
the conditional probability function P(X =z | Y = y,), to

EX|Y=y)= Y aPX=z|Y=y).

z€supp X
Later on, we will deduce a similar formula for the absolutely continuous case.

Example 1.5.2. Two coins, worth 20 and 50 units, are tossed independently
and fairly. Let X be the total value, among the two coins, of those that land
heads up, and let Y be the value of the first coin (20) if it lands heads, and
0 otherwise. Writing H /T for heads/tails and listing outcomes as (first coin,
second coin),

(Y =20} = {HT,HH}, {Y =0} = {TT,TH},

cach with probability 3. On {Y = 0}, X equals 0 (outcome TT) or 50
(outcome T'H), each with conditional probability 1, so E(X | Y = 0) =

3(0) 4+ 3(50) = 25; on {Y = 20}, X equals 20 (outcome HT) or 70 (outcome

HH), each with conditional probability 3, so E(X | Y = 20) = 1(20) +

3(70) = 45. Hence E(X |Y) is the random variable taking the value 25 on
{Y =0} and 45 on {Y = 20}.

Proposition 1.5.3 (Law of total expectation, discrete case).
E(X)=Y E(X|Y =y)P(Y =y,) = E[E(X | Y)].

n

Proof. By Definition and o-additivity of the integral over the par-
tition {{Y =y, } }n of Q,

EX|Y =y )PY =v,) = XdP= | XdP=E(X),
S BX|Y = =)= [ xae= | ()

which is the first equality; the second is the same sum rewritten as > g(y,,)P(Y =

yn) = E[g(Y)] = E[E(X | Y)], using Definition|1.5.2|land Corollary|1.3.11[a).
Ll

1.5.2 The information contained in a random variable

Definition[1.5.2] produces a specific random variable, constant on each of the
events {Y = y,}. These events, together with their complements, unions,
and so on, form exactly the collection of events about which knowing the
value of Y lets us decide whether they occurred or not. This collection is
a o-algebra in its own right, and is what we will mean, precisely, by the
information contained in Y .
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Definition 1.5.3 (o-algebra generated by a random variable). The o-algebra
generated by a random variable Y : 2 — R is

o(Y):={Y ' (B): BCR Borel} = {{Y € B} : BC R Borel}.

Remark 1.5.4. One checks directly from Definition that o(Y) is in-
deed a o-algebra on Q (it contains @ = Y 1(@), is closed under comple-
ments since Y 71(B¢) = (Y 1(B))¢, and closed under countable unions since
YU, Bn) = U, Y HB,)), and that it is the smallest sub-c-algebra of A
with respect to which Y is measurable: any o-algebra rendering Y measurable
must, by definition of measurability, contain every set Y ~!(B). Consistently
with Definition o(Y) is generated by the sets {Y < r}, r € R, alone.
Informally, o(Y") collects precisely the events that can be decided once the
value of Y'(w) is known, formalizing the notion “the information contained in
(or conveyed by) Y”. When Y is discrete with support {y1,¥s,...}, o(Y) is
generated by the countable partition {{Y = y,}}, of €2, and its elements are
exactly the unions of blocks of this partition (together with &); this matches
the description above of the events decidable from Y’s value.

Remark 1.5.5. More generally, o(Y,...,Y,) = o(UiL, o(Y;)), is the o-
algebra generated jointly by several random variables, representing the in-
formation conveyed by observing all of them.

Two properties of E(X | Y'), both immediate from Definitions
and|1.5.3] turn out to characterise it completely and will motivate the general
definition below:

(i) E(X |Y)is o(Y)-measurable: it is constant on each block {Y = y,} of
the partition generating o(Y"), hence measurable with respect to o(Y)
(though typically not with respect to any smaller o-algebra).

(ii) For every A € o(Y), A is a (countable) union of blocks {Y = y,},
and summing the defining identity of Definition over those blocks

gives
/E(X|Y)dIP’:/XdIP’.
A A

That is, E(X | Y) is the (essentially unique, as we verify below) o(Y)-
measurable random variable whose integral over every o(Y)-event agrees with
that of X itself: the best o(Y)-measurable approximation to X, in the sense
that it reproduces exactly as much of X as the information in Y allows.
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1.5.3 The general definition, via the Radon—Nikodym
theorem

Properties (i)—(ii) above make no reference to Y being discrete, or even to
a generating random variable at all, only to a sub-c-algebra of A. This
suggests the following definition, valid for an arbitrary sub-c-algebra and
arbitrary (not necessarily discrete) integrable X.

Definition 1.5.4 (Conditional expectation given a o-algebra). Let X be an
integrable random variable and let G C A be a sub-o-algebra. A random
variable Z is called a conditional expectation of X given G if

(a) Z is G-measurable, and

(b) /ZdP:/XdeoreveryAeg.
A A

As the following theorem shows, there is one and only one conditional
expectation given a o-algebra G. Thus, we shall denote such uniquely defined
random variable Z by E(X | G).

Theorem 1.5.6 (Existence and uniqueness). For every integrable X and
every sub-o-algebra G C A, a random variable Z satisfying Definition[1.5.4)
exists, and is unique up to almost-sure equality: if Z, 7' both satisfy (a)-(b),
then P(Z = Z') = 1. Moreover Z is integrable, with E(|Z]) < E(|X]).

Remark 1.5.7. We recall, without proof (a full treatment belongs to a mea-
sure theory course; see e.g. Billingsley, Probability and Measure, Section. 34),
the idea behind Theorem Suppose first X > 0. The set function
v(A) == [, X dP, A € G, defines a (finite) measure on (€2, G) which is abso-
lutely continuous with respect to PP restricted to G: P(A) =0 = v(A) =0
for A € G. The Radon—Nikodym theorem then guarantees the exis-
tence of a G-measurable density, i.e. a G-measurable random variable Z > 0
with v(A) = [, ZdP for every A € G. Thus, conditions (a)-(b) are sat-
isfied. For general integrable X, apply this to X and X~ separately and
set Z := Z* — Z~. Uniqueness up to a.s. equality follows the same test-set
argument used repeatedly below (Proposition[1.5.9(b)): if Z, Z’ both satisfy
(a)~(b), then A := {Z > Z'} € G satisfies [, ZdP = [, X dP = [, Z' dP,
which forces P(A) = 0 since Z > Z' on A; symmetrically P(Z < Z') = 0.

With existence and uniqueness (up to a.s. equality, which we no longer
mention explicitly) secured, we may finally define E(X | Y) for an arbi-
trary, not necessarily discrete, random variable Y, consistently with Defini-

tion
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Definition 1.5.5 (Conditional expectation given a random variable, general
case). For any random variable Y, E(X | Y) := E(X | o(Y)), where o(Y)
is as in Definition [1.5.3] As before, E(X | Y) is ¢(Y)-measurable, hence
(Remark |1.5.4| and the fact, standard in measure theory, that every o(Y)-
measurable random variable is of the form ¢g(Y") for some measurable g : R —
R) there is a function y — E(X | Y =y) with E(X | Y)(w) = E(X | Y =y)
whenever Y (w) = y.

Proposition 1.5.8 (Consistency with the elementary formulas). Defini-
tion recovers the familiar formulas:

(a) IfY is discrete, E(X | Y =y,) as given by Definition [1.5.5] coincides
with Definition[1.5.1]

(b) If (X,Y) are jointly continuous with conditional density fxy—, as in
Deﬁnition then
+oo

XY =9) = [ o forao)de

Proof.

(a) When Y is discrete, o(Y) is generated by the countable partition
{{Y = y»}}» (Remark , and any o(Y')-measurable random vari-
able is constant on each block {Y = y,}; conditions (a)-(b) of Defini-
tion restricted to the generating blocks A = {Y = y,,} € o(Y),
read exactly P(Y = y,,) Z|(y—y,} = f{Y:yn} X dP, i.e. Definition [1.5.1
this determines Z on every block and hence, since the blocks parfition
2, on all of €2, so the two definitions agree.

(b) This is the continuous analogue of (a), with sums replaced by inte-
grals: one verifies directly, using fxy(x,y) = fx|v=y(x)fy(y) (Defini-
tion and Fubini’s theorem, that Z(w) := [z fxjy—y(w)(z)dz is
o(Y)-measurable and satisfies, for every Borel B C R and A = {Y €
B} eo(Y),

AzdP:AX/#mwmwﬁwdﬂﬁﬁD@

—+o00
—// fo,Y(xay)dxdy
BJ —o00

:/Xm
A

which is Definition b); Definition a) holds by construction,
so Z=E(X|Y).
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1.5.4 Basic properties

Throughout, G,H C A denote sub-o-algebras and all random variables are
assumed integrable (so that every conditional expectation below is well de-
fined by Theorem|1.5.6); all identities involving conditional expectations hold
almost surely.

Proposition 1.5.9 (Basic properties of conditional expectation). Let X, X;, X,
be integrable random variables, ay, 9 € R, and H C G C A sub-c-algebras.
Then:

(a) (Linearity) E(a1 X1+ a2 Xs [ G) = a1 E(X1 | §) + a2 E(X5 | G).

(b) (Positivity/monotonicity) if X > 0 a.s. then E(X | G) > 0 a.s.;
more generally, if X1 < X3 a.s. then E(X; | G) < E(Xy | G) a.s.

(¢c) (Law of total expectation) E[E(X | G)] = E(X) (taking G =
{2,Q} recovers E(X | {2,Q}) = E(X) itself).

(d) (Taking out what is known) if W is G-measurable and WX is in-
tegrable, then E(WX | G) = W E(X | G); in particular, for Y a
random variable and g : R — R measurable with g(Y)X integrable,
E(g)X |Y =y) =gy)E(X |Y =y).

(e) (Independence) if X is independent of G (i.e. P({X € B} N A) =
P(X € B)P(A) for all Borel B and A € G), then E(X | G) = E(X);
in particular, if X and Y are independent, E(X | Y) = E(X), i.e.

E(X |Y =y) = E(X) for every y.
(f) (Tower property) E[E(X | G) | H] = E(X | H).

Proof. (a) Both sides are G-measurable (a linear combination of G-
measurable random variables is G-measurable), and for A € G, by linearity
of the integral (Proposition [I.3.5(a)) and Definition b) applied to X,
and X, separately,

/ (ozlE(Xl ‘ g)+0é2E(X2 ‘ Q)) dP = Oél/Xl d]P)"—Q{Q/ X2 dP = /(Q1X1+QQX2) dP,
A A A A

by uniqueness (Theorem|1.5.6)), the left-hand side equals F(a; X1 +as X | G).
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(b) Suppose X; < X5 a.s. and let A :={E(X; | G) > E(Xs | G)}. Since
E(X; | G) and E(X; | G) are both G-measurable, so is A, hence A € G and
Definition b) applies to each:

/E(Xl\g)dP:/de]P’ < /ng]P’:/E(leg)d]P’,
A A A A

using monotonicity of the integral (Proposition b)) in the middle step.
But on A itself, E(X; | G) > E(X, | G) by definition of A; this is compatible
with the displayed inequality only if P(A) = 0. Hence E(X; | §) < E(Xy | G)

a.s. Taking Xy = 0, Xy = X gives positivity.

(c) Take A = Q € G in Definition b): E[EX | G)] = [,E(X |
G)dP = [, X dP = E(X). When G = {&, Q}, the only G-measurable random
variables are the (a.s.) constants (Definition a)), and the constant
¢ = E(X | G) must then equal E(X) by this same identity, applied with
G ={2,Q}.

(d) We use the standard argument, as in the proof of Theorem
Suppose first W = 1p for some B € G. Then W E(X | G) is G-measurable,
and for A € G, using AN B € G and Definition ),

/WE(Xyg)dP_/ E(X | G)dP = Xd]P_/WXd]P’,
A ANB A

ANB

so W E(X | G) satisfies Definition[1.5.4]for WX, hence equals E(W X | G) by
uniqueness. By linearity (part (a)), the identity extends to G-measurable sim-
ple W; for general G-measurable W, approximate W, W~ by nondecreasing
sequences of nonnegative G-measurable simple random variables and pass to
the limit via the Monotone/Dominated Convergence Theorems, exactly as in
the proof of Theorem The particular case follows by taking G = o(Y')
and W = ¢g(Y), which is o(Y')-measurable.

(e) Let Z := E(X), a constant r.v., hence trivially G-measurable. For
A € G, independence of X and G gives, i.e. applying the definition of inde-
pendence to 1,4 (which is 0(A) C G-measurable) and X,

/XdIP’ = E(X1,) = BE(X)P(A) = / Z dP,
A A

using independence in the second equality. Thus Z satisfies Definition a)—
(b) for G, so Z = E(X | G) by uniqueness. Taking G = o(Y) gives the case
of a random variable Y: X independent of Y means, by definition (Defini-
tion , X independent of every event {Y € B} € o(Y), hence indepen-
dent of o(Y') in the sense required.
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(f) Both E[E(X | G) | #] and E(X | H) are H-measurable by construc-
tion. For A € H, since H C G we also have A € G, so Definition b)
applies twice, once to E(X | G) against H and once to X itself against G:

/AE[E(X\g)yH}dP:/

E(X | g)dIP’:/Xd]P’,
A A

which is exactly Definition (b) for E(X | H). By uniqueness, E[E(X |
G) | H] = E(X | H). .

Corollary 1.5.10 (Law of total expectation, general case). For any discrete
random variable Y,

E(X)=Y B(X|Y =y,)P(Y =y,),
and for absolutely continuous Y with density fy,

B0 = [ EX 1Y =0)hG) iy

oo

Proof. Rewrite E[E(X |Y)] = E[g(Y)], with g(y) = E(X | Y =y), via
Corollary (1.3.11 ]

1.5.5 Conditional probability

Let G C A denote a sub-c-algebra.

Definition 1.5.6. The conditional probability of X given G is
P(X € B|G) = E(lixep | 9)-

This definition generalizes the basic definition of condition probability
P(C | D) for two events C' and D. By setting G = o(Y), the information of
Y, we denote the conditional probability of X on Y by P(X € B |Y). Using
the law of total expectation (Proposition c)), we have the following
well-known formula:

P(X € B) = E(lixepy) = E(E(lixemy | Y)) = /IP’(X EB|Y =y)fy(y)dy.

A similar formula exists for discrete Y.
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Remark 1.5.11 (Looking ahead: filtrations and Markov chains). The tower
property, Proposition f), is the algebraic heart of the Markov property.
When we study stochastic processes (X;)er from Chapter onward, the role
played here by a single sub-c-algebra G will be played by an entire increasing
family (F;)ier of sub-c-algebras: a filtration with F; representing all the
information available to an observer of the process up to time ¢ (formally,
Fi = o(Xs : s € T,s < t), the natural filtration of the process). The
Markov property of Chapter [0]is, at heart, the statement that conditioning
on the whole past F; is, for a Markov process, the same as conditioning on the
present state X; alone; and the general (measure-theoretic) formulation of the
Markov property given in Chapter [5lis written exactly as P(X,4, € B | F) =
P(Xi+n € B | X;), an equality of conditional expectations (of 1(x,,,ep}) in
the sense of Definition The tower property is precisely the tool used
there to reconcile this general formulation with the more elementary, discrete-
state definition of a Markov chain.

1.6 Moments, quantiles, hazard rate and mode

1.6.1 Mean and moments of a single random variable

Remark 1.6.1 (Mean, recalled). The mean, or expected value, uxy =
E(X) of X was defined rigorously, as a Lebesgue integral, in Section
(Definition|1.3.5), where X is called integrable, or is said to have finite mean,

exactly when F(|X|) < co. By Corollary [1.3.11} this reduces to the familiar
formulas

px = Zx fx(z) (discrete),

+o00o
fx = / x fx(x)dz (abs continuous),

o0

valid precisely when the sum or integral is absolutely convergent (i.e. Y |z|fx(x) <
o0, resp. [ |z|fx(z)dr < o). These are the two special cases of (1.3.1) with
g = id.

Definition 1.6.1 (Raw and central moments). For £ € N, the kth raw
moment of X is uj = E(X*), and the kth central moment is y; =
E[(X — px)*], whenever these exist; by Corollary |1.3.11| (with g(z) = z*,
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resp. g(x) = (x — ux)¥), both are computed, as with the mean, via

Elg(X)] =) g(x)fx(z)  (discrete),

Elg(X)] = /_ Oog(x)fx(;zz) dx (abs continuous).

o0

Definition 1.6.2 (Variance and related quantities). The variance of X is
its second central moment,

Var(X) = 0% = = B[(X — jux)?] = B(X?) — ik,

and its standard deviation is oy = /0%. Further standard summary
quantities are the coefficient of variation CVy = ox/ux, the skewness
coefficient vx = yu3/0%, and the coefficient of kurtosis p,/c%.

1.6.2 Bivariate moments

Definition 1.6.3 (Expectation of a function of two random variables).

Elg(X, V)] =Y gl y)fxy(x,y)  (discrete),

Elg(X,Y)] = //g(x,y)fxy(x,y) dz dy (abs continuous).

Definition 1.6.4 (Covariance and correlation). The covariance of X and
Y is

Cov(X,Y) = B[(X — ux)(Y — py)] = B(XY) — B(X)E(Y),

and their correlation coefficient is p(X,Y) = Cov(X,Y)/(ox0y), defined
whenever ox, 0y € (0,00).

Proposition 1.6.2 (Variance of a sum). For any X,Y with finite variance,
Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X,Y).
Proof. Let ux = E(X), py = E(Y). Then
Var(X +Y) = E[(X +Y) — (ux + 1v))’] = B[((X — px) + (Y — )]

= E[(X = ux)’] + E[(Y — oy )*] + 2B [(X — px) (Y — py)]
= Var(X) + Var(Y) + 2 Cov(X,Y).
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Corollary 1.6.3. If X, Y are independent, then Cov(X,Y) = 0 and Var(X +
Y) = Var(X) + Var(Y).

Proof. By properties (d) and (e) in Proposition|1.5.9]
E(XY |Y)=YE(X |Y)=YEX).

Taking the expect value in both sides and applying property (c) of Propo-
sition to the right-hand-side, F(XY) = E(YE(X)) = E(X)E(Y). So
Cov(X,Y) = E(XY)— E(X)E(Y) = 0; the variance identity is then imme-
diate from Proposition[1.6.2} O

Remark 1.6.4. The converse of Corollaryis false: Cov(X,Y) = 0 does
not imply independence. For instance, let X take the values —1,0,1 each
with probability 1/3, and let Y = X2 Then X and Y are clearly dependent
(knowing Y = 0 tells us X = 0 with certainty), yet

Cov(X,Y) = E(X?) - E(X)E(X?)=0-0-E(X? =0,
since F(X) = F(X3) = 0 by symmetry.

1.6.3 Quantiles

Quantiles generalise the everyday notion of a “percentile” and are the basic
building block of risk measures used throughout risk management and statis-
tics (most notably Value-at-Risk, which is nothing but a quantile of a loss
distribution).

Definition 1.6.5 (Quantile). Let p € (0,1). A pth quantile of X is any
value 7, € R satisfying

Fx(m,) <p < Fx(m),

where F' X(W; ) = limg4r, Fx(2) denotes the left limit of Fx at m,. The 0.5th
quantile mg 5 is called the median of X.

Remark 1.6.5. The interval [Fx (7, ), Fx(m,)] collapses to the single value
Fx(m,) wherever Fx is continuous at m,, but the definition must allow for
a nondegenerate interval because Fx may jump over the level p (if X is
discrete or mixed) or may be flat at height p over an interval (if X has a
density vanishing on that interval), and in either case there is genuine non-
uniqueness or ambiguity to record. If Fly is continuous and strictly increasing,
the definition collapses to the familiar 7, = Fi'(p), the unique solution of

Fx(m,) = p.
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1.6.4 Hazard Rate and Mode

In survival analysis and in reliability engineering one is often less interested in
the density itself than in the instantaneous risk of the event of interest (death,
failure, default) occurring at time z, given that it has not yet occurred. This
is the content of the hazard rate.

Definition 1.6.6 (Survival function). The survival function of a random
variable X is

Sx(z) = Fx(r) =P(X >z)=1- Fx(2), z € R.
In the case of a random vector (X,Y), the joint survival function is
Sxy(r,y) =P(X >z,Y >y),  (,y) €R%

Remark 1.6.6. Unlike the univariate case, Sxy(z,y) # 1 — Fxy(z,y) in
general: by inclusion—exclusion,

1= Fxy(z,y) =P(X >2)+P(Y >y) —P(X >2,Y >y) # Sxy(z,y)

except in degenerate cases. This is a common and consequential source of
error, worth remembering.

Theorem 1.6.7 (Mean via the survival function). For any abs continuous
random variable X with finite mean,

0 400
E(X) = —/ Fx(z)dx + Sx(z) d.
—00 0

In particular, if X > 0,
+oo
E(X) = Sx(z) d. (1.6.2)
0
Proof. We prove (1.6.2) for a nonnegative continuous X; the general
(signed) statement follow by the same argument applied separately to the
positive and negative parts of X, using Fubini’s theorem to justify the inter-
change of the order of integration/summation. Write, for z > 0, Sx(x) =
[ fx(t)dt. Then

/OOOSX(x)dx:/Ooo/xoofx(t)dtda::/Om/otfx(t)dxdtz/Oootfx(t)deE(X),

where the interchange of the order of integration (Fubini/Tonelli, valid since
the integrand is nonnegative) replaces the region {0 < x < ¢ < oo} described
first by “x outer, t > 2” and then by “t outer, 0 < z < ¢". 0
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Remark 1.6.8. A similar result can be obtained for discrete random vari-
ables. For instance, suppose that supp X = {0,1,2,3,...}. Then

E(X)=) nP(X=n)=) Y P(X=n)=> Y PX=k =) PX=>k).
n=0 n=1 k=1 k=1 n=k k=1

Definition 1.6.7 (Hazard rate). Let X be a nonnegative absolutely contin-
uous random variable with density fx. The hazard rate of X (also called
the intensity of mortality, in survival analysis, or the failure rate, in
reliability engineering) is

_ fx(@)
S)((ZL')’

Proposition 1.6.9. For X as in Definition|1.6.7,

hx(x) x such that Sx(z) > 0.

S () _d
Se@) —%lnSX(x).

hx(l‘> = —

Proof. Since Sx = 1 — Fx, we have Sk (x) = —F%(x) = —fx(z), so
—S%(2)/Sx(z) = fx(z)/Sx(x) = hx(z). The equality with —<% In Sy(z) is
the chain rule, - In Sx (z) = Sk (z)/Sx (x). O

Heuristically, hx(z) de =~ P(z < X < x+dx | X > x): the hazard rate is
the conditional density of X at z, given survival up to x. Proposition
shows that hx determines In Sx up to a constant, and since Sx(0) =1 for a
nonnegative random variable, it in fact determines Sy completely.

Theorem 1.6.10 (Recovery of the survival function from the hazard rate).
Let X be a nonnegative continuous random variable. Then

Sx(z) = exp<— /0 h (t) dt) . 20

d
Proof. By Proposition|1.6.9 7 In Sx(t) = —hx(t). Integrating from 0 to

€T,
hlSX(SL’)—lIlSX(O):—/ hx(t>dt
0
Since X > 0, Sx(0) =1 —P(X = 0) and, assuming (as is standard) P(X =

0) = 0 so that Sx(0) = 1, we get InSx(0) = 0 and the result follows by
exponentiating. 0
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Remark 1.6.11. Theorem is only valid, as stated, for nonnegative
continuous random variables. For a mixed random variable the hazard rate
is well defined only on the continuous part of the support (away from any
mass points), and the identity of Theoremmust be corrected to account
for the jumps of Fx.

Example 1.6.12. If X ~ Exp(#), then Sx(z) = e*/% and fx(z) = 0~ 'e=2/?,
SO N
0 e ™ 1
hx(w)zwzga r=20:
the hazard rate of the exponential distribution is constant. This is the an-
alytic expression of the memoryless property, to which we return in Exam-

ple[[03

Definition 1.6.8 (Mode). A mode of X is a value at which the probability
(or density) function fx attains a (local) maximum. A distribution may have
more than one mode, in which case it is called multimodal.

1.7 A catalogue of standard distributions

We record here, for later reference, the distributions used repeatedly through-
out the course. Parametrisations are chosen to match the standard references
on loss distributions (in particular Klugman-Panjer-Willmot, Loss Models)
and are not always the “textbook default” ones (e.g. the Gamma and Beta
distributions below are parametrised through an explicit scale parameter 6,
and the Pareto distribution is given in its shifted, Lomax-type form with
support (0,00)); the reader is warned to check parametrisations carefully
whenever consulting another source. Means and variances are standard com-
putations, most of which are left as an exercise; two are worked out explicitly
in Section [1.10] because of their relevance to tail behaviour.

1.7.1 Discrete distributions

Bernoulli. X ~ B(1,¢9), 0 < ¢< 1: P(X =1)=¢q,P(X =0) =1-gq.
E(X) =g, Var(X) = q(1 —q).

Binomial. X ~ B(m,q), me N, 0<¢< 1:
fx(k) = <T£>qk(1—q)mk, k=0,1,...,m.
E(X) = mgq, Var(X) = mq(1 — q).
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Poisson. X ~ Poisson(\), A > 0:

7/\)\k
Fxlk) =& = k=012

E(X) = Var(X) = A\
Negative Binomial. X ~ NB(5,r), 8,7 > 0:

o (r+k=1\( B \( 1Y B
fx(k)—< . )(Hﬁ) <1+5)’ k=0,1,2,...,

where the generalised binomial coefficient is

<r+k—1> r(r+ 1) (r+k—1) D(r+k) F(r):/oootrletdt_

3 - k! T Tk

E(X) =rp, Var(X) =rpB(1 + B).
Geometric. X ~ NB(3,1), 8> 0:
(B 1 _
fX(k)—<m) m7 k=0,1,2,...

E(X) =, Var(X) = (1 + B).

1.7.2 Continuous distributions
Normal. X ~ N(u,0?), pn € R, o > 0:
1

fX(m) — 2 6_(€E—ﬂ)2/2027 z 6 R’
g m

E(X) = p, Var(X) = 02, When g = 0,0 = 1 we call X standard
normal, write X ~ N(0, 1), and denote its cdf by ®(z) = Fx(z) and

its density by p(x) = \/%76_9”2/2.

Lognormal. X ~ Lognormal(u,0?) if Z =1In X ~ N(u,o?):

1
) ;o Ix(@) = O

ToV 2T

Inx —p

Fy(z) = cp(

g

B(X) = et /2 Var(X) = (7" — 1)+,
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Gamma. X ~ Gamma(a, ), shape a > 0, scale § > 0:
1 a—1
_ o e—z/@7
INa) 02
E(X) = af, Var(X) = af? (see Example .

Exponential. X ~ Exp(f) := Gamma(1,0), § > 0: fx(z) = 0 te /"
x> 0; BE(X) =0, Var(X) = 6%

x> 0.

Pareto. X ~ Pareto(a, ) (Lomax form), a, 6 > 0:

af® 6 \*
=Y Fe(a)=1- .
Ix(@) = gy x(x) <:c+0) >0
E(X) = — fora > 1 (undefined otherwise), Var(X) of”
= or a undefined otherwise), Var(X) =
a—1 W (@ —1)2%(a—2)
for & > 2 (see Example|1.10.2).
1 _
Uniform. X ~ Uniform(a,b), a < b: fx(z) = . Fx(z) = ;; a,
—a —a
)2
a<x<b;E(X):a+b,Var(X):(b a).
2 12
Beta. X ~ Beta(a,b,0), a,b,0 > 0:
I'(a+b) rx\e z\b-11
——— 7 () (1=2% -
Ix@) = 5o (9) ( 9) z
Lla+b) [ b—1
F =— 7 a—lr] —
“0) = pt et

for 0 < z < 0. (The exponent in the density is normalised so that
Fx(xr) — 1 as  — 07; some sources write the density with a — 1
in place of a in the power of x/6 together with a compensating fac-

tor, which is algebraically equivalent.) E(X) = 6%, Var(X) =
a
ab

(a+b)2(a+b+1)

2 . Taking a = b = 1 recovers X ~ Uniform(0, §).

Chi-square. X ~ X%n) := Gamma(n/2,2), n > 0 (typically a positive inte-
ger, the “degrees of freedom”):

1
— n/2—1_—x/2 > 0.
E(X)=mn,Var(X) =2n. f X;,..., X, arei.i.d. N(0,1), then """ | X? ~

Xy
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Student’s t. X ~ tq,), n > 0, defined by X = U/+/V/n with U ~ N(0, 1),
V'~ x{, independent. E(X) =0 for n > 1, Var(X) = n/(n — 2) for
n>2 Asn — oo, Fx(z | n) — ®(x) for every x: the t-distribution
converges to the standard normal.

Snedecor’s F. X ~ [, ), m,n > 0, defined by X = (U/m)/(V/n) with
U ~ Xfm), V ~ X%’n) independent. If X ~ F{,,, then 1/X ~ F{, n; if
T ~ t(n) then T2 ~ F(l,n)~

Remark 1.7.1. The Gamma and Pareto distributions above will play a
leading role in Section they are used there as the canonical examples
of, respectively, a light-tailed and a heavy-tailed loss distribution.

1.8 Generating Functions and Sums of Inde-
pendent Random Variables

Generating functions package the entire sequence of moments of a random
variable into a single function, and turn the problem of finding the distri-
bution of a sum of independent random variables into simple multiplication.
Both properties make them indispensable tools in risk theory, where aggre-
gate losses are sums of individual loss amounts.

1.8.1 The moment generating function

Definition 1.8.1 (Moment generating function). The moment generating
function (mgf) of X is

Mx(r)=E(e™), reR,

for every r for which the expectation is finite. (This set of r’s always contains
r =0, where Mx(0) = 1; for some distributions, e.g. the Pareto, it contains

only r = 0, see Section|1.10})

Proposition 1.8.1 (Moment-generating property). If Mx(r) is finite on an
open interval containing 0, then X has finite moments of all orders, My is
infinitely differentiable there, and

_dFMy

E(X*) =MP(0) = S . k=012
r=0
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Proof. Under the stated hypothesis one may differentiate under the ex-
pectation sign (this is the technical point; it is justified by dominated conver-
gence, using the finiteness of My on a neighbourhood of 0 to dominate the rel-
evant difference quotients), giving M )((k )(7’) = E(X*e™X); evaluating at r = 0
yields M)(f) (0) = E(X*). Equivalently, expanding ™ = > (rX)*/k! and
exchanging sum and expectation (again justified by the finiteness hypothe-
sis),

and reading off F(X*) as k! times the coefficient of ¥ in this Taylor series
recovers M)((k)(()) = E(X"). O

The moment generating function of X can be seen as the Laplace trans-
form of the distribution of X. Therefore, the mgf determines uniquely the
distribution under mild assumptions. The following result is stated without
proof.

Theorem 1.8.2. Suppose that Mx(r) and My (1) are finite and agree on an
open interval containing the origin. Then, X and Y have the same distribu-
tion.

Proof. See e.g. Billingsley, Probability and Measure, Theorem. 22.2.  []

1.8.2 The cumulant generating function

Definition 1.8.2 (Cumulant generating function). The cumulant gener-
ating function of X is kx(t) = In Mx(t), wherever Mx(t) is finite and
positive.

Proposition 1.8.3. Wherever the relevant derivatives exist,

x(0) = E(X),  #x(0) = Var(X),  #%(0) = ps.

Proof. Write my, = M)((k)(()) = E(X*) (Proposition [1.8.1), so Mx(0) =
mo = 1. By the chain rule, r'x(t) = M5 (t)/Mx(t), so k'x(0) = my/my =
M () Mx (t) — M (1)?

Mx(t)? ’
k% (0) = my—m? = F(X?)—FE(X)? = Var(X). Differentiating once more and
evaluating at 0 (a direct, if slightly tedious, computation using Mx(0) = 1)
gives K¢ (0) = ms — 3mimy + 2mi = E[(X — px)?] = ps. O

my = E(X). Differentiating again, x/y(t) =
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Remark 1.8.4. Proposition is the reason ry is useful in practice: its
low-order Taylor coefficients at 0 are precisely the mean, variance, and (up to

normalisation) skewness of X, and kx is often easier to compute. Moreover,
it is additive over independent summands (Theorem below).

1.8.3 The probability generating function

For random variables supported on the nonnegative integers, it is often more
convenient to work with the following variant of the mgf.

Definition 1.8.3 (Probability generating function). The probability gen-
erating function (pgf) of a discrete random variable X is

Px(2) = E(zY), z€R,

for every z for which the expectation is finite. If the support of X is
{0,1,2,...}, then

Pe(s) = Y S B(X = F)

which converges (absolutely) at least for |z| < 1.

The pgf is only defined for discrete X, since only in this case it is mean-
ingful. Can be seen as the z-transform of the distribution of X. In this case,
it is easy to see that determines in a unique way the distribution.

Proposition 1.8.5. For X supported on {0,1,2,...}:

(a) Mx(r) = Px(e") and Px(z) = Mx(Inz) (for z > 0 in the domain of
convergence);

P (0)
k!

(c) the kth derivative of Px at z =1 gives the kth factorial moment,

(b) P(X = k) = k=0,1,2,...;

PP =E[X(X -1 (X —k+1)].

Proof. (a) By definition, Py(e¢") = E((e")™) = E(e"™) = Mx(r); setting
z =¢" le. r =lInz gives Px(z) = Mx(Inz). (b) Differentiating Px(z) =
Z;io ZP(X = j) term by term k times and setting z = 0 kills every term
except 7 = k (all lower powers of z vanish upon differentiating fewer than j
times and then setting z = 0if 7 > k, and every term with j < k is annihilated

by the kth derivative), leaving P (0) = kIP(X = k). (c) Differentiating
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Px(2) = 32, #/P(X = j) term by term k times gives P)((k)(z) = ik dl —
1)---(j — k+1)22"*P(X = j); evaluating at z = 1 gives 200 =1 (=
E+1D)P(X=j)=EX(X-1)--- (X —k+1)]. O

1.8.4 Sums of independent random variables

Definition 1.8.4 (Convolution). Given random variables Xi,..., X, the
random variable S,, = X +- -+ X, is called their sum, or (when X;,..., X,
are independent) their convolution. In many applications, if X; is the loss
associated with unit ¢ of a population of n units, S, is the population’s
aggregate loss.

Theorem 1.8.6. If X1,..., X, are independent, then
Mg, (r) = ] Mx.(r), Ps,(z) =[] Px.(2)
i=1 i=1

(the second identity when each X; is supported on the nonnegative integers).

Proof. Ms,(r) = B(er61+-+50) = B(er¥i -.ere) = [T, (o) =

[T, Mx,(r), using independence in the third equality (Proposition

extended to n variables and to the multiplicativity of expectation of inde-
pendent random variables). The pgf identity is proved identically, replacing
erXi by 2Xi. O]

Proposition 1.8.7 (Convolution formula). If X,Y are independent contin-
uwous random variables with densities fx, fy, then Z = X +Y has density

“+o0o

fz(z) = fx(z=y)fy(y)dy.

— 00
If X, Y are independent, nonnegative, integer-valued, then Z = X +Y has
probability function

k

fZ(k):ZfX(k—j)fY(j)7 k=0,1,2,...

=0
Proof. In the continuous case, condition on Y: by Proposition and
independence,

+o00 “+o00

fz(2) = fZ|Y:y(Z)fY(y) dy = Ix(z—y)fy(y) dy,

—00 —0oQ
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since, conditionally on Y =y, Z = X + y has the density of X shifted by v,
and this conditional density equals the unconditional one by independence
of X and Y. The discrete case is the same computation with sums in place
of integrals: P(Z = k) =3 P(X =k —j | Y =)P(Y =j) = >, fx(k -
) fy(j), and only j =0, ..., k contribute since fx(k — j) =0forj>k [O

Theorem is, in practice, the more useful of the two results: it is
usually far easier to multiply generating functions and recognise the product
than to evaluate the convolution integral or sum of Proposition directly.

Example 1.8.8. If X;,..., X, are independent with X; ~ Poisson(J;), then
Py, (z) = E(z%) = >, 2Fe _Al)\k/kr' = e~ 50 by Theorem [1.8.6

Ps, (

n

H Ai(z=1) — pAattAn)(z-1)

which is recognisable as the pgf of Poisson(A; + -+ + A,): the sum of in-
dependent Poisson random variables is again Poisson, with the parameters
adding.

1.8.5 The Central Limit Theorem

We close this section with a classical asymptotic result underlying the widespread
use of the normal distribution as an approximation for aggregate quantities
(such as the total loss of a large population).

Theorem 1.8.9 (Central Limit Theorem). Let X7, Xs,... be independent
and identically distributed random variables with finite mean p and finite
variance 0* > 0, and let X,, = (X, +--- + X,). Then, for every x € R,

fin # (G <) = o)

where ® is the standard normal cdf. In other words, regardless of the shape
of the common distribution of the X;, the (standardised) sample mean is
approximately normally distributed for large n.

Proof. First, we standardize each X; by setting Y; = Xig_’“‘, so that

E(X;) = 0 and E(Y?) = 1. Let M(t) = E(e™) denote the mgf of V;.
Then, M(0) =1, M’(0) = 0 and M"(0) = 1. Hence, as t — 0,

M(t) =1+ g + o(t?).
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Now, letting Z,, = Yit=t¥n
n

N using independence we get

Mz, (t) = M(t/v/n)".

Using the above expansion,

M(t/v/n) =1+ % +o(1/n)

and taking the limit n — oo,

t2 "
My (t) = (1—|—2—+0(1/n)> — /2
n
which is precisely the mgf of N(0,1). Because mgf determines the distribu-
tion, the CLT is proved. Ol

Remark 1.8.10. Equivalently, S, = X+ - -+X,, is approximately N (nu, no?)
for large n. Theorem [1.8.9]is the theoretical justification for the normal ap-
proximation routinely used to model large, reasonably homogeneous, popula-
tions of independent risks; Theorem above gives an alternative route to
the same conclusion when moment generating functions are available, since
ks, (t) = nkx, (t) (additivity of cumulant generating functions for i.i.d. sums)
already shows how the shape of S,,’s distribution is governed, for large n, by
the first two cumulants alone.

1.9 Residual Life, Censored and Limited Vari-
ables

We now turn to three constructions that are central to loss modelling: what
remains of a loss (or a lifetime) beyond a threshold, what is actually paid
once a threshold is applied, and what is paid once a limit caps the payment.
Throughout this section X > 0 represents a lifetime or a loss amount.

1.9.1 Residual life (excess loss)

Definition 1.9.1 (Residual life). Let X > 0 and d > 0 with Sx(d) > 0.
The residual life (or future lifetime) of X at d is the random variable
YP, with distribution given by the conditional law of X — d given X > d,
i.e. with survival function

. Sy (ZL’ + d)

Sd(x)::IP’(YP>Q:):IP’(X—d>33|X>d)—TM),

WV
o
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When X represents a loss (rather than a lifetime), Y7 is called the excess
loss variable at d (the amount by which the loss exceeds the threshold d,
given that it does exceed it).

Definition 1.9.2 (Mean residual life / mean excess loss). The mean resid-
ual life function (or mean excess loss function) of X is

ex(d)=FE[X —d| X >d] =EY"), d > 0 with Sx(d) > 0.
Proposition 1.9.1.

/+OOSX($+d)d:1: /+OOSX(9U)CZ$
0 _ Ja
Sx(d) B Sx(d) ’

Gx<d) =

and, split by type,

( +o00
/ (z —d) fx(z)dx
ex(d) = d Sx(d) , X abs continuous,
Z(x —d) fx(v)
z>d ‘
( Sx(d) ’ X discrete.

Proof. Y* is a nonnegative random variable with survival function Sy(x) =

Sx(z+d)/Sx(d) (Definition|1.9.1)). Applying (1.6.2) of Theorem|1.6.7|to Y,

extd) = E(y") = | " Su(a) do = /O b %&ﬁ) de = le( 5 /0 " Sy (atd) da,

and the substitution v = x + d turns the last integral into f;oo Sx(u) du,
giving the first display. For the split-by-type formula in the continuous case,
apply Definition directly: by definition of conditional density, X — d |
X > d has density fx(z+d)/Sx(d) for x > 0, so

(T fx@+d), 1 >
eX(d)—/O x 5+ (d) dx_SX(d)/d (u—d)fx(u)du

by the same substitution u = x 4 d; the discrete case is identical with sums
in place of integrals. O

Definition 1.9.3 (Higher moments of the residual life). More generally,
eh(d) =E[(X —d)f | X >d], k=1,2,... (so ek(d) = ex(d)).
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Example 1.9.2 (The exponential distribution is memoryless). If X ~ Exp(#),
then for d > 0, x > 0,

—(xz+d)/0
:Sx(l’—l—d) :6 :€_$/0:SX(I):

Sal@) = =g ) =i/

the residual life at any age d has exactly the same distribution as X itself.
This is the memoryless property of the exponential distribution: knowing
that an individual has survived to age d tells us nothing about their remaining
lifetime. Consequently ex(d) = 6 for every d: the mean excess loss function
of the exponential is constant, matching the constant hazard rate found in

Example[1.6.12

Example 1.9.3 (Residual life of the Pareto distribution). If X ~ Pareto(a, 6),
then Sx(z) = (52), so

0+
Sx(x+d) (0+d)*/(0+d+z)” 0+d \“
= — = >
Sal®) = =5 @) 1 brd+z) 0 2V

which is again the survival function of a Pareto(a, 6 + d) distribution: the
Pareto family is closed under taking residual lives, the shape parameter «
staying fixed while the scale shifts from 6 to 6 + d. Consequently, using
E(X)=0/(a—1) for a > 1,

_0+d

ex(d) = ——,

an increasing, unbounded function of d: unlike the exponential, the older a
Pareto-distributed risk gets, the larger its expected remaining loss/lifetime.
We will see in Sectionthat this increasing mean excess loss is a signature
of a heavy-tailed distribution.

1.9.2 Left censored and shifted variables

Definition 1.9.4 (Left censored and shifted variable). Let X > 0 and d > 0.
The left censored and shifted variable at d is

YE=(X—d); = (X —d) V0 :=max(X — d,0).

Remark 1.9.4. The variable Y differs fundamentally from the residual life
Y of Definition while Y7 is only defined given X > d and is (for
continuous X) itself continuous with P(Y* = 0) = 0, the variable Y7 is
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defined unconditionally on the whole sample space and carries a point mass
at 0,
P(Y*=0)=P(X <d)=1- Sx(d),

representing all outcomes in which X does not exceed the threshold d. In
risk-modelling terms, Y* is the natural model for a payment subject to a
threshold d: if the loss X does not exceed d, nothing is paid (YX = 0); if it
does, the excess X — d is paid.

Theorem 1.9.5. Fork=1,2,...,
E[(Y")!] = E[(X = d)f] = ek(d) Sx(d),

and, in particular,

+oo
E(Y") = E[(X —d),] = ex(d) Sx(d) = | Sx@)de (1.9.3)

Proof. Splitting the expectation according to whether X > d or not, and
using that (X —d)X =0 on {X < d},

E[(X-d)%] = E[(X=d)* 1{xsq)] = E[(X—=d)* | X > d] P(X > d) = € (d) Sx(d),
).

using the definition of conditional expectation, E[Z14] = E[Z | AJP(A
Setting & = 1 and invoking Propositionfor ex(d)Sx(d) = []° Sx(z)dx

gives (1.9.3). O

1.9.3 Limited loss (limited expected value)

Definition 1.9.5 (Limited loss variable). Let X > 0 and w > 0. The
limited loss (or limited) variable at u is

Y =X Au:=min(X,u).
Its expectation F(X A u) is called the limited expected value of X at u.

Proposition 1.9.6.
E(X Au) :/ Sx(z)dzx.
0

Proof. X A wu is a nonnegative random variable with survival function

P(X Au>zx)= {SX(w)’ 0

Y

VoA

r < u,
u’
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since X Au > x (for z < u) holds exactly when X > z, while X Au < u

always. Applying (1.6.2) of Theorem to X Au gives E(X Au) =
O P(X Au>z)de = [ Sx(z)da. O

Proposition 1.9.7. For every u > 0,
X=XAu)+ (X —u) (pointwise, hence also in expectation),

so that

u +oo
E(X)=EX Au)+ E[(X —u)4] :/ Sx(z)dx + Sx(z)dx.
0 U
Proof. If X < wthen X Au = X and (X —u); = 0, so the sum is X;
if X > wthen X Au=wand (X —u); = X — u, so the sum is again X.
Taking expectations and using Proposition and Theorem for the
two terms recovers (1.6.2) split at . O

Remark 1.9.8. Propositionhas an immediate risk-modelling reading;:
if a threshold u acts as a limit on the amount retained within a given layer,
then the total loss X splits exactly into the part retained/limited at u (the
amount paid never exceeds u under a limit, or the amount retained is at most
w under a threshold, depending on which side of the layer one considers) and
the excess beyond u. Limited expected values of this kind are the basic
building block used to model layered risk transfer and limits/thresholds.

1.10 Tails of Distributions

In risk modelling, what happens “in the tail”, the relative likelihood of very
large losses, matters far more than the bulk of the distribution: stability and
risk-transfer decisions are driven by extreme, low-probability, high-severity
events. Distributions with a larger probability of extreme values, i.e. a larger
survival function Sx(z) = P(X > x) (also called the tail probability) for
large x, are said to be heavier-tailed. This section develops four comple-
mentary ways of making this comparison precise: via moments, via limiting
ratios, via the hazard rate, and via the mean excess loss function. As a rule
of thumb, to be justified rigorously below, the Gamma/exponential family
is light-tailed, the lognormal is medium-tailed, and the Pareto is heavy-
tailed.
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1.10.1 Comparison based on moments

Example 1.10.1 (Moments of the Gamma distribution). Let X ~ Gamma(«, ).
For every k > —a,

o 1 1 o OFT (o + k)
E Xk _ k a—1 —I/Qd _ / a+k—1 —:n/é'd _
(x%) /0 T Tt ¢ YT per) ), ¢ T(@)

using the substitution ¢ = x/6 and the definition of I'(a+k) = [~ t* 1~ dt
(finite whenever o + k& > 0). In particular, taking £ = 1,2 and using
INa+1) = al'(a), I'a + 2) = ala + 1)['(«), one recovers E(X) = ab
and Var(X) = E(X?) — E(X)? = a(a + 1)0? — a?0* = ah?, as claimed in
Section Every moment E(X*) of the Gamma distribution is finite, for
every k > 0.

Example 1.10.2 (Moments of the Pareto distribution). Let X ~ Pareto(a, 0).
For k > 0,

o0 o < qk o \*
(X%) /0 Tt T ), o b1 v

Substituting z = 0/(0+x), so x = 6(1 — z)/z and dz = —0z~? dz, transforms
this into

1
E(Xk) :osz/ z‘kk*l(l—z)kdz:aekB(a—k,k+1),
0

where B(a,b) = fol tH1—t)>"1dt = T'(a)L'(b)/T(a+D) is the Beta function,
and the integral converges if and only if « — k > 0. Using B(aw — k, k+ 1) =
MNa—kKI(k+1)/T(a+1)=kT(a—k)/(al'(a)), we obtain

Mo —k)

B(XY) = 0K =

0<k<a.

Thus the kth moment of a Pareto(c, ) random variable exists if and only
if k < a: only finitely many moments are finite (specifically, |«] of the
positive-integer ones), and in particular the mgf Mx(r) = E(e"™™), which
would require moments of every order to be finite (Proposition |1.8.1), does
not exist for any r > 0.

The contrast between Examples|(1.10.1{and [1.10.2|yields the first classifi-
cation criterion.

Definition 1.10.1 (Light- and heavy-tailed distributions, by moments). A
distribution is light-tailed if all its (positive-integer) moments are finite; it
is heavy-tailed if only finitely many (or none) of its moments are finite.
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1.10.2 Comparison based on limiting tail behaviour

Definition 1.10.2 (Relative tail heaviness). Distribution 1 has a heavier
tail than distribution 2 if
Sl ((L‘)

I — 400,
o Sy(z) 0

When Si(z),Ss(z) — 0 as x — oo and are differentiable, L’Hopital’s rule
shows this is equivalent to
Si(z) . filx)

= 1 =
e Sh(T) s fo(z) O

so the comparison may equally be carried out on densities.

Definition [1.10.2|suggests using the exponential distribution, the simplest
distribution with an exponentially decaying tail, as a tail benchmark.

Definition 1.10.3 (Heavy-tailed distribution, via exponential comparison).
A nonnegative random variable X (or its distribution) is heavy-tailed if its
tail is not exponentially bounded, that is, if for every 6 > 0,

lim e? Sx(z) = 4oo0.

T—+00

Proposition 1.10.3. X is heavy-tailed in the sense of Definition|1.10.35| if
and only if Mx(r) = +oo for every r > 0.

Proof. Since X > 0,
E(e™) = /OOO P(e™™ > y)dy
:/OllP’(eTX >y)dy+/IOOIP’(eTX > y) dy
= 1+/1m5x(logy)dy

,
=1 +/ Sx(x)re"™ dux.
0

This gives the following identity, valid for » > 0 whenever the right-hand side
is finite,

+0o0o
Mx (r) :1+7"/ e Sx(z) dx.
0
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If Mx(r) < oo for some r > 0, the integral on the right is finite, which forces
€™ Sx(r) — 0; taking § = 1/r then shows lim, e*/?Sx(x) = 0 # +o0, so X
is not heavy-tailed by Deﬁnition Conversely, Mx(r) = oo for every
r > 0 forces, via the same integral identity, fooo e Sx(z)dxr = oo for every
r > 0, which (given that Sx is nonincreasing) is only possible if e"*Sx (z) /4
0, hence (again using monotonicity considerations) e’*Sy (x) — oo, for every

r=1/6 > 0: precisely Definition [1.10.3 O

1.10.3 Comparison based on the hazard rate

Proposition 1.10.4. Let X > 0 be continuous with hazard rate hx. If
hx(x) — oo as © — oo, then X is light-tailed in the sense of Defini-
tion[1.10.3} if hx(z) — 0 as x — oo (in particular, if hy is nonincreasing
and not eventually constant and positive), X is heavy-tailed. More generally,
if hx is tncreasing, the tail of X 1is regarded as light; if hx is decreasing,
the tail of X is regarded as heavy — by comparison with the constant hazard

rate of the exponential (Example .

Proof. By Theorem Sx(z) = exp( — [y hx(t)dt). Fix # > 0 and
consider g(z) := e*/?Sx(z) = exp( [, [0~ — hx(t)]dt). If hx(z) — oo, then
for any 0 there is o with hx(t) > 1/6 for t > xg, so [[[07" — hx(t)]dt <
C' — (hx-excess integral) — —oo as * — 00, giving g(z) — 0; since this holds
for every 6 > 0, X is not heavy-tailed by Proposition [I.10.3]s criterion, i.e. it
is light-tailed. Symmetrically, if hx(x) — 0, then for every 6 > 0 eventually
hx(t) < 1/, so the exponent [[0~" — hx(t)]dt — +oo, giving g(z) — oo
for every 0: X is heavy-tailed by Deﬁnition O]

1.10.4 Comparison based on the mean excess loss func-
tion

Definition 1.10.4. X is regarded as heavy-tailed if its mean excess loss
function ex(d) is (eventually) increasing in d, and light-tailed if ex(d) is
(eventually) decreasing in d.

Proposition 1.10.5. If the hazard rate hx is decreasing, then the mean
excess loss function ex is increasing.

Proof. By Proposition and Theorem [1.6.10)

B R Sx(l‘—l—d)
SR B it
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where, for fixed x > 0,

sxmr+d>_emp<—lf”hxﬁﬁﬁ>:Emp<_/wwhxu>ﬁ>
d

Sx(d) exp (— fod hx (t) dt)

—op(~ [Tt ayar)

the last equality by the substitution ¢ +— t + d inside the integral. Fix z > 0
and consider ¢(d) := [ hx(t +d) dt as a function of d; differentiating under
the integral sign, ¢'(d) = [ Wx(t + d)dt < 0 since hx is decreasing (so
h'y < 0), so ¢ is nonincreasing in d. Hence —p(d) is nondecreasing in d, so
Sx(z+d)/Sx(d) = e=#@ is nondecreasing in d for each fixed z, and therefore
so is its integral over z € [0,00): ex(d) is nondecreasing (increasing, in the
generic case of strict monotonicity of hx) in d. O

Remark 1.10.6. The converse of Proposition [1.10.5|is false: an increasing
mean excess loss function does not force a decreasing hazard rate. (Klugman,
Panjer and Willmot’s Loss Models has a counterexample as an exercise.)

Proposition 1.10.7 (Limit of the mean excess loss).

: _ 1
dglfoo eX(d) - dginoo hX (d)7
whenever the right-hand limit exists.
> S d
Proof. By Proposition |1.9.1| ex(d) = deX—((dx))x, an indeterminate
X

form 0/0 as d — oo (both numerator and denominator — 0). Differentiating
numerator and denominator with respect to d and applying L’Hopital’s rule,
—Sx(d) . Sx(d) 1

AL =B 50 T B ) T R @

1.10.5 The equilibrium distribution

Definition 1.10.5 (Equilibrium distribution). Let X > 0 with finite mean
E(X)and Sx(0) = 1. The equilibrium distribution of X is the continuous
distribution with density
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+oo
survival function S,(x) = %, and hazard rate he(z) = fo(z)/Se(x).
Proposition 1.10.8.
he(w) = L, x> 0.
ex ()
Proof. By Deﬁnitionand Proposition
Cf@)  Sx@)/E(X)  Sx(a) 1

he(z)

So(x)  [TSx®)dt/E(X) [ Sx(t)dt  ex(x)
O

Remark 1.10.9. Proposition says that the reciprocal of the mean
excess loss function is itself a (bona fide) hazard rate: that of the equilib-
rium distribution. This has an interesting consequence: since a hazard rate
determines its survival function uniquely (Theorem , the mean excess
loss function ex determines the original distribution Sx uniquely as well.

Theorem 1.10.10 (Reconstruction of Sy from ex). Let X > 0 with Sx(0) =
1 and finite mean E(X) = ex(0). Then

= e[ ). oo

Proof. By Theorem|1.6.10|applied to the equilibrium distribution, S, (z) =
exp (— [y he(t)dt) = exp (— [, ex(t)"'dt), using Proposition [1.10.8] On
the other hand, by Definition |1.10.5|and Proposition [L.9.1}

_ Jo Sx(t)dt _ €X($)Sx(x)‘

Se() E(X) ex(0)

Equating the two expressions for S.(x) and solving for Sx(z) gives the
claimed identity. O

1.10.6 The equilibrium distribution and the coefficient
of variation

We conclude with a result linking the monotonicity of the mean excess loss
function, our tail-heaviness criterion of Definition to the coefficient
of variation C'Vx of Definition thereby tying together the moment-
based and mean-excess-based notions of tail weight introduced earlier in this
section.

54



Probability and Stochastic Processes José Pedro Gaivao

Proposition 1.10.11. Assume Sx(0) =1 and E(X?) < co. If ex is (non-
decreasing) increasing, then C'Vx > 1; if ex is (nonincreasing) decreasing,
then CVyx < 1.

Proof. Suppose ey is nondecreasing, so ex(z) > ex(0) for all z > 0.

By Proposition |1.10.8(1.10.10[s identity ex(z)/ex(0) = Se(x)/Sx(x) (ob-
tained by dividing S.(x) = ex(z)Sx(z)/ex(0), established in the proof of

Theorem [1.10.10} through by Sx(z)), this is equivalent to
Se(x) = Sx(x), for all z > 0.

Integrating both sides over x € [0, c0),

/000 Se(z)dx > /000 Sx(x)dr = E(X),

using (1.6.2). But, since S, is itself the survival function of the equilibrium

distribution with density f.(x) = Sx(z)/F(X), applying (1.6.2) again (this
time to the equilibrium distribution) gives

/OOO Se(z)dr = E.(X) = /Oooxfe(l’) dr = ﬁ/oooxsx(m) dr — m

where the last equality is the standard identity [;° 2Sx(z)dz = E(X?) (it-
self provable by the Fubini argument of Theorem|[1.6.7} applied to #Sx(z) =
z [ fx(t)dt). Combining the two displays,

E(X?
2£(7(X)) > E(X) < BE(X?) >2E(X)? < Var(X)=E(X?) - E(X)*>
0x
— (Vx = >1
T EX)
The decreasing case is symmetric, with all inequalities reversed. O]

1.10.7 Summary

The four criteria developed in this section are compatible, and in fact form
a chain of implications summarised in Table

Corollary 1.10.12. If hx is decreasing, then ex is increasing (Proposi-

tion|1.10.5) and hence CVx > 1 (Proposition |1.10.11). Symmetrically, if

hx 1is increasing, then ex s decreasing and C'Vx < 1. None of the reverse
implications hold in general.
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Criterion Light tail Heavy tail
Moments (Definition 1.10.1b all moments finite | only finitely many finite
Limiting ratio (Definition|1.10.2) comparison Si(x)/Sy(x) — oo or not
Hazard rate hx(z) increasing decreasing

Mean excess loss ex(x) decreasing increasing
Coefficient of variation CVx < 1 (typically) CVx > 1 (typically)

Table 1.1: Tail-weight criteria and their typical verdicts.

Example 1.10.13. The Gamma distribution with o < 1 has decreasing
hazard rate (Exercise ?7), hence increasing mean excess loss and C'Vyx > 1;
with a > 1 it has increasing hazard rate, hence decreasing mean excess
loss and CVyx < 1; at @ = 1 (the exponential) all quantities are constant
and CVy = 1 exactly, consistent with Var(X) = 6? = E(X)?. The Pareto
distribution, by contrast, always has decreasing hazard rate (Exercise 77)
and increasing mean excess loss (Example for every choice of o, 0: it is
unambiguously heavy-tailed by every criterion in Table consistent with
its failing even to possess a moment generating function (Example|1.10.2).
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