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HOMEWORK OF LECTURE 3: 
QUESTIONS



EXERCISE 3.17

Newbold et al (2013)



EXERCISE 3.17 A):  SOLUTION

 Answer:



EXERCISE 3.17 B):  SOLUTION

 Answer:



EXERCISE 3.17 C):  SOLUTION

 Answer:



EXERCISE 3.17 D):  SOLUTION

 Answer:



EXERCISE 3.17 E):  SOLUTION

 Answer:



EXERCISE 3.17 F):  SOLUTION

 Answer:

𝑷 𝑨 ∩ 𝑩 = 𝟎. 𝟕𝟕 ≠ 𝟎



EXERCISE 3.17 G):  SOLUTION

 Answer:



EXERCISE 3.13

Newbold et al (2013)



EXERCISE 3.13 A):  SOLUTION

 Answer:



EXERCISE 3.13 B):  SOLUTION

 Answer:



EXERCISE 3.13 C):  SOLUTION

 Answer:



EXERCISE 3.13 D):  SOLUTION

 Answer:



EXERCISE 3.13 E):  SOLUTION

 Answer:



EXERCISE 3.14

Newbold et al (2013)



EXERCISE 3.24 A):  SOLUTION

 Answer:



EXERCISE 3.24 B):  SOLUTION

 Answer:



EXERCISE 3.24 C):  SOLUTION

 Answer:



EXERCISE 3.24 D):  SOLUTION

 Answer:



EXERCISE 3.24 E):  SOLUTION

 Answer:



EXERCISE 3.70

Newbold et al (2013)



EXERCISE 3.70 A):  SOLUTION

 Answer:



EXERCISE 3.70 B):  SOLUTION

 Answer:



EXERCISE 3.70 C):  SOLUTION

 Answer:



LECTURE 4: PROBABILITY 
(CONTINUED)



CONDITIONAL PROBABILITY

Newbold et al (2013)

P( ഥ𝑨 |B) = 1- P(A|B)

P( ഥ𝑩 |A) = 1- P(B|A)

Complementary Probabilities



CONDITIONAL PROBABILITY 
EXAMPLE

Newbold et al (2013)



CONDITIONAL PROBABILITY 
EXAMPLE: SOLUTION 

Newbold et al (2013)

P(AC) = 0.7

P(CD) = 0.4

P(CD ∩ AC) = 0.2



MULTIPLICATION RULE

Newbold et al (2013)Conditional Probabilities



STATISTICAL INDEPENDENCE: 
TWO EVENTS

Newbold et al (2013)

Events A and B 

are independent 

when the 

probability of one 

event is not 

affected by the 

other event.

This is the general formula 

for the joint probability (or 

probability of intersection) 

of two events.



STATISTICAL INDEPENDENCE: 
MULTIPLE EVENTS

Newbold et al (2013)



STATISTICAL INDEPENDENCE 
EXAMPLE 

Newbold et al (2013)



STATISTICAL INDEPENDENCE 
EXAMPLE: SOLUTION

Newbold et al (2013)



EXERCISE 3.27

Newbold et al (2013)



EXERCISE 3.27:  SOLUTION

 Answer:



PARTITION OF A SET

Example: Suppose we 

have a partition of the 

sample space into 5 sets 

𝐵1, 𝐵2, … , 𝐵5.

A partition divides a set into non-overlapping pieces 

that together include every element of the set.

B2

B5

B1

B3
B4

Sample Space S



THE LAW OF TOTAL PROBABILITY

A
B1

B2
B3

B4
B5

Example: Suppose we 

have a partition of the 

sample space into 5 sets 

𝐵1, 𝐵2, … , 𝐵5.

If we want to find the 

probability of an event 𝐴, 

we apply the Law of 

Total Probability:

Sample Space S



TREE DIAGRAM: THE LAW OF 
TOTAL PROBABILITY

Marginal Probabilities 

B1

B2

B3

B4

B5

A

ഥ𝐀 
A

A
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ഥA 

P(B1)

P(B2)

P(B3)

P(B4)

P(B5)

P(A|B1)

P( ഥ𝐀 |B3)

P(A|B2)

P(A|B3)

P(A|B4)

P(A|B5)

P( ഥ𝐀 |B2)

P( ഥ𝐀 |B4)

P( ഥ𝐀 |B5)

Conditional Probabilities 

If I have a partition 𝐵1, … , 𝐵5and I want to find the probability of 𝐴, I only consider the paths in the tree 

diagram that lead to 𝐴, which is essentially an application of the Law of Total Probability.

P( ഥ𝐀 |B1)

Note: The probabilities must sum 

to 1 because the branches represent 

all mutually exclusive outcomes 

from that node, and one of them 

must occur.

Joint Probabilities 



JOINT AND MARGINAL 
PROBABILITIES: REVIEW

Newbold et al (2013)



BAYES’ THEOREM 

Newbold et al (2013)

The Law of Total Probability 

In Bayes’ theorem, 

the denominator is 

calculated using the 

Law of Total 

Probability.



TREE DIAGRAM: BAYES´THEOREM

Marginal Probabilities 

B1

B2

B3

B4

B5

A

ഥ𝐀 
A

A

A

A

ഥA 

ഥA 

ഥA 

ഥA 

P(B1)

P(B2)

P(B3)

P(B4)

P(B5)

P(A|B1)

P( ഥ𝐀 |B3)
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P( ഥ𝐀 |B2)

P( ഥ𝐀 |B4)

P( ഥ𝐀 |B5)

Conditional Probabilities 

P( ഥ𝐀 |B1)

Joint Probabilities 

Bayes’ Probabilities



CONDITIONAL PROBABILITY VS 
BAYES’ PROBABILITY

• Conditional probability: 

“What is the likelihood of

symptoms if the disease is

present?”

• Bayes’ probability: 

“What is the likelihood of

the disease given the

observed symptoms?”



BAYES’ THEOREM EXAMPLE

Newbold et al (2013)

The Law of Total Probability 



BAYES’ THEOREM EXAMPLE

Newbold et al (2013)

Bayes´ Theorem



EXERCISE 3.83

Newbold et al (2013)



EXERCISE 3.83:  SOLUTION

 Answer:

There is about a 92.3% probability 

that a professor who adopts the book 

had received the advertising material.

The Law of Total Probability 

Bayes´ Theorem



LECTURE 4: DISCRETE 
RANDOM VARIABLES 



RANDOM VARIABLE

Newbold et al (2013)



DISCRETE RANDOM VARIABLE 

Newbold et al (2013)

x = 0, 1, 2

x = 0, 1, 2, 3, 4, 5



CONTINUOUS RANDOM 
VARIABLE 

Newbold et al (2013)



PROBABILITY DISTRIBUTION FUNCTION 
(PDF) FOR DISCRETE RANDOM VARIABLES

Newbold et al (2013)

Note: For discrete random variables, the “Probability Distribution 

Function (PDF)” is more precisely called the Probability Mass 

Function (PMF). The term “PDF” is often used generically, but 

“PMF” is the correct technical expression in this case.



PDF OF A DISCRETE RANDOM VARIABLE: 
TABULAR AND GRAPHICAL REPRESENTATION

x x1 x2 ... xn

f(x)=P(X=x) P(X=x1) P(X=x2) ... P(X=xn)

x 0 1 2

P(X=x) 0.25 0.5 0.25

Example: Discrete PDF – Table and Graph

Table of the PMF (or PDF) of a Discrete Random Variable 𝑋

Values of the 

variable X and 

respective 

probabilities.



PDF FOR A DISCRETE RANDOM 
VARIABLE: OTHER EXAMPLE

Newbold et al (2013)

Discrete PDF – Table 

and Graph



PROPERTIES REQUIRED OF A PDF

Newbold et al (2013)
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Summary



CUMULATIVE PROBABILITY 
FUNCTION (CDF)

Newbold et al (2013)



PDF AND CDF OF A DISCRETE 
RANDOM VARIABLE: EXAMPLE 1

Newbold et al (2013) PDF: f(x) = P(x) = P(X = x) CDF: F(x) = P(X ≤ x)



PDF OF A DISCRETE VARIABLE: 
EXAMPLE 2

Elementos de Estatística e 

Probabilidades II (uevora.pt)

Discrete PDF:  Table and Graph

https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf


CDF OF A DISCRETE 
VARIABLE: EXAMPLE 2

Elementos de Estatística e 

Probabilidades II (uevora.pt)

Discrete CDF:  Table and Graph

https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/10642/1/V.A.%20Discretas.pdf


RELATIONSHIP BETWEEN 
PDF AND CDF

Newbold et al (2013)



PROPERTIES REQUIRED OF A CDF

Newbold et al (2013)



EXPECTED VALUE OF A 
DISCRETE RANDOM VARIABLE 

Newbold et al (2013)

PDF: f(x) = P(x) = P(X = x)



VARIANCE AND STANDARD DEVIATION 
OF A DISCRETE RANDOM VARIABLE

Newbold et al (2013)

König’s Theorem



STANDARD DEVIATION EXAMPLE

Newbold et al (2013)

PDF: P(x) = P(X = x)

E(X) = µ = 1

Expected Value



FUNCTIONS OF RANDOM 
VARIABLES

Newbold et al (2013)

Example: Let 𝑔 𝑋 = 2𝑋

Explanation: Multiply 

each value of 𝑋 by 2, then 

weight by its probability.



LINEAR FUNCTIONS OF 
RANDOM VARIABLES

Newbold et al (2013)

Linear Transformation

Example: Let Y = 3+2𝑋



PROPERTIES OF LINEAR FUNCTIONS 
OF RANDOM VARIABLES 

Newbold et al (2013)

Example: Let a = 2

Example: Let 𝑌 = 3𝑋



EXERCISE 4.16

Newbold et al (2013)



EXERCISE 4.16 A):  SOLUTION

 Answer:

Probability Distribution Function 

(PDF) – shows the probability for 

each number of returns.



EXERCISE 4.16 B):  SOLUTION

 Answer:

Cumulative Distribution Function (CDF) – 

shows the cumulative probability as the 

number of returns increases.



EXERCISE 4.16 C):  SOLUTION

 Answer:



EXERCISE 4.16 D):  SOLUTION

 Answer:



LECTURE 4: BINOMIAL 
DISTRIBUTION



PROBABILITY DISTRIBUTIONS

Newbold et al (2013)

/ Bernoulli

A Bernoulli random variable represents a 

single trial (n = 1) of a Binomial experiment. 

Therefore, the Bernoulli distribution is a particular 

case of the Binomial distribution.



BERNOULLI DISTRIBUTION

x 1 0

P(X=x) p 1 - p

PDF of the Bernoulli Distribution: Table and 

Algebraic Expression

Newbold et al (2013)

The random variable 𝑋 follows a 

Bernoulli distribution with 

parameter 𝑝: X ~ Bernoulli (p)

For a Bernoulli distribution:

• 𝑛 = 1(number of trials) 

• 𝑝 = 𝑃 Success = 𝑃 𝑋 = 1

X – number of successes in a 

single trial (x = 0 or 1)



MEAN AND VARIANCE OF A 
BERNOULLI RANDOM VARIABLE

Newbold et al (2013)

E(X) = p

 Var(X) = p(1 – p)

Summary



BERNOULLI DISTRIBUTION: 
EXAMPLE

X 1 0

P(X=x) 1/6 5/6

PDF of the Bernoulli Distribution: Table and 

Algebraic Expression



COMBINATIONS

Example: Combinations



DEVELOPING THE BINOMIAL 
DISTRIBUTION

Newbold et al (2013)



BINOMIAL DISTRIBUTION: 
CHARACTERISTICS

Newbold et al (2013)

For a Binomial 

Distribution:

•𝑛– Number of trials (fixed)

•Two possible outcomes per

trial: Success or Failure

•𝑝 = P(Success) – Probability

of success (same for each

trial)

•Trials are independent

𝑋– Number of successes in 𝑛
trials, x = 0,1, … , 𝑛



POSSIBLE BINOMIAL 
DISTRIBUTION SETTINGS 

Newbold et al (2013)



PDF OF A BINOMIAL DISTRIBUTION

Newbold et al (2013)

Each Bernoulli trial counts as one 

experiment, while the Binomial counts the 

number of successes in multiple trials.

The random variable 𝑋 follows a 

Binomial distribution with parameters 

n and 𝑝 : X ~ Binomial (n, p)



BINOMIAL DISTRIBUTION: 
EXAMPLE 1

Newbold et al (2013)

X ~ Binomial (4, 0.5)



BINOMIAL DISTRIBUTION: 
EXAMPLE 2

p

q

F

S

p

p

p

p
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pq

q

q

q

q

q

F
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F

S

F

S

S

F

S

F

S

F

(SSS)          p3                3

(SSF)          p2q 2

(SFS)          p2q  2

(SFF)         pq2         1

(FSS)          p2q         2

(FSF)          pq2         1

(FFS)          pq2         1

(FFF) q3          0

S            Prob       X 

S = Success

F = Failure

Example with a Die:

A fair die is rolled 3 times. Let 𝑋 be the 

random variable:

X = number of successes (face 5) in 3 

independent roll of a fair die

• Possible values: x = 0,1,2,3
• Each roll is independent, with 

probability of success (face 5) equal to 

𝑝 =
1

6
.



BINOMIAL DISTRIBUTION: 
EXAMPLE 2

p

q
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(SSS)          p3                3

(SSF)          p2q 2

(SFS)          p2q  2

(SFF)         pq2         1

(FSS)          p2q         2

(FSF)          pq2         1

(FFS)          pq2         1

(FFF) q3          0

S            Prob       X 
S = Success

F = Failure

Binomial Probabilities for 

n = 3 and P(Success) = p = 1/6

Number of 

Successes

Probability

0 q3

1 3pq2

2 3p2q

3 p3

We can express the PMF of a discrete 

random variable either by listing the 

probabilities in a table or by using the 

mathematical formula.

X ~ Binomial (3, 1/6)



SHAPE OF BINOMIAL DISTRIBUTION

Newbold et al (2013)



MEAN AND VARIANCE OF A 
BINOMIAL DISTRIBUTION 

Newbold et al (2013)



BINOMIAL CHARACTERISTICS

Newbold et al (2013)



USING BINOMIAL TABLES

Newbold et al (2013)



HOMEWORK OF LECTURE 4: 
QUESTIONS



EXERCISE 3.25

Newbold et al (2013)



EXERCISE 3.85

Newbold et al (2013)



EXERCISE 4.18

Newbold et al (2013)



EXERCISE 4.33

Newbold et al (2013)



EXERCISE 4.46

Newbold et al (2013)



THANKS!
Questions?
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