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LECTURE 9:LINK INDICES
AND CHAIN INDICES




LINK INDEX (YEAR-TO-YEAR
INDEX)

) Purpose

* To compare each period with the one
immediately before it.

* This index measures short-term changes and avoids
having one fixed base year.

Formula:
It|t—1 = & X 100|} Example:
t-1 Suppose the price of a product was:
(or the same using quantities) ® Year1:4.00
e Year 2:5.00
Where: = 00
I, = 4— x 100 = 125
® p; = price in period t .00

e p; 1 = price in the previous period — Prices increased by 25% from Year 1 to Year 2.




CHAIN INDEX (CHAINED
INDEX)

* To measure the change from a base year (0) to any
later year (t) by multiplying the sequence of link
indices.

* Useful when changing product baskets over time.

Main Formula:

chain __

chain __
It|g — It|t—1 X It—1|t—2 Xoeee X I1|0

Alternative Notation for Chain Indices

| Example (continuing previous data):

Ichain — 7 If: Note:
1|0 1/0 . . S
Note: o Ly =110 The link (moving-base) indices
° chain
N e /' I2|0 — Ly x Iy « Iy —125 are expressed as percentages.
indices are not chain . \
I3|}(l] — _[3|2 X Ig‘l X I1|[) Then:

expressed as
percentages, but as
relative decimals.

: 125
Ighvm =110 x - = 137.
510 0x 0 =1375

Itc‘%ain = Iyy—1 X I;_qj4—9 X -+ X Ijjg| | — From the base year (0) to Year 2, prices increased by 37.5%.




FIXED-BASE AND MOVING-
BASE INDICES

' Fixed-base Index ‘
Ifi:r:ed _ ﬂ

)0

* Compares each period to a single base period (usually Year 0).
* Used to measure long-term trends relative to a constant reference.

x 100

' Moving-base Index ‘ '
t|t—1

* Compares each period to a changing base.
* Useful for analysing short-term fluctuations.

Types of Moving-base Indices

Type

Link Index (indice Elos)

Homologous Index (Indice

Homologo)

Definition

The base is the immediately

previous period (t — 1).

The base is the same period in the

previous year (t — 12).

Purpose

Captures period-to-period

variation.

Used to control for seasonal

patterns.




CHAINED INDEX: FIXED-BASE
OR MOVING-BASE?

, In Silvestre (2007), the distinction is made as follows:

* Chained indices are obtained from link relatives (i.e., moving-base
indices, where each period is compared to the previous one).

* Then, these link indices are multiplied in sequence to show the
accumulated change since a fixed initial period.

* Therefore, even though the calculation uses moving-base indices,
the final result is expressed relative to a fixed initial period. So, a
chained index is considered a fixed-base index, because it shows the
evolution from the initial period t.

Index type Comparison Note

Fixed base Always with £ e.g., Laspeyres, Paasche
Moving base (link Each period witht — 1 e.g. link index
relatives)

Chained index Calculated from link Final result relative to ) — considered

relatives fixed-base




LECTURE 9: BASE CHANGE
AND RECONCILIATION




CHANGING THE BASE OF AN
INDEX

It Lt Ty Iy Tp

’it|0 - = ’ — T — it|b ) ib\O
o g Ip Lp I

Explanation (Notes): l

o ?:t|g — index of period ¢ with original base 0

. . U0
* 1, — index of period £ with new base b L)p = o, 100

.

Lbl0

o ib|0 - index of period b with original base 0

® This formula shows that the index with the original base can be expressed as the

product of the index with the new base and the index of the new base relative to

the original base.

Usage:

e Allows rescaling of index series without recalculating all values from scratch.




CHANGING THE BASE OF AN

INDEX: EXAMPLE

Example: Suppose we have a price series:

Period (t) Price x, Index x, o= (X / x0)*100
0 100 100
I 120 120
2 150 150

We want to change the base from period 0 to period | (b = 1).

Compute it|b using the formula:

U =

0 100

2p|0

¢ ip = 139 - 100 =100
o iy = 120-100 =125

120

Interpretation:
* Now, period | becomes the base (100).
* Period 2 shows a 25% increase relative to period |.




CHANGING THE BASE OF AN
INDEX: EXAMPLE

Example: Suppose we have a price series:

Period (t) Price x, Index x o= (X, / X)*100 | Index x,, = (x./x,)*100
(Base 0) (Base )

0 100 100 83.33

I 120 120 100

2 150 150 125
o ?',t|0 = Index with original base (period 0 = 100)

. ) . Interpretation:
® 141 = Index with new base (period 1 = 1.00) « Now all periods are measured
e Period O relative to new base 1: 7p;; = 29,100 = 83.33 relative to period I. Period 0 is lower
‘ zyg than 100, indicating it was below the

* Period 2 relative to new base 1: 751 = 20,100 = 125 new base.

2100




RECONCILIATION OF INDICES:
BASE UNIFORMIZATION

Base uniformization consists in expressing all index series on the same reference base, so

that they can be compared.

This may occur in two situations:

1. The indices already share the same base, but we want to change to a new common

base.

2. The indices have different bases, so the first step is to convert them to a common

base.




RECONCILIATION OF INDICES:
BASE UNIFORMIZATION

We consider two index series:

* Index A defined for periods 0,1, ..., b, with base 0
¢ Index B defined for periods b,b + 1,...,T, with base b

The goal is to obtain one single index series over the whole period.

PIndexA i Iy By I
Index B Lffb [bBulb [zﬁ'zu) o Ip

Situation 1 — Final Series Expressed in Base b

x 100,

t=0,1,....b

t=b+1,...,T

e Interpretation:

Convert Index A to base b; keep Index B as it already uses base b.

Important Note on “x100”
and “+100”

If indices are recorded as index
numbers, where the base = 100,
— Keep the “x100” and
“+100” in the formulas.

If indices are recorded as simple
ratios (base = I, not 100),

— Remove the “%100”’ and
“+100”’ from both formulas.




RECONCILIATION OF INDICES:
BASE UNIFORMIZATION

We consider two index series:

* Index A defined for periods 0, 1, ..., b, with base 0
¢ Index B defined for periods b,b + 1, ..., T, with base b

The goal is to obtain one single index series over the whole period.

PIndexA Igh Lo Th — hp
Index B Lffb [bBulb [zﬁ'zu) o Ip

Situation 2 — Final Series Expressed in Base 0

Important Note on “x100”
and “+100”

A _
It|{]: t=0,1,... :b If indices are recorded as index
7C — A numbers, where the base = 100,
t|0 I «« ”»
bl0 — Keep the “x100” and

I’ﬁi' 100’ t=b+1,...,T “+100” in the formulas.
If indices are recorded as simple
ratios (base = I, not 100),
— Remove the “x100”’ and

¢ |[nterpretation:

Keep Index A as it is; convert Index B from base b to base 0. “+100” from both formulas.




WHY DIVISION IN CASE | AND
MULTIPLICATION IN CASE 2?

Case 1 — Converting from Base 0 to Base b (Division)

IA
Ify = 7p * 100
B0

We divide because we need to remove the cumulative change from period 0 to period b.

Interpretation:

“To express period t relative to b, we cancel the growth up to b.”

— Changing to a /ater base (0 — b) requires dividing.

Case 2 — Converting from Base b to Base 0 (Multiplication)

A
7B — B ﬁ

We multiply because we need to add the cumulative change from period 0 to period b.

Interpretation:

"To express period t relative to 0, we combine the change from 0—b and b—-t.”

— Changing to an earlier base (b — 0) requires multiplying.




WHY DIVISION IN CASE | AND
MULTIPLICATION IN CASE 2?

Direction of Base Change

From an older base to a more

recent base

From a more recent base to an

older base

Operation

Divide

Multiply

Why @)

Removes the cumulative variation up
tob

Adds the cumulative variation up to
b




RECONCILIATION OF INDICES: BASE
UNIFORMIZATION - EXAMPLE

Suppose we have two index series:

® Index A (base year = 0):
Ij, =100, I{jy =110, I3, =120, I3, =150

® Index B (base year = 3):

Iy =100, Ify =105, I3y =115

We want a single reconciled series overt = 0, ..., 5. l

i
« [
LIRS |



RECONCILIATION OF INDICES: BASE
UNIFORMIZATION - EXAMPLE

Case A — Final series expressed with base = 3

i
Formula To change to a later base
I (older — later): divide by the
o _ )T x 100, t=0,1,2,3 index at the new base (and %100 if
3 310 indices use base-100).
Iy, t=4,5

Reason: converting from an older base (0) to a /ater base (3) requires dividing by the index

at the new base (and re-scaling to 100).

Reason: converting from an older base (0) to a /ater base (3) requires dividing by the index

at the new base (and re-scaling to 100).

Calculation (since I = 150)

* If, = 100/150 x 100 = 66.67

e If; =110/150 x 100 = 73.33

e If, = 120/150 x 100 = 80.00

. 153 = 150/150 x 100 = 100.00
IC"3 = 115 (from B)

[ 15,C 6667 73.33




RECONCILIATION OF INDICES: BASE
UNIFORMIZATION - EXAMPLE

Case B — Final series expressed with base = 0
To change to an earlier base

Formula
(later — older): multiply the
I, t=0,1,2,3 later-base index by the index of the
150 = A reference period expressed in the
I8 x 13”0, t=4,5 older base (and +100 if indices use
base-100).
where b = 3.

Reason: converting from a /ater base (3) back to an earlier base (0) requires multiplying by

the base index I3|0 (and adjusting by 100).

Calculation (since I 30 = — 150)

e Fort=0,1,2,3 keep A:100, 110, 120, 150
e Iy, =105 x 150/100 = 157.50
Iy, = 115 x 150/100 = 172.50

“-“—--

120 157.50 172.50
-




LECTURE 9:TIMES SERIES




TIMES SERIES: INTRODUCTION

Data observed over time

* measurements or values recorded at successive time points.

Observations are collected in time order

* the sequence matters; order affects analysis.

* e.g., stock prices, temperature, monthly sales.

Graphical representation

* often visualized in a time plot (chronogram) to detect patterns.

—L Useful for studying trends, cycles, and temporal patterns

Different from cross-sectional data

* cross-sectional data are collected at a single point in time for different individuals,
firms, or regions, while chronological data track one variable over time.

Note:
* Time is the essential factor in
chronological data, unlike cross-sectional

data where time does not vary.
MY @200 O il YRR e 1 e




OBJECTIVES OF STUDYING
TIME SERIES

! Description

* To summarize and illustrate the behavior of a variable over time.

! Explanation

* To identify the causes behind observed patterns and fluctuations.

) Forecasting

* To predict future values based on past trends.

| Control

* To monitor and manage processes by detecting deviations from expected
behavior.




DEFINITION OF ATIME SERIES

e |et & be avariable observed over time.

® Suppose we collect n observations:

L1y L2y L3y yLp

e Abbreviated notation: {x; }}" ,

Graphical representation: displayed in a time plot (chronogram)




Sales

1600

1550

1500

14501

1400

1350

1300

1250t

1200

TIME SERIES: EXAMPLE

Example:

® Monthly sales of a company over one year:

z1 = 1200, x5 = 1350, =3 = 1280,..., 12 = 1500

Chronogram Interpretation:

Monthly Sales Over One Year + Sales increased from January to February,
then decreased from February to March.
» After that, sales rose steadily until May, followed
by a decline until June.
* From June onwards, sales increased again,
reaching the highest value in November.
* Finally, sales declined in December.

Summary: The monthly sales show a fluctuating
trend with two main growth periods and a peak

Apr May Jun Jul Aug Sep Oct Nov Dec

in November, indicating possible seasonal effects
or promotional impacts.




COMPONENTS AND MODELS
OF ATIME SERIES

Components:
e Additive Model:

e Trend (Ty)
r: =1 + 8t + ¢t + e .

Seasonality (s,)

e Multiplicative Model: ® Cyclical or Oscillatory Movements (c,)

Residual or Irregular Component (e,)

Ty =1 - st -ct - e Notes:

*Trend (T):

e Mixed Models (Silvestre): The long-term movement or general direction of the
time series over a period of time. Shows whether the
series is increasing, decreasing, or stable.
*Seasonality (s;):

Ty — (T;g + Ct) - St + € Regular, repeating patterns within a fixed period, such
as months, quarters, or days. Often linked to calendar
or weather effects.

*Cyclical or Oscillatory Movements (c;):
Medium- to long-term fluctuations that occur
irregularly, often related to economic or business
cycles.

*Residual or Irregular Component (ey):

Random or unpredictable variations that are not
explained by trend, seasonality, or cyclical movements.

1. Typet:

2. Type 2:




COMPONENTS AND MODELS
OF ATIME SERIES

Components:

e Trend (T,
e Seasonality (s,
e Cyclical or Oscillatory Movements (c,)

e Residual or Irreqular Component (e,)

Additive Model:

Assumes that components add together to form the series: ¢y = 1} + 8¢ + ¢ + €4

Multiplicative Model:
Assumes that components multiply together: x; =1} - 8; - ¢; - €4
Mixed Models (Silvestre):
1. Typet: z; = (T} + ¢;) - 8¢ + €; — trend and cycle add, then multiplied by
seasonality, plus residual

. Type2:z; =1, - ¢; - 84 + e; — trend, cycle, and seasonality multiply, plus

residual



COMPONENTS OFATIME
SERIES: TREND

A time series is a variable observed over time (monthly, yearly, daily, etc.).

Example: Monthly sales of a store.

A time series can be decomposed into four main components:

1) Trend (T3})

The long-term movement of the series.

Key question:

“Is the series generally increasing, decreasing, or remaining stable over time?”

e |f sales grow year after year - Upward trend

e |f they decrease - Downward trend

Example:

Year 1: 100 — Year 2: 120 — Year 3: 145 - Year 4: 160

Overall direction = increasing — upward trend.



COMPONENTS OF ATIME
SERIES: SEASONALITY

2) Seasonality (S})

A regular and repeating pattern within a fixed period (usually within each year).

Key question:

“Does the series show a pattern that repeats at the same times each year?”

Examples:

e Higher sales every Christmas
® More restaurant demand every summer

e Higher electricity usage every winter

Mental image:

Small repeating waves always occurring in the same months.




COMPONENTS OF ATIME SERIES:
CYCLE OR OSCILLATORY

‘MOVEMENTS

3) Cycle (C})

Medium-to-long-term fluctuations that do not follow a fixed calendar pattern.
Key question:
"Are there expansions and contractions that happen, but not at regular intervals?”

Examples:

® Economic expansion — recession — recovery — expansion

® Business cycles that last several years

Difference between Seasonality and Cycle

Seasonality Cycle

Repeats on a fixed schedule (e.g., every December) No fixed period; timing varies

Short period (within the year) Long period (several years)




COMPONENTS OF ATIME SERIES:
IRREGULAR OR RESIDUAL

COMPONENT

4) Irregular or Residual Component (E;)

The unpredictable part of the series; random variation.
Includes:

e Unexpected events (strikes, storms, pandemics)
e Measurement errors

e Accidents and non-systematic shocks

Mental image:

Noise that cannot be explained by Trend, Seasonality, or Cycle.




COMPONENTS OF ATIME

SERIES

Summary Table

Component

Trend (1})

Seasonality (S;)

Cycle (Cy)

Residual (E})

Meaning

Long-term direction

Repeating pattern within each

year

Long-term economic

fluctuations

Unpredictable/random variation

Example @)

Sales gradually increase over years

Christmas demand spike every year

Periods of recession and recovery

Strikes, pandemic, shocks




COMPONENTS AND MODELS
OF ATIME SERIES: EXAMPLE

Original Time Series

Seasonal Component
10

=10

2018 2019 2020 2021

2022

2023

Trend Component

|
) Here is a real
o example, already
fully decomposed
= g with trend,
seasonality, and
= residual
components.
110

2018-07 2019-01 2019-07 2020-01 2020-07 2021-01 2021-07 2022-01 2022-07

Residual Component

2018-07 2019-01 2019-07 2020-01 2020-07 2021-01 2021-07 2022-01 2022-07




COMPONENTS AND MODELS
OF ATIME SERIES: EXAMPLE

Original Time Series

Original Series
160
This shows the actual observed values over time.
150+
We can already see:
140+

e A general upward trend
130

® A repeating seasonal pattern (waves)
120}

Trend Component (73) 110}

A smooth long-term movement. 100{

— Here, the trend steadily increases from 100 to about 160. 0 2_“:_ B 0% 022 B
We generated a monthly time series

Seasonal Component (5;) with:

A repeating pattern within each year. * an upward trend

. ) * ayearly seasonal pattern
- Notice that the pattern repeats every 12 months, always with the same shape « <ome random noise

Residual Component (E
P (%) and then applied seasonal

This is what remains after removing Trend and Seasonality: decomposition (additive model).
E=X,—T,— 5 Note:
In this series, no cyclical component is considered, since
- It represents random shocks and unpredictable variation. | €conomic cycles require long time spans and do not follow a

| fixed periodic pattern.Therefore, the decomposition is simplified
,' lto: Xt=Tt+St+Et

e N N




IDENTIFYING THE APPROPRIATE

TIME SERIES MODEL

Feature Observed in the Time
Plot Type of Model

Additive Model
X, =T+ S; + C; + E;

The seasonal fluctuations have

constant amplitude over time

The seasonal fluctuations Multiplicative Model

increase or decrease X, =1;-5;-C - E;
proportionally to the level of the

series

The seasonal fluctuations Mixed Model

increase slightly, but not fully X, — (ﬂ + Ct) . S; + E,

proportionally to the level

Interpretation

Seasonal variations do not depend

on the level of the series.

Seasonal variations are relative to

the level of the series.

Part of the variation is constant, and

part depends on the level of the

series.

Key Guiding Rule

I B

* If the seasonal amplitude stays constant — Additive
* If the seasonal amplitude grows with the trend — Multiplicative
* If the amplitude grows slightly but not proportionally — Mixed
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