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Transportation Problem
and Assignment Problem




Transportation Problems (TP) and Assignment Problems (AP)

» TP and AP are special classes of Linear Programming (LP) problems, notable
for their:

» mathematical properties
» wide range of applications

P Typical applications include:
> transportation planning
> human resource management

> task scheduling
> ..

» They often arise as subproblems within more complex optimization problems.

» Solution algorithms:
> TP: Dantzig's method (adapted simplex)
» AP: Hungarian Algorithm
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Transportation Problem



Transportation Problem (TP) | Example 1 | Problem Description

> A transportation company ships grain (9 in trucks) from 3 silos to 4 mills.

The capacities (in number of trucks) of the silos Sy, So, and S5 are 15, 25, and 10,
respectively:  S; =15 S, =25 S3=10

The demands (in number of trucks) at the mills are 5, 15, 15, and 15, respectively for My, Mo,
Mg, and M4Z M1 =5 M2 =15 M3 =15 M4 =15

The transportation costs per truck (in hundreds of dollars) for the different routes are given as
follows:

| My My Ms; My

Sp | 10 2 20 11
Sy | 12 7 9 20
Ss | 4 14 16 18

» Determine the shipping plan that minimizes total transportation cost.
» Formulate the problem as a Linear Programming (LP) model. -

> Obtain a feasible solution for the problem.
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Transportation Problem (TP)

Determine the quantities of a commodity to be shipped from a set of distribution
centers - the origins (or sources) - to a set of receiving centers - the
destinations - such that the total cost is minimized.

Applications:
» Transportation of products
» Production planning

» Scheduling human resources

a
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Transportation Problem

Given the Data
> m origin points, each with a; (i = 1,...,m) units of a certain product;
> n destination points, each requiring b; (j = 1,...,n) units of the same product;

> ¢;; unit transportation cost between each origin 7 and destination j.

C13
ai bs
az b2
as b1

Determine the transportation plan between origins and destinations with minimal cost.

a
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Balanced Transportation Problem

Assume that, with a; and b; are non-negative, the TP is balanced when

m

n
Yo=Y,
i=1 j=1

that is, the total supply and the total demand are equal,

m n
if Zai > Z b; a destination is created fictitious;

i=1 j=1
m n

if Zai < Z b; a source is created fictitious;
i=1 j=1
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Variants of the Transportation Problem

> total supply > total demand new (dummy) destination

with demand Zal Zb
i=1
Opt. Sol. : part of the suppIy is not transported.

> total supply < total demand: new (dummy) source
n m

with supply Z bj — Z a;
Opt. Sol. : rj):rlt of th:demand is not satisfied.
» in both cases the associated transportation costs (c;;) will be zero
» Infeasible link: corresponding variable is set to zero or assign a huge cost (in a

minimization problem).
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Transportation model: Linear Programming model

Define the decision variables

x;; as the number of units transported from source 7 to destination j,
the LP formulation of the transportation problem (TP) is:

m n

min Z Z CijLij
i=1j=1

s.t.:

n
inj:ai, i=1,...,m
j=1

m
inj:bja jZl,...,TL
=1

272']'20, izl,...,m,jzl,...
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Transportation Problem: Matrix Formulation

Linear programming formulation in matricial form:

min 'z
st. Arxr =10
x>0
Vectors:
» = (11, T1ny T2y - -« Tinn) (flows = decision variables)
» c=(C11,-+,Clns C21y- -+ 5 Cmn) (costs = o.f. coefficients)
> B=(a1,.--,am,b1,...,bp) (supply & demand = RHS)
Matrix A:
> A e ROmm)x(mn) yeal matrix with dimension (m +n) x (mn)
» each column (i,7) is Aijj = €; + €my; <
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Structure of the Constraint Matrix A

General structure:

=
(o=

Where:
» 1 is a row vector of ones (dimension n)
» 0 is a row vector of zeros (dimension n)
» [ is the identity matrix (n x n)

Any basic submatrix of A is triangular

e}
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Example 1

The T.P. has 3 origins and 4 destinations, with

10 x11 + 2212 + 20 213 + 11 294 +
12 291 + 7299 + 9223 + 20 224 +
431 + 14230 + 16 234 + 18 234

min z =

T11
T21
T31

T11
Z12
Z13
T14

++ +

+ 4+ +

T12 + T13 + x4 =15
Too + Toz + Tog =25
T30 + x33 + w34 = 10
To1 + T31 =95
Too + w32 =15
To3 + $33:15
Tog + x34 =15
i=1,....m, j=1,...,n
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Example 1

al = [a;]T =[15 25 10]
vl =[b;]" =[5 15 15 15]

omitting the zeros, the matrix A has the form

1 1 1 1

1 111

1 111

C = ley] =

and

10 2 20 11
12 7

4

9 20
14 16 18

15
25
10

15
15
15

14 / 60



Example 2

MG Auto has three plants in Los Angeles, Detroit, and New Orleans and two major distribution
centers in Denver and Miami. The quarterly capacities of the three plants are 1000, 1500, and
1200 cars, and the demands at the two distribution centers for the same period are 2300 and
1400 cars. Mileage between plants and distribution centers is shown in the table at left.

Distribution Centers

Plants Denver Miami  Capacity
Los Angeles 1027 2342 1000
Detroit 1158 1086 1500
New Orleans 1303 661 1200
Demand 2300 1400 3700

The trucking company in charge of transporting the cars charges 8 cents per mile per car.
Formulate as a linear programming problem to find the transportation plan that minimizes the
total cost.
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Example 2

Transportation cost per car (rounded to the nearest $):

Decision variables:

Distribution Centers

Plants Denver Miami
Los Angeles 82 187
Detroit 92 86
New Orleans 104 52

x;; as the number of cars transported between plant ¢ = 1,2,3 and distribution center j = 1,2,

1 — Los Angeles

with i = ¢ 2 — Detroit

3 — New Orleans

. 1= Denver
’ 77325 Miami
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Example 2

The data of this example can be summarized in the

following table the model is

min 82x11 + 187x12 + 92221+

Distribution Centers +86z22 + 104x31 + 52x32

Plants Denver Miami  Capacity s b

x11 + 12 = 1000
Los Angeles 82 187 1000 x21 + 22 = 1500
Detroit 92 86 1500 x31 + x32 = 1200
New Orleans 104 52 1200

= 2300

Demand 2300 1400 3700 z11 + x21 + T31

T12 + 22 + w32 = 1400

that shows transportation cost per car (rounded to z;; >0, i=1,2,3, j=1,2
the nearest $), the capacity and the demands.

a
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Properties of the Transportation Problem

Assume the TP is balanced.
» The transportation problem has at least one feasible solution which is

a;b; a;b;

i a; by’

Vi, j

» The values of the variables satisfy

0 <z < min{a;, b}, Vi, j

» From the two previous items it follows that

The TP always has an optimal solution.

» When supplies a; (Vi) and demands b; (Vj) are integer values, then any feasible basic
solution has integer values, so does the optimal solution

a
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Properties of the Constraint Matrix A

» Of the m + n constraints, exactly one is redundant.

» The matrix A has rank equal tom +n — 1

» The matrix A is totally unimodular
(the determinant of any square submatrix of A has value 0, 1 or —1)
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Transportation Problem Representation

The data of a transportation problem can be easily represented by the following table,

with m rows and n columns, in addition to the column of a; (supplies) and the row of
b; (demands):

C11 C12 te C1j T Cin ai
C21 C22 e C2j e Con a2
Cil Ci2 T Cij Tt Cin a;
Cml Cm2 - Cmj  Cmn | Om
b by - b - by

a
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Representation and Characterization of a Basis

Let B be a basic submatrix of A. Since A is totally unimodular, we have:
det(B) = £1, det(B™1) ==+1
and all elements of B! are in {0,1,—1}.
Thus, any updated column of the simplex table,
B4,

contains only elements 0,1, or —1. Therefore, each such column can be obtained by
simple addition and subtraction of basic columns.

This property can be visualized in the transportation table through a cycle.
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Cycles in the Transportation Table

In the transportation table, a cycle is a sequence of variables such that:
» each pair of adjacent variables lies in the same row or the same column;
> no set of three or more consecutive variables lies in the same row or column;

> the first and the last variables in the sequence lie in the same row or column.

[ J [ J [ J
.
[ J [ J
° °
(12),(1.4),(3.4),(3.2) (1,1),(1,4),(2,4),(2,6),(4.6),(4,1)

a
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Cycles and Bases

» Any cycle contains an even number of variables.

> Let T be a subset of columns of matrix A. These columns are linearly dependent
if and only if the corresponding variables (or a subset of them) form a cycle.

» A basis can be represented by a spanning tree (a connected graph without cycles)
with at least one cell in each row and each column.

B|B|B|B|B|B B | B
B B|B|B
B B
B B B | B
basis 1 basis 2
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The Dual Problem

Dual formulation:

m n

max Z a;u; + Z bjUj
i=1 j=1

st. u;+v;<c¢j t=1,...,m, j3=1...,n
u;, v free, i=1,....m, j=1,...,n

Complementary slackness conditions:

(Cij—ui—’l)j)l’ij:o, iZl,...,Tﬂ,jZl,...,Tl

Optimality condition:
If we find a pair of feasible solutions for the primal and the dual that satisfy the
complementary slackness conditions, then they are optimal.
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The Simplex Method for the Transportation Problem

1. Determine an initial basic feasible solution.

2. Test the optimality of the current solution.

Compute the reduced costs z;; — ¢;; for each nonbasic variable. If all
zij — ¢;j < 0, then STOP: the solution is optimal. Otherwise, proceed to Step 3.

3. Select the entering and leaving variables.

4. Obtain a new basic feasible solution and return to Step 2.
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Step 1: Obtain an Initial Basic Feasible Solution

How to assign values to exactly m + n — 1 basic variables?
1. Northwest Corner Method (NW)

» Start by making z11 basic and assign it the largest possible value:
r11 = min{al, bl}

This exhausts either supply at source 1 or demand at destination 1.
> If source 1 is exhausted, move down (row 1 is removed). Set

x91 = min{ag, by — x11}
» If destination 1 is exhausted, move right (column 1 is removed). Set
x12 = min{a; — x11, b2}

> Repeat this process until all supplies and demands are satisfied.
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Step 1: Obtain an Initial Basic Feasible Solution

Northwest Corner Method (Remarks)

> At each step of the method, either a source or a destination is exhausted. If a

source is exhausted, move down (same column, next row). If a destination is
exhausted, move right (same row, next column).

» At most, we obtain m + n — 1 positive variables, which do not form a cycle.

If a source and a destination are exhausted simultaneously, assign a zero to the
next variable in the same row or column, and proceed as before.

Drawback: the method does not take the cost matrix into account.

Exercise

5 3 2 100
4 | 2 1 50
[80 ] 30 ] 40
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Step 1: Obtain an Initial Basic Feasible Solution

2. Least Cost Method

3. Vogel’s Approximation Method

Exercise

At each step of the method, select the variable corresponding to the
smallest cost in the cost matrix and make it basic.
Apply this procedure to the previous example.

At each step, select the row or column with the largest penalty, defined
as the difference between the two smallest costs in that row or column.
Then, choose the variable with the minimum cost in that row or column

and make it basic.

8 3 5 9 200
1 7 4 6 700
3 8 2 4 100

[ 250 [ 350 [ 200 [ 200 ||
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Step 2: Optimality Test of the Current Basic Feasible Solution

» Compute the reduced costs z;; — ¢;; for each nonbasic variable.

» If z;; — ¢;; < 0 for all variables, then STOP: the current solution is optimal.
Otherwise, proceed to Step 3.

There are two ways to compute reduced costs.

(Use the example from Vogel's method, but determine the initial basic feasible solution using the Northwest

Corner method.)

a
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Methods for Computing Reduced Costs

1. Stepping-Stone Method
This method is based on the simplex method

» Construct the cycle associated with each nonbasic variable.

» Compute the reduced cost z;; — ¢;; for each nonbasic variable, where

| — Cij = > —(®/ © Cyky) — Cij

Zij
Tk, ko basic variables in cycle
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Methods for Computing Reduced Costs

2. Dantzig’s Method
This method is based on duality results.
» Construct a vector (u,v) that satisfies the complementary
slackness conditions. To do this:
» Build a system of m 4 n — 1 equations: if z;; is a basic variable, then

Ujg +Uj = Cij

» Since one of the m + n constraints of the primal problem is
redundant, the system is underdetermined. Therefore, we fix one dual
variable (e.g., u1 = 0) to obtain a unique solution.

> Solve the resulting system.

» Compute the reduced costs for each nonbasic variable:

Zij = Cij = Ui + Uj — Cij -
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Step 3: Selection of Entering and Leaving Variables

> Select the entering variable: choose x; such that

2kl — Ckl = max{zij — Cij | Zij — Cij > O}

» Construct the cycle associated with the entering variable zy;.

> Select the leaving variable: compute

6 = min{x;; | z;; has a © sign in the cycle of xy;}
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Step 4: Obtain the New Basic Feasible Solution

» Update only the variables in the cycle associated with the entering variable xy;:

— x5 + 0, if x;; hasa @ sign in the cycle
Y x;j — 0, if x;; hasa © sign in the cycle

» The new objective function value is:

Zz =2z — Q(Zkl — Ckl)
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Degeneracy — Perturbation Method

Degeneracy in the transportation problem is common and occurs whenever ties arise
during:
> the construction of an initial basic feasible solution, or

> the selection of the variable to leave the basis.

In case of a tie, the choice can be made arbitrarily. However, there exists a technique
called the perturbation method, which helps identify the variables to be treated as
basic in order to avoid possible cycling.
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Perturbation Method

The perturbation method consists of reformulating the transportation problem into a
new non-degenerate problem by slightly modifying the values of a; and b; as follows:

a; = a; + €, 1=1,....m
b; = b;, j=1,...,n—1
b, = b, + me

where € > 0 is arbitrarily small, so that the obtained solution is very close to the

original one.
Note: An alternative formulation is:

a; = a;, 1=1,...

Ay, = Ay, + NE,

Bj:bj-l-G, j:].,
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Example

Consider the following transportation problem:

4 3 1 6 1 700
1 3 2 1 5 400
2 3 1 2 4 300

| 500 | 200 | 300 | 300 | 100 ||

|

Apply the Northwest Corner Method to obtain an initial basic feasible solution.
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Solving using the Solver of the Excel

- RN TR TR R

B C D E F G H | J
Denver  Miami  supply
Los Angeles 80 215 1000
Detroit 100 108 1500 - Ba |anced
New Orleans 102 68 1200 Groo
demand 2300 1400
L1
Denver  Miami supply
Los Angeles [ = 1000
Detroit 0 = 1500 =SUM(C12:D12)

New Orleans

demand

1

2300

1400

o [T m—] =SUM(C13:D13)

=SUM(C14:D14)

| =sum(c12:c14) =sum(D12:D14) |

=SUMPRODUCT(C4:D6;C12:D14) I
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Solving using the Solver of the Excel

e f

=SUMPRODUCT(C4:D6;C12:D14)

A B < ) E F G

|

2

3 Denver  Miami  supply

4 Los Angeles 80 215 1000

5 Detroit 100 108 1500

6 New Orleans 102 68 1200 3700

7 demand 2300 1400

8 3700

9

10

n Denver  Miami supply
12 Los Angeles [ = 1000
13 Detroit o 1500
i New Orleans 0 1200
15 o o

16 = =
17| demand 2300 1400

18

19
20
21

Solver Parameters

Set Objective: SF$17

To: Omax @ min O value of: 0

B Changing Variable Cells
[scsr2sp814

Subject to the Constraints:

SCST5:SDS15 = SCST7:5D817 » aad
SES12SE814 = SGS12:5G514

Delete
v Load/save.

Make Unconstrained Variables Non-Negative
Select a Solving Method: [ TT—

Solving Method

Select the GRG Nonlinear engine for

elect the LP

Solver St
Simplex engine for linear Solver Problems, and select the Evolutionary engine for Solver

problems that are non-smooth.

Heln

Satve
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Assignment Problem

Given:
» 7 individuals,
> n tasks,

» and ¢;; the cost of assigning individual 7 to task j.

Goal:
Assign each individual to exactly one task so that the total cost of performing all
tasks is minimized.
Applications
> Assign people to tasks;

» Production planning (operations to machines; products to plants)
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Assignment Problem

Let x;; be binary variables indicating whether individual i is assigned to task j:

1, if individual 7 is assigned to task j,
Tij = .
0, otherwise.

Then the Linear Programming formulation of the assignment problem is:

n o n
min E E CijLij

i=1j=1

n
s.t. ZIZ']':L i=1,...,n
Jj=1

n
dwij=1, j=1,...,n
=1

zi;€{0,1}, ij=1,....n <
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Matrix Form

In matrix notation, the assignment problem can be written as:

min c'z
st. Ar=1
Tij € {0, 1}
where:
Xr = (xu, ey TIny L2Ty e v vy xnn)T
C = (611,...,Cln,Cgl,...,Cnn)

1 is a vector of ones with 2n elements

A'is a (2n) x (n?) matrix where each column (i, 5) is aij = €; + enj

a
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Example

Consider a factory with 3 departments:
(Assembly (M), Painting (P), and Packaging (E)),
and 3 candidates (C1, C2, C3).

The assignment costs are given by:

|M P E
Cl|4 5 3
c2|1 4 2
C313 1 5
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Linear Programming Formulation

s.t.

4dx11 + dx12 + 3713 + T21 + 42 + 2293 + 3231 + 32 + S33

r11 +x12 + 113 =1
To1 +x22+x23 =1

31 + 232 + 233 =1

11+ 221 + 31 =1
T12 + T2 +x32 =1

213 +wo3 + 33 =1

l‘ijE{O,l}, 1,7 =1,...
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Properties of the Assignment Problem

» The polytope of the assignment problem has n! extreme points. Each integer
feasible solution corresponds to an assignment, and each assignment corresponds
to an extreme point.

» This is a Linear Programming problem with binary (0-1) variables.

» For each assignment, we select the corresponding variables z;; = 1 as basic
variables, obtaining n basic variables equal to 1. To complete the basis, we need
to include n — 1 additional (degenerate) variables.

» It is a particular case of the transportation problem with m =n and a; = b; = 1.
Therefore, every basic feasible solution is integral.

» Due to its special structure, the integrality constraints can be replaced by simple
non-negativity constraints, i.e. constraints x;; € {0, 1} can be replaced by
constraints x;; > 0, Vi,j =1,...,n. -
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The Dual Problem (of the model with z;; > 0)

n n
max Z u; + Z Vj
i=1 j=1

st. ui+vj<c¢y 1=1,...,n,j=1,...,n

u;,v; free, i=1,...,n,j=1,...,n
Complementary slackness conditions:

(cij—ui—vj):rij:O, i:1,...,n,j:1,...,n
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Optimality via Primal-Dual Feasible Solutions

If we find a pair of feasible solutions for the primal and dual problems that satisfy the
complementary slackness conditions, then both solutions are optimal.

A feasible solution for the dual can be constructed as:

{ai—minjc,'j, i:1,...,n

{}j :mini{cl-j—ﬂi}, ]: 1,...,n

Define z as:
_ 1, ifﬂi+’(7)jfcij:0
Tij5 = i
0, otherwise

If Z is feasible for the primal, then it is an optimal solution, and (u,v) is optimal for
the dual. -

SEC
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Properties

P> The assignment problem is completely determined by its cost matrix.

» In an assignment problem with all nonnegative costs, if there exists a feasible
assignment with zero total cost, then it is an optimal assignment.

Theorem

If we add a constant to every row and/or every column of the cost matrix of an

assignment problem, the resulting problem has the same optimal solution as the
original problem.

a
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How We Use This Result

We use this result in two main ways:

1. If the cost matrix contains negative elements, we add a sufficiently large constant
to ensure all costs become nonnegative.

2. By appropriately choosing the values added to rows and/or columns, we can

introduce zeros into the cost matrix and search for a zero-cost assignment, which
will be optimal.

a
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Key Concepts

» The values subtracted from rows and/or columns can be interpreted as a dual
solution.

» An element (i,7) of the assignment matrix is said to be assigned if the
corresponding variable z;; = 1.

> A feasible solution to the assignment problem is called a complete assignment.

> A complete assignment consists of exactly one assigned zero in each row and each
column.

» An assignment is called maximal if no additional zero assighments can be made
in the matrix.

a
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Key Theorems

Theorem

If k& is the maximum number of assignable zeros, then there exists a set of & lines (rows and/or
columns) that covers all zeros in the matrix, such that no assigned zero lies at the intersection
of two lines.

If K =n, then we have a solution to the problem.

If £ < n, then we introduce additional zeros into the matrix.

Theorem

Assume that the zeros in the cost matrix are covered by k < n lines. Let 6 be the minimum
value among the uncovered elements.

If we subtract 6 from all uncovered rows and add 0 to all covered columns, we obtain a new
cost matrix whose total sum of entries is reduced by 6 n(n — k) compared to the previous
matrix.

The finite convergence of the Hungarian algorithm (Kuhn, 1955/56), which we will now -
describe, follows from the previous theorem. v
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Hungarian Method, Kuhn (1955)

Step 1. Cost matrix reduction: transform the cost matrix so that all entries are
nonnegative and each row and each column contains at least one zero.

1. Subtract from each row of the cost matrix its minimum value.

2. In the resulting matrix, subtract from each column its minimum
value.

a
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Hungarian Method, Kuhn (1955)

Step 2. Zero-cost assignment: construct a maximal assignment using only zeros
in the cost matrix.

1. Draw the minimum number of lines (rows and/or columns) that
cover all zeros in the matrix. Let k be the number of covering lines
(or equivalently, the number of selected assigned zeros).

2. If K =mn, STOP: an optimal assignment has been found, consisting
of n independent zeros (one per row and one per column).

3. If k < n, perform the matrix adjustment step:
3.1 Let 0 be the smallest uncovered element.
3.2 Subtract 0 from all uncovered elements.

3.3 Add 6 to all elements covered by two lines.

3.4 Reconsider all free zeros and return to Step 2. p
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Algorithm Interpretation

At the end of Step 1, an initial feasible solution for the dual problem is obtained as follows:

ﬂi:minjcij, izl,...,n
v; = ming{¢;; —w;i}, j=1,...,n
The corresponding primal solution can also be determined.
Steps 2.1 and 2.2 correspond to the verification of optimality of the solution.

Step 2.3 corresponds to the update of the solution. The dual solution can be updated as
follows:

w; < u; + 6, Vi (uncovered rows)
vj <= v; — 6, Vj (covered columns)
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Example

—| oof Otf

NS

W N =[O

5
Example: 3
2
Step 1
1
31204
214130
516|140
110|0]2

. Row reduction and dual variables

up =2
ug =1
uz = 2
ug =1

of | =

O O | N

Of k| W

N OO

. Column reduction and dual variables

vy =1
vy =0
v3 =0
v4 =0

a
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Example

Step 2

Obtain a primal solution:

The primal solution can be obtained by trying to "assign"one zero in each row and in
each column.

For example, we can assign zeros at positions (1, 3), (2,4), (4, 2)

It is not yet possible to assign n = 4 zeros, and therefore the solution is not yet

optimal.
Alternatively, apply 1 and 2 of Step 2 (see next slide).
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Example

Step 2

3. 3 Determine 6, the smallest value

1. 1 Draw lines over row 4, column 4, ;
among the uncovered elements, i.e.

and column 3.

0 = min{2,2,1,4,4,6} = 1.

212|104
1141310
4161410 4. 4 Update the matrix, the dual
010|102 solution becomes:
2o 3 s (ke
’ U =1+1 v =0
Therefore, a complete assignment uz =2+ 1 v =0—1
has not yet been obtained. ug =1 vy =0-1 -
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The matrix is updated to:

111104
01313]0
315410
00|13

We can assign zeros at positions (1,3), (3,4), (4,2), (2,1).
A complete assignment has been obtained, so the solution is optimal.

Alternatively (at Step 2.1), we could draw lines over row 4, column 4, column 3, and
row 2.

Since 4 lines were drawn, the solution is optimal.
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