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M Every day we face Operations Research problems, such as:

» Determine the fastest route to ISEG.

» Decide where to do the weekly shopping (distance versus prices).

B To formulate these problems, we often need integer variables.



Examples of Operations Research applications

European Journal of Operational Research
Volume 240, Issue 3, 1 February 2015, Pages 718733

ELSEVIER

Decision Support

An optimization framework for the
development of efficient one-way car-sharing
systems

Burak Boyaci * ® 8 &, Konstantinos G. Zografos 5, Nikolas Geroliminis * &

(a) 2017

European Journal of Operational Research
Volume 257, ssue 3, 16 March 2017, Pages 952-1004

ELSEVIER

nnovative Applictions of O
Inventory rebalancing and vehicle routing in
bike sharing systems

). Schuijbroek® @ &, RC. Hampshire ! ® &, W), van Hoeve © 5

(b) 2019

European Journal of Operational Research
Velume 271, lsue 3, 16 December 2018, Pages 1085-1099

ELSEVIER

Innovative Aplicatons of O
Scheduling last-mile deliveries with truck-
based autonomous robots

Nils Boysen** 9 &, Stefan > ® =, FelixWeidinger ! * =

(c) 2020

European Journal of Operational Research
Volume 292, Issue 1, 1 July 2021, Pages 250-275

/.

ELSEVIER

Innovative Applications of OR.
Building disaster preparedness and response
capacity in humanitarian supply chains using
the Social Vulnerability Index

Douglas Alem * 9, =, Hector F. Bonilla-Londono ® &, Ana Paula Barbosa-Povoa © =,

Susana Relvas © &, Deisemara Ferreira ¢ &, Alfredo Moreno ® &

(d) 2023

Figure 1: Awards for innovative OR applications published in the scientific journal

European Journal of Operations Research.
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Introduction

A mixed-integer linear programming problem (MILP) is a linear program-
ming problem in which some variables are required to take integer values.
—> Loss of the divisibility property of LP.

» In an integer linear programming problem (ILP), all variables are re-
quired to take integer values.

» In a binary linear programming problem, all variables are required to
be binary, i.e., to take value 0 or 1.

A combinatorial optimization problem (COP) is a MILP whose feasible
region (FR) is a finite set.

» The optimal solution belongs to a finite set — the FR.
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Figure 2: FR of an LP versus FR of a COP.



Introduction

Examples of combinatorial optimization problems include:

the assignment problem;

the transportation problem;

the lot-sizing problem;

>
>

» the knapsack problem;

>

» the traveling salesman problem; or
>

the vehicle routing problem.



Introduction

How can we solve a combinatorial optimization problem?

» Since the FR is a finite set, we can enumerate all feasible solutions
(FS) and determine the best one. = Enumeration!

B Enumerating the FR of a COP can be very time-consuming.

Which algorithms can we use to determine the optimal solution of a COP?

» Branch-and-bound algorithm

» Gomory cutting-plane algorithm



Outline

Formulations
Classical problems

Formulation of specific conditions
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Knapsack Problem

Given:

e a set of items Z, where item i/ € Z has weight p; and value v;; and

e a knapsack with capacity P;

the Knapsack Problem consists of determining which items should be in-
cluded in the knapsack so as to maximize the total value without exceeding
its capacity.

11



Knapsack Problem: an instance

Consider a knapsack with capacity 10 and a set of six items with the
following characteristics:

Item (i) 1]12(3|4
Weight (p;) | 7
Value (v;) |10 |3 |5 |5 |8 12

Can you give me examples of feasible solutions?

12



Knapsack Problem: formulation

M Variables:

{1, se o item i € Z é escolhido
Xjj =

0, otherwise

M Formulation:

max E ViXi

i€T
subject to: Z pixi < P

ez

x; € {0,1} Viel

13



Knapsack Problem: examples of logical constraints

» Either item 2 or item 3 must be selected
— x+x3>1
» At most 3 items may be selected
— x1+x+x3+xs+ x5+ x5 <3
> If item 2 is selected, then item 4 must also be selected
— x2 < x4
» If item 1 is selected, then item 3 cannot be selected
- x1+x3<1
» If item 1 is selected, at least one additional item must be selected
— x1 <x2+ X3+ x4+ x5 + X6
» If item 1 is selected, items 3 and 4 must also be selected
— x1 <x3and x3 < xg
> If item 2 is selected, neither item 3 nor item 4 may be selected
— x+x3<landx+x <1

14



Lot-Sizing Problem

Given:

e a production line for a single product;
e a planning horizon consisting of a set T of periods;

e the demand d; for the product in period t € T;

the unit production cost p; in period t € T;

the fixed production cost f; in period t € T; and

the cost h; of holding one unit of the product in inventory during
period t € T;

the Lot-Sizing Problem consists of determining how many units to produce
in each period to satisfy demand, taking into account that demand may
be met by units produced in the current period or held in inventory, so as
to minimize total production and inventory costs.

15



Lot-Sizing Problem: an instance

Consider a planning horizon with T = {1,2,3,4} periods. In each period,
the unit production cost is 1 m.u., the fixed production cost is 10 m.u., and
the inventory holding cost is 1 m.u. per unit per period, i.e., py = hy =1
and f; = 10,Vt € T. Demand in each period is shown in the following
table:

Period (t) 11234
Demand (d;) | 7 | 6 | 8 | 4

Can you give me examples of feasible solutions?

16



Lot-Sizing Problem: an instance

B Schematic representation:

Production Production Production Production
period 1 period 2 period 3 period 4
- 2 F 3 F
inventory at the end inventory at the end inventory at the end
of period 1 of period 2 of period 3
d1 do d3 dy

17



Lot-Sizing Problem: formulation

M Variables:

X; : quantity produced in period t € T
s¢ : inventory at the end of period t € T U {0}

{1, if production takes place in period t € T,
Ye =

0, otherwise.

M Formulation:

-
min Z(ft}/t + pexe + hest)
t=1

Se—1+ Xy = di + 5¢ teT
So =

xr < My teT
x> 0,5 >0,y €{0,1} teT

» M, is a sufficiently large constant
18



Lot-Sizing Problem: examples of variable-bound constraints

» If production takes place in period t, the production line must be
operating
— x¢ < My, M is an upper bound on the quantity produced in period t
» If the production capacity in period t is C;
— xt < Geyr
» If production takes place in period t, at least L; units must be pro-
duced

— Xt > Lt)/t (S xr < Mt)/t

19



Traveling Salesman Problem

Given:

e a set of cities N; and

e travel costs between each pair of cities ¢jj, i,j € N : i # j,

the Traveling Salesman Problem consists of determining the minimum-cost
tour that visits each city exactly once.

William Cook lecture on the traveling salesman problem:
https://www.youtube.com/watch?v=5VjphFYQKj8&t=55s [Euro 2019, Dublin]

Website with a traveling salesman problem solver:
https://www.math.uwaterloo.ca/tsp/index.html

20


https://www.youtube.com/watch?v=5VjphFYQKj8&t=55s
https://www.math.uwaterloo.ca/tsp/index.html

Traveling Salesman Problem: an instance

Consider a set of five cities {1,2,3,4,5} with the following travel costs

between them:

1 4
1| - 19
2 - | 14|15 | 11
3 14| - |20 | 1
4119 |15] 20| - 9
512|111 9 -

Can you give me examples of feasible solutions?

21



Traveling Salesman Problem: formulation

B Variables:
{1, if arc (i,j) € A is traversed by the traveling salesman,
53 =

0, otherwise.
u; - position of node i € N\ {1} in the tour.

B Formulation:

min E Cij Xij

(i.j)eA

subject to: ZXJ',' = il vjeN (one arc leaves j)
ieN
ZX"] =1 VjeN (one arc enters j)
ieN

ui+ (IN = 1) < wj+ [N =2 V(i) €A:ij#1
(if arc (7, ) is used, the position of j follows
the position of /)

1<u <|N|-1 vie N\ {1} (bounds on variables u)

x; € {0,1} v(i,j) € A
22



Traveling Salesman Problem: formulation

u3 cannot be simultaneously 5 and 2

4
U5:4 U4:3

(a) Feasible TSP solution. (b) Infeasible TSP solution. 23



Disjunction of constraints

B We have already seen how to formulate some specific conditions:

» Logical constraints

— Examples: incompatible items and a limit on the number of selected
items.

» Quantity bounds

— Examples: quantidades minimas e quantidades maximas.

We now consider how to formulate a disjunction of constraints.

24



Disjunction of constraints: example

Consider the following constraints:

> A:3x1+4x <5
» B:5xg +2x <2

One of these constraints must be satisfied (either constraint A or constraint
B is satisfied).

M Variables:
{1 if constraint A is satisfied
y =

0 if constraint B is satisfied
M Formulation:
3x1+4x <5+ M(1-y)
5x1 +2x <2+ My
y €{0,1}

» M is a sufficiently large constant
25



Disjunction of constraints: general case

Consider the following constraints:
> A alx < bj, fori=1,...,m
At least k of these constraints must be satisfied.
M Variables:
, {1 if constraint A’ is satisfied, fori =1, ..., m
.=

0 otherwise

M Formulation:

ax < b+ M(1-y), i=1,....m
Z%‘Zk

i=1

yi €{0,1}, i=1,....,m

» M is a sufficiently large constant
26



Algorithms for integer programming
Branch-and-bound algorithm

Gomory cutting-plane algorithm

27



Basic concepts: relaxation

Definition: Relaxation

A given problem
(RP)  zR =min{f(x):x€ T CR"}
is a relaxation of

(IP) z=min{c(x): x € X CR"}



Basic concepts: relaxation

If RP is a relaxation of IP, then zf < z.

Proof.

If x* is an optimal solution of IP, then x* € X and z = ¢(x*). Since RP
is a relaxation of IP, we know that X C T and f(x*) < ¢(x*).
Therefore, zR < f(x*) < c(x*) < z. O



(IP) =minz = x1 — 2x2
s.t.:x1 — x>0
x1+2x2 <5
x3 <3

x1,Xx2 > 0 and integer

v(IP)=¢(1,1)=1x1-2x1=-1

x2

3¢ -
+20=5 P
21 D :xp —2xp =|-2
17 °
X1:3
X1—X2:0
X1
1 2 3 4

30



(RL1) = minz = x1 — 2x
s.t.ixy+2x <5
x1 <3
x1,x2 > 0 and integer

Constraint removed:
x1 —xp > 0.

X1

V(RLy) =c(0,2) =1x0—-2x2=—4

31



Basic concepts: relaxation

(i) If relaxation RP is infeasible, then the original problem IP is

infeasible.

(ii) Let x* be an optimal solution of relaxation RP and let
f(x) = c(x),Vx € X. If x* € X, then x* is an optimal solution of IP.

(i) If RP is infeasible, then X = (). Since X C T, the original problem
IP is also infeasible.

(ii) Since x* is an optimal solution of RP and x* € X, we have
z < c(x*) = f(x*) = zR. Since RP is a relaxation of IP, zf < z.
Thus, z = zR, and x* is an optimal solution of IP because

z = c(x*).



Basic concepts: linear relaxation

The linear relaxation of a MILP is obtained by removing the integrality
constraints.

Definition: Relaxation linear

Given the problem

(IP) z=min{c(x): x € X CZ"},
its linear relaxation is

(LPrelaxation) ZHR = min{c(x) : x € X CR"}.

To assess the quality of the linear-relaxation bound, we can use its gap,

defined by

Z—ZLR

gap=——"-—.
zZ



(IP) = z = minx; — 2x2
s.t.ixy —x2 >0
x1+2x2 <5
x1 <3

x1,x2 > 0 and integer

(RLy) = z = minx; — 2x !
s.t.:xg —x2 >0 3
x1+2x2 <5 5
x3 <3
x1,%x2 > 0 1

gap = WI =2 = 66.67%.

1We use the absolute value in the denominator when

x

+20=5 ~
AT 2|2
-7 .
=0
S—x=0
X
1 2 3 4
X2 /
N_o
-
B
+2x0 =H7L -
FO : xq § 2x0 = —2
>
-
o
_-
L -
X1 —x2 =0 X1 =

1 2 3 4
the optimal value is negative.

34



Enumeration algorithms

(ILP) = z = min{c(x) : x € S§}.

General idea: decompose S into “smaller” sets and solve the ILP over
those sets.

Let S=5USU...U S a decomposition of S, and let

zK = min{c(x) : x € Sk}, k € K. Then,

— k
Z= Ir(nel’rg{z 1.



Enumeration algorithms

M If S, is not easier to solve, it can itself be decomposed, i.e.,

SkZSkIUSkZU....

B This process can be repeated until all subproblems are solved. —
Tree search.

B How can S be decomposed into subsets Sy, ..., S¢?
» The sets Sp,..., Sk must form a partition of S.
57
S3 S4
S )

» The simplest approach is to partition S into two subsets, S; and S,.

36



Enumeration algorithms

W Binary variables
Let x; be a binary variable, i.e., x; € {0,1}.
The set S can be partitioned into:
> S1={x€S:x =0}
> S5 ={xeS:x=1}
B Integer variables
Let x; be a variable with a fractional value, i.e., x; = a ¢ Z.
The set S can be partitioned into:
> S1={x€eS:x <|a]}
> S5={xeS:x >[a]}

The sets can be successively decomposed. = Enumeration tree.

37



(P) = max 8x1 + 10x2 + 2x3 + 5x4

s.t.: 2x1 +4x0 +x3+3x4 <5

x1,x2,x3,x4 € {0,1}

Knapsack problem

(P)

2x1 +4x2 +x3 +3x4 <5

xl;g/

(P1)

4x; +x3+3x4 <5

xp =0

(P2)

x3+3x <5
x}=(0,0,1,1)
2Zl=7

xo=1

(P3)

x3+3x <1
x?=(0,1,1,0)
22 =12

\&\:1

(P4)
4x; +x3+3x4 < 3
x2 =0
(Ps)
x3+3x4 <3
x3=0 x3=1
(Pr) (Ps)
3x < 3 3xg < 2
x*=(1,0,0,1)| |x*=(1,0,1,0)
22 =13 z* =10

xo=1

(Ps)

x3+3x < —1

Sy =0 (imp.)

38



Enumeration algorithms

B Each node k is associated with a problem P, and a set Sy, which is the
feasible region of Py.

» If Py is obtained from P; by branching, k is said to be a child of j.
» If Py is obtained from P; through a sequence of branching operations,
k is said to be a descendant of j.
» We have v(P;) < v(Py) for every descendant k of j.
— This relation is valid for minimization problems.
» We have v(P;) > v(Py) for every descendant k of j.

— This relation is valid for maximization problems.

Note: Each time we branch, we add constraints and, consequently, worsen
the optimal value of the subproblems.

39



Enumeration algorithms

B How is z related to the bounds on the values of zk?

Let:

e S=5USU...U Sk a decomposition of S;

o ZF=min{c(x): x € S}, k=1,...,K;

e 7¥ an upper bound on z¥; and

e z¥ a lower bound on z.

Then, z = mink=17m7K{E"} is an upper bound on z, and
z=mink_1k{z"} is a lower bound on z.

40



Enumeration algorithms

B We can use the previous proposition to reduce the size of the enumera-
tion tree.

B A node k can be pruned (not branched) in three situations:

1. the problem is infeasible, S, = 0;
2. the solution obtained is feasible for the original problem P; or

3. it can be proved that Py does not contain the optimal solution (or
solutions better than the best known solution for P).

41



Enumeration algorithms

Minimization problem

Problem P, is infeasible, so there is no need to branch on it. == Pruning
by infeasibility.

42



Enumeration algorithms

Minimization problem

Since the upper and lower bounds of P; are equal (z; = z; = 20), its
optimal value has been obtained and there is no need to branch on it.
= Pruning by optimality.

43



Enumeration algorithm

Minimization problem

The optimal value of P, is at least 21, whereas the optimal value over
S1 is at most 20. Therefore, all solutions obtained from P, will be worse
than those from Py, so P, need not be explored further. = Pruning by
bound.

44



Branch-and-bound algorithm

M It is an enumeration algorithm!
B How should the subproblems be solved?
» Its linear relaxation is solved.
B Notagdo:
(P) = z=min{c(x) : x € X}
(Pr) = zx = min{c(x) : x € Xi}
L List of problems to be solved
Z value of the best known feasible solution — the incumbent.
If no feasible solution has been found, 2 = +oco.
k

2z lower bound on z¥.

We set zK = 400 if Py is infeasible and z¥ = z¥ otherwise.

45



Branch-and-bound algorithm

L+ {P}

R+ 1

2+ tooez+ —

select Py € L
L+« L\ Py

solve the LP relaxation of Py e obter z¥

branch on P

L+ LU {Pkovpkl}

46



(P) = minz =x1 — 2x2

s.t.:x1 —x2 >0
x1+2xp <5
x1 <3

x1,x2 > 0 and integer

Solving the linear relaxation:

XRL:(%,g)e;:%—2><%

+2x =5

1tx1—x2=0

X1 — 2X2 =
R
X1
g 4

a7



X2

X1 S
(P1)
z=-1
A=-1
X1 = 1

N> IN

N

Il
8 Wi

+

(P2

z=-1

H=5=-1
xf=[011)ez=z1=-1
X§:(2,%)672:—1

:X1 = 2X2 W There is no need to branch further from

\3\ P1, since we have already found a feasible
X1 =
X1

solution. We can update the upper bound.
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3

Il
|
e

N> IN

2
S

=il
=-1

Il
N>
Il

I
-

,\",b‘,\",‘ —
Il
|
=

B |

Since the lower bound on P, equals Z, the node can be pruned because it cannot contain
a better optimal solution. All solutions in descendants of P> will have an objective value

greater than or equal to —1.
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Branch-and-bound algorithm

B Branching and search strategies

» How to branch?
— Choose the fractional variable with value o closest to | + 3 in the
linear relaxation (the “most fractional” variable).
— Choose the fractional variable with the smallest index.

» How to select the subproblem?

— Depth-first search.
Choose one of the most recently created problems. — Move quickly
down the search tree in order to find a feasible solution early.

— Best-bound node selection.
Choose the open problem with the smallest value of z*.

50



Branch-and-bound algorithm

» Strategies for reducing the number of nodes in the tree

— Use heuristics to obtain feasible solutions (upper bounds).
— If the objective-function coefficients are integer, z takes only integer
values for feasible solutions. In this case, the lower bounds z¥ can be

replaced by [z*].

— Try to improve the quality of the lower bounds.

B The branch-and-bound algorithm can be used as a heuristicc. = For
example, by stopping the algorithm when a feasible solution is found.

51



Gomory cutting-plane algorithm

Let X C R". A valid inequality for X is an inequality
T1X1 + ... + Toxn < mo (mx < ) that is satisfied by all points in X.



Let X = {(x1,%) €Z% : x1 + x2 < 4,x1 + 2x2 > 2,2x1 + x2 > 2 and xq,x > 0}. =
Gray points in the graph.

The inequality x; + x» < 4.5 is a valid inequality for X.

The inequality 1.25x; + x» < 4.5 is not a valid inequality for X. == The points (3,1)

and (4,0) belong to X and do not satisfy the inequality.
53



Gomory cutting-plane algorithm

Let X C R" and x* ¢ X. A valid inequality for X that is violated by x*
is called a cutting plane.



Let X = {(x1,%) €Z% : x1 + x2 < 4,x1 + 2x2 > 2,2x1 + x2 > 2 and xq,x > 0}. =
Gray points in the graph.

5

The inequality x; + xp > 1.5 is a cutting plane for x* = (%, %) which is the optimal
solution of the linear relaxation of the problem

min{3x1 + 2x : (x1,x2) € X}.

B This is the general idea of the Gomory cutting-plane algorithm. 55



Gomory cutting-plane algorithm

Let

(P) = min{c(x) : x € X},
where X = {x € R" : Ax > b and x; integer, for j € J} and J is a subset

of {1,...,n}.

General idea: solve a sequence of linear relaxations until the solution ob-
tained belongs to X. Each linear relaxation is obtained from the previous
one by adding cutting planes.

56



utting-plane algorithm

Let Xo = {x € R": Ax > b} (X without the integrality constraints).

START

Determine xX, an

optimal solution of min{c(x) : x € Xk}

Xk Xk N{x € R" : ix < mp}
k<« k+1

( . STOP
X7?
€ S | x¥ is an optimal solution of

Determine a valid inequality

for X, mx < m, such that wx¥ > 7o

57



Gomory cutting-plane algorithm

How can cutting planes for the optimal solution of the linear relaxation be determined?

» Gomory cut-generation procedure, which is valid for any MILP

B Gomory cut-generation procedure

Let
(P) = z = min{c(x) : Ax > b, x > 0 and integer}.

Step 1: Solve the linear relaxation of P.
Step 2: Write the system Ax > b in augmented form.

Step 3: Rewrite the system in terms of the basic variables of the optimal solution, i.e.,
x; + ZjeVNB 3jix; = b; for every basic variable x;.

Step 4: The Gomory cut is obtained using the following procedure:

i+ > Epg=b = xi+ > |#lx<bh = xi+ > |5lx<|b]
JjEVNB JjEVNB JjEVNB
= > (53— 3])x > b — |bi]

JjEVNB
58



Gomory cutting-plane algorithm

The Gomory cut is ) ;cyyg(aj — [35])x > b — | bi].



(P) = maxz = 2x1 + x2
s.t.: 3x1 —5x <0
3x1 +5x <15

x1,x2 > 0 and integer

B Solving the linear relaxation of P we obtain x° = (g, %)

60



B Writing the system in augmented form, we obtain:

3x1 —5x+x3=0
3X1+5X2+X4 =55

M The solution in augmented form is x° = (%, %,0,0) and its basic vari-
ables are x1 e xo.

61



B Rewriting the system in terms of the basic variables, we obtain:

3x1 — 5% +x3 =0
3x1 + 5x0 + x4 = 15

< B
5xp — x3 +5x0 + x4 = 15

x=3-1a-1x

— 276 6
1 1 15
X2_EX3+EX4:E

{
=1
=

X1

X3

W=

54, _
3%2

3(%)(2 — %X3) +5x0 + x4 = 15

X1

X2

X1

X2

_5(15 , 1.
=3(% + %

1 1
EXA) —3X3
1 1, 15
106t 0% =10

1 1, _ 5
+5X3+5X4—2

1 1 —
_EX3+ﬁX4_§

Since both E; are fractional, either constraint can be
— We choose the row corresponding to x;.

1 1 5 1 1
(6*0)X3+(670)X4Z(§72) < 6X3+*X42

3]

chosen to generate a Gomory cut.

N | =

6
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B We need to write the cut %X3 + %X4 > L in terms of x; and x» so that it can be

2
represented graphically.

B From the augmented form of P we obtain:

3x1 —5x0+x3 =0 <= x3 = —3x1 + 5x2
3x1 +5x0 4+ x4 =15 <= x4 =15 —3x31 —5xp

B Therefore,

1 1 1 1 1
—x3+ —x4 > 5 < g(—3X1 +5X2)+ 6(15_3)(1 —5X2) >

6 6
3 5 15 3 5 1 12

= — = - — e eX o X D> = X > —— = <2
6X1+6X2+6 6X1 6X2_2 X1 2 6 X1 S

[y

2
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(PY) = maxz =2x; + x

s.t.: 3x1 —5x <0
3x1 +5x <15
x1 <2

Xx1,Xx2 > 0 and integer

M Solving the linear relaxation of P! we obtain x! = (2,% .

4

X2

64



B Writing the system in augmented form, we obtain:

3x1 —bxo+x3 =0
3x1 + 5% + x4 =15

X1+X5:2

B The solution in augmented form is x! = (27%,370,0) and its basic

variables are x1, x> e x3.
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B Rewriting the system in terms of the basic variables, we obtain:

3x1 —5x0 +x3 =0 — _
3x1 +5xp + x4 = 15 ==2 X2:3—%X1—1X4 <~ Xg:%+%X5—lX4

5 5
X1+ x5 =2 X1 =2—Xg —
3(27X5)75(%+%X57%X4)+X3=0 x3+ x4 —bxs =3
=—2 — — X2+%X4—%X5:%

_ x1+ x5 =2

We choose the constraint associated with x, to generate a Gomory cut because it is the
only one with a fractional b;.

ol

1 3 9 1 2
=10 == = (=l >(=-1) < = —X5 >
(5 )xa + ( s ( ))Xs,(5 ) ol
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B From the augmented form of P! we obtain:
{ x1+5x04+ x4 =15 <= x4 =15 —3x1 — 5x»

X1+x5=2 <= xs=2—x1

M Therefore,

5
< x1+x <3

1 2 4 1 2
4+gX52* = 5(1573X175X2)+g(2fxl)2

B We need to write the cut éX4 + %xs > g in terms of x; and x» so that it can be

represented graphically.

(S
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(P?) = maxz =2x; + x
s.t.: 3x1 —5x <0
3x1 +5x2 <15
x1<2
x1+x <3
Xx1,X2 > 0 and integer

B Solving the linear relaxation of P! we obtain x? = (%, %)
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B Writing the system in augmented form, we obtain:
3x1 —bxo+x3=0
3x1 +5x + x4 =15
X1+ x5 =2

X1+ X+ x5 =3

B The solution in augmented form is x*> = (%5,

©l©o

,0, %0, %,0) and its basic

variables are x1, xo, x4 € xs.
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B Rewriting the system in terms of the basic variables, we obtain:

3x1 —5x0 +x3 =0

1 5 15

X1+ gx3+ gx6 =%

3x1 +5x0 + x4 = 15 %X3+X4—%X6:%

< ... — 1 5 1

X1+ x5 =2 7§X3+X57§X6=§
X1 +x2+x =3

1 3] 9
X2 — gX3+ gX6 = 3

Since all b; are fractional, either constraint can be chosen to generate a Gomory cut.
—> We choose the row corresponding to x;.

1 5 15 1 5
==0 - =0 > (= —1) < - —Xg >
% )&+% )%_(8 ) T

oo~
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B We need to write the cut lX3 + gx6 > £ in terms of x; and x» so that it can be

7

8 8

represented graphically.

B From the augmented form of P2 we obtain:

3x1 —5x0+x3 =0 <= x3 = —3x3 +5x
X1+ +x+x=3 < x6=3—x1 —x2

M Therefore,

5 7 1 5
3 g > - = 5(73X1+5X2)+§(37X17X2)Z

|~
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(P3) = maxz=2x 4+ x
s.t.: 3x1 —5x <0
3x1 +5x2 <15
x1<2, x1+x<3
x1 <1
X1,x2 > 0 and integer

B Solving the linear relaxation of P3 we obtain x3 = (1,2). Since x
optimal solution of P. Therefore, z=2x1+4+2=4. — END.

9

is integer, it is an
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Generation of valid inequalities
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Valid inequalities

B One way to make the algorithms presented more efficient is bringing the
feasible region of the LP relaxation closer to the convex hull of the original
problem. == This is achieved by adding valid inequalities that cut off
fractional solutions.

B There are several ways to obtain valid inequalities for a problem.

» Algorithms for generating valid inequalities. == Chvéatal-Gomory
algorithm.

» Valid inequalities based on problem-specific structure. = Families
of valid inequalities.

— Example: Cover inequalities for the knapsack problem.
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hvatal-Gomory algorithm

Let X = PNZ", where P = {x € R" : Ax < b,x > 0}, Ais an m X n matrix with
columns {a1,...,an, e u € RY:

(i) The inequality

is valid for X (u>0e 377 a;x; < b).

(if) The inequality

n

> g )x; < ub

j=1
is valid for X (x > 0).

(iii) The inequality

D lualx; < [ub]
Jj=1

is valid for X (x is integer and, consequently, 3 7, |ua; |x; is integer).
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Let X = {(x1,x) € Z% : 2x1 +3x2 < 9,2x1 + x2 < 5 and x1, x2 > 0}.

AN

5

Consider the following vector of

coefficients u = (%, %)
(1) 7xa+30<9 (x3)
(2 <3 (x3) +

x1+xp <4

Applying the Chvatal-Gomory procedure,
we obtain

x1+ xp < \_%j < x1+x <3.
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Valid inequalities

Theorem

Any valid inequality for X can be obtained by successively applying the
Chvatal-Gomory procedure (starting from the system Ax < b, x >0
and adding the inequalities obtained along the way).
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ies based on problem structure

Consider the general knapsack problem
max{c(x) : x € X},
with
n
X ={x€{0,1}": > ax; < b}.
i=1
Definition

A cover is a subset of items S C N that cannot all fit in the knapsack, i.e.,

Za,- > b.

i€eS

Definition

If S is a cover, a valid inequality — a cover inequality — for the knapsack problem is
> ox<|s|-1.

i€S
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max z = 32x1 + 20x2 + 19x3 + 13x3 + 11x5 + 8xp

s.t.: 12x1 + 9x2 4+ 7x3 + 5x4 + 5x5 + 3x5 < 14
x; € {0,1}, i=1,...,6

» Solving the linear relaxation of the problem (with Solver), we obtain zLPrel>xation —

37.(6). = For binary variables, the constraints x; < 1 must be added to the linear
relaxation.

B Examples of cover inequalities for this instance are:

x1+x2 <1
x1+x3 <1
x1+x <1
X2+ x3+ x4 <2

o> B =

x2 +x3 <1 = Dominates inequality 4.

Adding these valid inequalities to the linear relaxation, we obtain zLPrelaxation™ — 37 4.
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