Prof. Bernardino Adao

Advanced Macroeconomics
Second Exam 2024/25
Part 1

First, write your name on your exam. Second, this part of the exam has two questions.
The second question has multiple sub-questions. The sub-questions build on each other, so
it is important to take your time and get a sub-question right before moving on to the next
one. Third, please be sure to use your time wisely and show your work. Good luck.

1 [6pts.]. Consider a variant of the model of capital covered in class where one must
also use money to acquire capital. Because of this, the cash-in-advance constraint is now
given by

M, > P[C; + X4

To make that analytics easier, assume that depreciation is 100% (i.e. § = 1), so X; = Kyy1.
The model is otherwise unchanged. Assume the utility function:

1
L+’Y

Characterize a balanced growth equilibrium, being careful to explain your work. Derive the
analogs of the fundamental system of equations and discuss how they have changed and the
implications of those changes:

The equations from the original version of the model are reproduced below. The first is
the period 1 resource constraint:

[Z, L) K = Cy + g + 6] K.

The second is our optimal labor condition,

e = : f TP1(1 —Q)Z{T K. (1)

The third is our optimal capital condition,

L{[ﬂa} )

The fourth is our optimal consumption condition,
1= [5\ + /l} .
The fifth is our condition for money which implies that

B
1+7

=

1



The sixth is our price level condition

P =—
t c,

Do not forget to provide the interpretation for the new capital condition.

2. Consider a version of our New Keynesian model. We will assume that the household’s
shopper receives the monetary injection after entering the goods market and the household’s
seller does not know its size when they make their pricing decision. The demand for an

individual’s good is given by
o(%5)
P,

where P (k) is his/her price and P, is the price index. Note that

o () - (28 s

The maximization problem is given by

. E{1m1yw(D(%$ng/a)+ﬁ@@@—v(pc%qﬁ)wg}}
{Ct,Pe(i),Mi11,Bey1}t1 o +6°V (M3, Bs)

subject to
Mt -+ Tt 2 PtCt and
Pz _
Pt(Z)D (#) + [Mt + E - PtC't} + Bt > Mt+1 + tht+1 for t = 1, 2.

) >
A)[2pts.] Derive the first-order condition for setting the price P;(i). Then, using this first-
order condition, making use of the fact that P,(i) = P, since all prices are the same in
equilibrium, and that D (Ptf(i) , Tt> = Z;L;, show that we get that

P
0 =K, {—Bt_lvl (L¢) Ly + MthtLtPt} .

B)[2pts.] Derive the first-order conditions for consumption and money. Remember that

these decisions are taken after all uncertainty of period ¢ is resolved and hence we get our
standard conditions. Assume that preferences over consumption are log, and the cash-in-
advance constraint holds, so

_F_)t _ Mt(l + Tt) 7
ZiLy
Show that you can use all this to derive the following
O—E{—ﬁ@)L+B ! } (3)
= LBy t) Lot 1+ Tt+1)P



To finish deriving an expectational Phillips curve, remember that the realized level of
labor, L; bears the following relationship to the target level of labor L,

(1 + Tt) =
Ly = Ly. 4
T+ (4)
where 7, is the expected level of money growth at date t. If we assume that v(L;) = thl:;

and plug the target level of labor into equation (3), we get an expression for how this target

will respond to the expected growth rate of money. As an approximation this can be taken

to be 5

L=t (5)
L+ T

C)[2pts.] Consider a country that is running a hyperinflation, so 7; is very large. This
country then slows the growth rate of money abruptly. Discuss what you would expect to
have occur under the following scenarios:

1. Expectations gradually adjust down to the new low level because the country has heard
many claims about fighting inflation before.

2. Expectations adjust immediately because the current leader is known to be phobic
about inflation.

Please use in your discussion the conditions, (3) and (4).

In a very interesting study, Thomas Sargent pointed out that at the ends of the four
major hyperinflations that he studied, output and real money demand recovered rapidly.
Under which of these two scenarios would we see this sort of outcome.



Here is the answer to 1
Assume perfect foresight so HH’s problem is choosing sequence {Cy, Ly, My 1, By 1, KHl}f:l
so as to maximize

max 3 B [u(Ch) — v(Ly)] + B2V (My, By, K)

t=1,2
subject to

Mt 2 Pt[Ct + Kt-i—].] and

P, [Z L) K+ [M, — PC)|+ B+ T,
> Mt+1 + tht+1 + PthJrl for all ¢ < 2.

The household’s consumption condition is unchanged
BN (Cy) — Py [N+ ] = 0.
The f.o.c. for L; is unchanged:
—B7 N (L) + w P2 (1 — ) Ly “ K> = 0.
The f.o0.c.s for money and bonds are also unchanged and are given by

—pt + Apr1+ peyr =0

and
— G + per1 = 0.

The condition for choice of capital stock at the end of period has changed
— [t + M) Py + pes1 Pra [Zt+1Lt+1]1ia aKfj:f =0.

We are assuming that both productivity and the money supply grow at constant rates
and normalize initial values to get

Zt - (]' + g>t_17

and
My = (147)"!

Conjecture that capital grows at the same rate as productivity and that labor is constant,
which implies that output will grow at rate g since

Y, = [ZL)' K = Y, =2ZY;

given our normalization of Z; = 1.
We will also conjecture that the cash-in-advance constraint holds as an equality. So,

Mt . Mt (1 +T)

P: P iip—
T O+X, Y, (1+y9)

t—1-
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Note that this condition has changed.
Assuming log utility, our f.o.c. for consumption is

1 M,
t—1 t
— =\ P= A —
g e, [Ae + ] P [tﬂLNt]Yt
So once again, we make a change in variables, setting
- M,
)\t = )\th
_ M,
Mt = MtF-
This gives us
Y, T
511 = [)\t + Nt}

since both output and consumption grow at the same rate. This also indicates that the sum
of our multipliers is invariant, suggesting that again they both are.
The f.o.c. for labor can be written as follows once we substitute for P, and p;

~ﬁt—l Mt

I = iA=L KT

1 1 K\ °
L = gzt LK =g - a) ()

which indicates that labor is going to be constant as assumed.
The f.o.c.’s for money can be written as

- B

_ 7 X 1 }:
i 1Tt [ t+1 T et

5w
1+7C

which is slightly different from what we had before. The f.o.c. for bonds still leads to

g = flig1 = G =

14+7 147

which is exactly what we had before.
Making use of our result for fi, our labor equation becomes

f Y1 Ki\*® g1 K \*
L'Y pr— —_— ]_ —_ —_— = —_— 1 [— —_—
I e A A a9,
Note here that 1/C} is exactly our old Pj, so the labor equation is effectively the same as

before. However, here this does not correspond to 1/P; as in the old model.
The f.o.c. for capital,

~[1e + M) Py + preg1 Pryy [Ze1 Lea] aKpyt = 0.



can be rewritten as follows once we substitute out for prices and make our change-in-variables

~+5\: 1
s 1+7M011+9 Ky

i B B Yil+r {ZMLMT‘“

oY1 +7'a |:Zt+1Lt+1:|1a

a_l+T1+Tal+g& K
BB [z
:1:
I+71+g | K ’

where, we used our prior results for the stationary multipliers, and also the fact that Z; and
K, grow at the same rate and labor is constant.

This implies a lower level of the capital-labor ratio because of the extra 5/(1 + 7) term
relative to one in which the HH did not have to use money to buy capital. Also, the price
level will be lower conditional on K and L because all of output is now being bought with
money.

The expression also has a nice interpretation. There are now two delays associated with
investing. The first is between the period in which the wealth is earned, and the investment
is made. This leads to the same term as in the labor equation and for the same reason, wealth
must be carried over in the form of money for one period . The second term is the standard
capital delay condition coming from waiting one period and having output be higher by the
factor 1 + g.



Here is the answer to 2
A.
The HH objective is given by

P
mcwpl(i)El{ma:BCLMLBlu(C’l) —v (D ( 1_(Z),7-1) /Z1)

1

+ ﬁma:vPQ(i)Ez{maxcz,Mz,BQU(CQ) —v (D (P2_(i),72) /Zz) + }} + ...

P

In a period, the HH first chooses its price P;(i) knowing 7,_; and being able to infer P,
hence E;. Then it finds out 7 and chooses {Cy, M1, B;11} knowing also ¢
Considering only the parts that involve P; in the Lagrangian and ignoring the others

The first-order condition for the price will be

2 { v (D (PlT(li)’ﬁ) /Z1> Zil@P?(i)D (ng)vﬁ)

+1u1<71>p (P%(”,ﬁ) ()P, ap?(l,)D (Pl_@,ﬁ) }Pr{ﬁ} 0

1

Using the expression for the derivative we get:

2{ — <D (P%(f)’ﬁ) /Zl) Zilp (Pj’éf)> pi _Py(i)”?
PllD(z)

77—1> + pa(m) P (0) D (P;(i)> ! Pl(i)l}Pr{ﬁ} =0

+ 7)D
/M(l) ( ) b1

Then, again making use of the fact that (i) P,(i) = P, since all prices are the same in

equilibrium, and (ii) that D (P%(:) , Tt> = Z,;L;, to get that

_ 1
Et{ — B (Ly) Ly P+ (1) Zi Ly + e (74) Z Ly } =0

p—1 p—1

Et(—ﬁt_lvl (L¢) Ly + upZi L P) = 0



The first order condition for consumption is:
Bt_lul(ct) — -Pt [At ‘I— 'ut] = O
and the first order condition for money is:

—te + E( A1 + pega) =0

Replacing these conditions in

Et(_ﬁt_lvl (L¢) Ly + upZi L P) = 0

we get
Ei(—B""' (Lt) Ly + (Mes1 + p1)pZe L ) = 0
and
"c B
Et{ — U/ (Lt> Lt + BMpZtLtpt} =0
P

Assuming preferences on consumption are log and the CIA holds with equality we have:

u(Cin) _ 1
P Mo

Replacing this in the equation with the expectation operator we get

1
0=FE; v (L) Li + B——p¢.
il
Assuming certainty equivalence and assuming that L, is the expected level of labor we can
write (3) as

0=—v (L) Ly + B-—p.
U( t) t /8(1+7tt+1)p

Using the functional form for v we get equation (5)

1/(147)
i |_Pr
t— |7, =
1+ Ti+1
C. Consider equations (4) and (5) :
1 -
t— ( i 7_—t) Lt7
(1 + Tt)



and
1/(1+7)

Bp

Ly = -
1 + Ti+1

If the country leader follows a simple rule for the money growth
T = %t + Et-

The citizens do not know what rule has been followed, and only observe the previous money
growth. Using these series they compute the historical expected money growth rate of 7,
which we denote by 7;. The 7, has been very large until date t*, but the country leader
decides to have a much smaller 7; for ¢ > ¢*. Under scenario 1, the leader is not credible
and 7, drops slowly until it reaches the true expected money growth rate. According to
equations (4) the expected employment L; (and production) will continue to be low for a
long period since 7,41 is expected to continue to be high. According to equation (5) the
actual employment (and production) will be lower than the expected employment because
% < 1. Overtime L; increases as 7; approaches 7;. Under scenario 2 7,1 will adjust
immediately. So according to (4) L; (and expected production) will increase substantially
and immediately. According to equation (5) the actual employment (and production) will
be similar to the expected employment because % will be a value in the neighborhood of
1 as long as the shock ¢; is small.

According to the model, if the citizens believe the countries’ leaders are credible (scenario
2), real money demand and output can recover quickly. Otherwise (scenario 1), the dis-

inflationary process can be slow and costly.



