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LECTURE 9 HOMEWORK: 
QUESTIONS AND SOLUTIONS



EXERCISE 6.32

Newbold et al (2013)



EXERCISE 6.32 A):  SOLUTION

 Answer:



EXERCISE 6.32 B):  SOLUTION

 Answer:



EXERCISE 6.32 C):  SOLUTION

 Answer:

Standard Deviation of ෝ𝒑 



EXERCISE 6.32 D):  SOLUTION

 Answer:

Standard Normal Distribution Table

Central Limit Theorem: If n ≥ 25 then Z = 
 ෝ𝒑− 𝑷

𝑷(𝟏−𝑷)

𝒏

 ~ Normal(0, 1)

Standard Deviation of ෝ𝒑 



EXERCISE 6.48

Newbold et al (2013)



EXERCISE 6.48 A):  SOLUTION

 Answer:

ഥ𝑿 ~ Normal(µ, σ2/n)

Standard Normal Distribution Table

Standard Deviation of ഥ𝑿



EXERCISE 6.48 B):  SOLUTION

 Answer:

Q =
(𝒏−𝟏)𝑺𝟐

𝝈𝟐  ~ 𝝌𝟐
(n-1) 

Alternative Solution:

 P 𝑆2 < 𝑎  = 0.05  P
(𝒏−𝟏)𝑺𝟐

𝝈𝟐 <
𝒏−𝟏 𝒂

𝝈𝟐   = 0.05 

 P 𝑄 <
24×𝒂

𝟏𝟎𝟎
  = 0.05 

Then 
24×𝑎

100
= 𝜒2

0.05;24 = 13.8484  

 a = 100 × 13.8484/ 24 = 57.70

Chi-Square Distribution Table



EXERCISE 6.48 C):  SOLUTION

 Answer:

Q =
(𝒏−𝟏)𝑺𝟐

𝝈𝟐  ~ 𝝌𝟐
(n-1) 

Chi-Square Distribution Table

Alternative Solution:

 P 𝑆2 > 𝑎  = 0.05  P
(𝒏−𝟏)𝑺𝟐

𝝈𝟐 >
𝒏−𝟏 𝒂

𝝈𝟐   = 0.05 

 P 𝑄 <
24×𝒂

𝟏𝟎𝟎
  = 0.95 

Then 
24×𝒂

𝟏𝟎𝟎
= 𝜒2

0.95;24 = 36.4150 

 a = 100 × 36.4150/ 24 = 151.73



EXERCISE 7.13

Newbold et al (2013)



EXERCISE 7.13 A):  SOLUTION

 Answer:

𝐼𝐶 1−𝛼 (µ) = ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛
, ҧ𝑥 + 𝑧

1−
𝛼
2

×
𝜎

𝑛

1-α = 0.80  α = 0.20 

1- α/2 = 0.90

𝑧
1−

𝛼

2
= z0.90 = 1.28155

Z0.90 =1.28155

Z0.90

Standard Normal Distribution Table



EXERCISE 7.13 B):  SOLUTION

 Answer:

𝐼𝐶 1−𝛼 (µ) = ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛
, ҧ𝑥 + 𝑧

1−
𝛼
2

×
𝜎

𝑛

𝑧
1−

𝛼
2

Alternative Solution:

ME = 𝑧
1−

𝛼

2
×

𝜎

𝑛
 = (210.0 – 165.8)/2 = 22.1

Then 𝑧
1−

𝛼

2
×

𝜎

𝑛
 = 22.1  𝑧

1−
𝛼

2
= 22.1 × 𝑛/σ=2.0463

Using Standard Normal DistributionTable: 

𝑧0.979636= 2.0463, then 1 −
𝛼

2
= 0.979636 

 α = 0.04128

1- α = 1-0.04128= 0.95872 (95.87%)

Note:

The margin of error is 

half the width of the 

confidence interval. 



LECTURE 10: ESTIMATORS AND 
CONFIDENCE INTERVALS



CONFIDENCE INTERVALS WE 
WILL CONSIDER

Newbold et al (2013)



CONFIDENCE INTERVAL ESTIMATE 
FOR THE MEAN (𝝈𝟐 KNOWN)

Newbold et al (2013)
Quantile of the standard normal distribution 

corresponding to probability 1- α/2

𝑧
1−

𝛼
2

×
𝜎

𝑛

𝑧
1−

𝛼
2

1 −
𝛼

2

n ≥ 25



CI ESTIMATE FOR THE MEAN (𝝈𝟐 KNOWN): 
CONFIDENCE LIMITS 

Newbold et al (2013)

ҧ𝑥 ± 𝑧
1−

𝛼
2

×
𝜎

𝑛

ҧ𝑥 + 𝑧
1−

𝛼
2

×
𝜎

𝑛

ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛



CI ESTIMATE FOR THE MEAN (𝝈𝟐 
KNOWN): MARGIN OF ERROR

Newbold et al (2013)

𝑧
1−

𝛼
2

×
𝜎

𝑛

𝑧
1−

𝛼
2

×
𝜎

𝑛

Note:

The margin of error is 

half the width of the 

confidence interval. 

Equivalently, the width 

of the interval is twice 

the margin of error.



CI ESTIMATE FOR THE MEAN (𝝈𝟐 KNOWN): 
REDUCING THE MARGIN OF ERROR

Newbold et al (2013)

𝑧
1−

𝛼
2

×
𝜎

𝑛

Note:

The margin of error 

decreases when the 

standard deviation is 

smaller or the sample size 

is larger, and increases when 

the critical value 

(confidence level) is higher.



Z-QUANTILES FOR A 95% 
CONFIDENCE INTERVAL 

Newbold et al (2013)

z0.975 = 1.96 is the quantile of the 

standard normal distribution 

corresponding to a cumulative 

probability of 0.975. 

Z0.975 = 1.96

1-α = 0.95  α = 0.05 

1- α/2 = 0.975

𝑧
1−

𝛼

2
 = z0.975 = 1.96



COMMON LEVELS OF 
CONFIDENCE

Newbold et al (2013)

𝑧
1−

𝛼
2

Note:

•The most commonly used confidence 

levels are 90%, 95%, and 99%.

Quantiles



INTERVALS AND LEVEL OF 
CONFIDENCE

Newbold et al (2013)
Note:

•The confidence level is the probability that 

the interval, not the parameter, contains the 

true population value.



CI ESTIMATE FOR THE 𝝁 
(𝝈𝟐 KNOWN): EXAMPLE

Newbold et al (2013)



CI ESTIMATE FOR THE 
𝝁 (𝝈𝟐 KNOWN): EXAMPLE

ҧ𝑥 ± 𝑧
1−

𝛼
2

×
𝜎

𝑛

n = 11 (sample size)

ҧ𝑥 = 2.20 (sample mean)

σ = 0.35 (population standard 

deviation)

1 – α = 0.95 (confidence level), then 

α = 0.05 and z1-α/2 = z0.975 = 1.96 

(see previous slide)

CI0.95(µ) = (1.9932; 2.4068)

Newbold et al (2013)



EXERCISE 7.14

Newbold et al (2013)



EXERCISE 7.14 A):  SOLUTION

 Answer:

ഥ𝑿 ~ Normal(µ, σ2/n)



EXERCISE 7.14 B):  SOLUTION

 Answer:

Z0.95 = 1.645

Z0.95

1-α = 0.90  α = 0.10 

1- α/2 = 0.95

𝑧
1−

𝛼

2
 = z0.95 = 1.645

ME = 𝑧1−
𝛼

2
×

𝜎

𝑛
 



EXERCISE 7.14 C):  SOLUTION

 Answer:

Z0.99 = 2.3263

1-α = 0.98  α = 0.02 

1- α/2 = 0.99

𝑧
1−

𝛼

2
 = z0.99 = 2.3263

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛
, ҧ𝑥 + 𝑧

1−
𝛼
2

×
𝜎

𝑛

Note:

The margin of error 

decreases when the 

standard deviation is 

smaller or the sample size 

is larger, and increases when 

the critical value 

(confidence level) is higher.



EXERCISE 7.15

Newbold et al (2013)



EXERCISE 7.15 A):  SOLUTION

 Answer:

n = 25 (sample size)

ҧ𝑥 = 2.90 (sample mean)

σ = 0.45 (population standard 

deviation)

1 – α = 0.95 (confidence level), then 

𝑧
1−

𝛼

2
= z0.975 = 1.96 (see previous slide)

Z0.975 = 1.96

Z0.975 × SE

CI95%(µ) = (2.7236, 3.0764)

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛
, ҧ𝑥 + 𝑧

1−
𝛼
2

×
𝜎

𝑛



EXERCISE 7.15 B):  SOLUTION

 Answer:

𝑧
1−

𝛼
2

𝑀𝐸 =  𝑧1−
𝛼

2
×

𝜎

𝑛
  

(2.99 – 2.81)/2 = 𝑧1−
𝛼

2
× 0.45/5  

𝑧1−
𝛼

2
 = 1, then 1 – α/2 = 0.8413  α = 0.3174 

1 – α = 0.6826

Thus, the confidence level is about 68.27%

Note:

•The margin of error is half the 

width of the confidence interval.

CI1-α (µ) = (2.81, 2.99)

Standard Normal Distribution Table

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑧
1−

𝛼
2

×
𝜎

𝑛
, ҧ𝑥 + 𝑧

1−
𝛼
2

×
𝜎

𝑛

n = 25 (sample size)

ҧ𝑥 = 2.90 (sample mean)

σ = 0.45 (population standard 

deviation)

1 – α = 0.95 (confidence level), then 

𝑧
1−

𝛼

2
= z0.975 = 1.96 (see previous slide)



CONFIDENCE INTERVAL ESTIMATION 
FOR THE MEAN (𝝈𝟐 UNKNOWN)

Newbold et al (2013)



CONFIDENCE INTERVAL ESTIMATION 
FOR THE MEAN (𝝈𝟐 UNKNOWN)

Newbold et al (2013)



CONFIDENCE INTERVAL ESTIMATION 
FOR THE MEAN (𝝈𝟐 UNKNOWN)

Newbold et al (2013)

ҧ𝑥 ± 𝑡
1−

𝛼
2;𝑛−1

×
𝑠

𝑛

𝑡
1−

𝛼
2

;𝑛−1

𝑡
1−

𝛼
2

;𝑛−1

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛
, ҧ𝑥 + 𝑡

1−
𝛼
2

;𝑛−1
×

𝑠

𝑛



CI ESTIMATE FOR THE MEAN 

(𝝈𝟐 UNKNOWN): MARGIN OF ERROR

Newbold et al (2013)

ҧ𝑥 ± 𝑡
1−

𝛼
2;𝑛−1

×
𝑠

𝑛

MSE = 𝑡1−
𝛼

2
;𝑛−1 ×

𝑠

𝑛

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛
, ҧ𝑥 + 𝑡

1−
𝛼
2

;𝑛−1
×

𝑠

𝑛



CI ESTIMATE FOR THE 
𝝁 (𝝈𝟐 UNKNOWN): EXAMPLE

Newbold et al (2013)

ҧ𝑥 ± 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛

n = 25 (sample size)

ҧ𝑥 = 50 (sample mean)

s = 8 (sample standard deviation)

1 – α = 0.95 (confidence level), then 

t0.975;24 = 2.0639 (see Student´s table)

𝑡1−
𝛼

2
;𝑛−1 =  𝑡0.975;24 = 2.0639

CI95% (µ) = (46.698, 53.302)

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛
, ҧ𝑥 + 𝑡

1−
𝛼
2

;𝑛−1
×

𝑠

𝑛



EXERCISE 7.28

Newbold et al (2013)



EXERCISE 7.28:  SOLUTION

 Answer:

𝑡0.95;24 = 1.711

n = 25 (sample size)

ҧ𝑥 = 42.740 (sample mean)

s = 4.780 (sample standard deviation)

1 – α = 0.90 (confidence level), 

then t1-α/2; n-1 = t0.95;24 = 1.711 (see 

Student´s table)

Student´s t Distribution Table



EXERCISE 7.28:  SOLUTION

 Answer:

CI90% (µ) = (41.103, 44.377)

𝑀𝐸 = 𝑡0.95;24×SE = 1.711×SE = 1.711×956 = 1636.82

n = 25 (sample size)

ҧ𝑥 = 42.740 (sample mean)

s = 4.780 (sample standard deviation)

1 – α = 0.90 (confidence level), 

then t1-α/2; n-1 = t0.95;24 = 1.711 (see 

Student´s table)

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛
, ҧ𝑥 + 𝑡

1−
𝛼
2

;𝑛−1
×

𝑠

𝑛



CONFIDENCE INTERVAL ESTIMATION 
FOR POPULATION PROPORTION

Newbold et al (2013)



CONFIDENCE INTERVAL ESTIMATION 
FOR POPULATION PROPORTION 

Newbold et al (2013)



CONFIDENCE INTERVALS FOR THE 
POPULATION PROPORTION

Newbold et al (2013)

Z = 
 ෝ𝒑− 𝑷

𝑷(𝟏−𝑷)

𝒏

 ~ Normal(0, 1)



CONFIDENCE INTERVAL ENDPOINTS

Newbold et al (2013)

Ƹ𝑝 ±𝑧
1−

𝛼
2

𝑧
1−

𝛼
2

n ≥ 25

𝐶𝐼 1−𝛼 (𝑝) = Ƹ𝑝 − 𝑧
1−

𝛼
2

×
Ƹ𝑝(𝟏 − Ƹ𝑝)

𝒏
, Ƹ𝑝 + 𝑧

1−
𝛼
2

×
Ƹ𝑝(𝟏 − Ƹ𝑝)

𝒏



CONFIDENCE INTERVALS FOR THE 
POPULATION PROPORTION: EXAMPLE

Newbold et al (2013)



CONFIDENCE INTERVALS FOR THE 
POPULATION PROPORTION: EXAMPLE

Interpretation:

• We are 95% confident that the true proportion of left-handers in 

the population is between 16.51% and 33.49%. 

• Although the interval from 0.1651 to 0.3349 may or may not 

contain the true proportion, 95% of intervals formed from samples 

of size 100 in this manner will contain the true proportion.

Newbold et al (2013)

CI95% (p) = (0.1651, 0.3349)

CI95% (p) = (16.51%, 33.49%)

n = 100 (sample size)

Ƹ𝑝 = 25/100 (sample 

proportion)

1 – α = 0.95 (confidence level), 

then 𝑧
1−

𝛼

2
= z0.975 = 1.96 (see 

Standard Normal Distribution 

Table)



EXERCISE 7.40

Newbold et al (2013)



EXERCISE 7.40:  SOLUTION

 Answer:

CI95% (p) = (0.63, 0.72)

𝐶𝐼 1−𝛼 (𝑝) = Ƹ𝑝 − 𝑧
1−

𝛼
2

×
Ƹ𝑝(𝟏 − Ƹ𝑝)

𝒏
, Ƹ𝑝 + 𝑧

1−
𝛼
2

×
Ƹ𝑝(𝟏 − Ƹ𝑝)

𝒏

n = 300 (sample size)

Ƹ𝑝 = 243/360 (sample proportion)

1 – α = 0.95 (confidence level), 

then 𝑧
1−

𝛼

2
= z0.975 = 1.96 (see 

Standard Normal Distribution 

Table)



ESTIMATION FOR THE POPULATION 
VARIANCE

Newbold et al (2013)



CONFIDENCE INTERVALS FOR THE 
POPULATION VARIANCE 

Newbold et al (2013)



CONFIDENCE INTERVALS FOR THE 
POPULATION VARIANCE

Newbold et al (2013)

Q =
(𝒏−𝟏)𝑺𝟐

𝝈𝟐  ~ 𝝌𝟐
(n-1) 

     Q

𝝌𝟐
n-1,1-α is 

> 𝝌𝟐
n-1,1-α



CONFIDENCE INTERVALS FOR THE 
POPULATION VARIANCE

Newbold et al (2013)

𝐶𝐼 1−𝛼 (σ2) =
(𝑛 − 1)𝑠2

𝜒
1−

𝛼
2

,𝑛−1

2 ,
(𝑛 − 1)𝑠2

𝜒𝛼
2

,𝑛−1

2

χ²(1-α/2, n-1)

χ²(α/2, n-1)



CONFIDENCE INTERVALS FOR THE 
POPULATION VARIANCE: EXAMPLE

Newbold et al (2013)



FINDING THE CHI-SQUARE VALUES

Newbold et al (2013)

n = 17 (sample size)

s = 74 (sample standard deviation)

α = 0.05 (significance level)

1 – α = 0.95 (confidence level)

χ²(0.025, 16)  = 6.91

χ²(0.975, 16)  = 28.85 (see Chi-Square 

Distribution Table)

χ²(1-α/2, n-1) = χ²(0.975, 16)  = 28.85

χ²(α/2, n-1) = χ²(0.025, 16)  = 6.91



CALCULATING THE CONFIDENCE 
LIMITS 

Newbold et al (2013)

CI95% (σ2) = (3037, 12680)

χ²(1-α/2, n-1) χ²(α/2, n-1)

CI95% (σ) = (55.1, 112.6)

𝐶𝐼 1−𝛼 (σ2) =
(𝑛 − 1)𝑠2

𝜒
1−

𝛼
2

,𝑛−1

2 ,
(𝑛 − 1)𝑠2

𝜒𝛼
2

,𝑛−1

2



EXERCISE 7.49

Newbold et al (2013)



EXERCISE 7.49 A):  SOLUTION

 Answer:

CI95% (σ) = (1.73, 3.72)

CI95% (σ2) = (2.99, 13.85)

𝐶𝐼 1−𝛼 (σ2) =
(𝑛 − 1)𝑠2

𝜒
1−

𝛼
2

,𝑛−1

2 ,
(𝑛 − 1)𝑠2

𝜒𝛼
2

,𝑛−1

2



EXERCISE 7.49 B):  SOLUTION

 Answer:

CI99% (σ2) = (2.49, 19.14)



LECTURE 10: HYPOTHESIS 
TESTS



WHAT IS A HYPOTHESIS TEST?

• A hypothesis test is a statistical procedure used to make a 

decision or draw a conclusion about a population parameter, 

based on sample data.

It evaluates whether there is enough evidence to reject a claim 

(the null hypothesis) in favor of an alternative claim (the 

alternative hypothesis), using a test statistic and a significance 

level.



CONSTRUCTION OF A 
HYPOTHESIS TEST

Objectives 
and Data

Conditions of 
Applicability

Hipotheses 
and 

Significance 
Level

Test 
Statistic

P-value / 
Critical 
Value

Decision 
and  

Conclusion



WHAT IS A HYPOTHESIS?

Note:

Different null and alternative 

hypotheses can be considered 

depending on the parameter of 

interest, and the type of test is 

determined accordingly.

Example: The mean weight of this class is 58 kg?



Type I error (α): Rejecting H₀ when H₀ is true.

Type II error (β): Failing to reject H₀ when H₀ is false.

Types of Errors

• The probability that the researcher sets a priori as the threshold to decide whether 
to reject H₀.

• Common significance levels: 1%, 5%, and 10%

Significance Level (0 ≤ α ≤ 1)

Condition Reject H0 Accept H0

H0 is false Correct decision

1-

Incorrect decision 

(Typo II error)



H0 is true Incorrect decision

(Type I error)



Correct decision

1-

Power of a Test

TYPES OF ERRORS VS. 
SIGNIFICANCE LEVEL

Power of a Test:

The power of a test is the 

probability of correctly rejecting 

the null hypothesis (H₀) when it 

is false.

Mathematically, it is given by: 

Power = 1 − 𝛽
where β is the probability of a 

Type II error.



• Left-Tailed Test: RR = ]-∞; z]

• Right-Tailed Test: RR = [z1-; +∞[

• Two-Tailed Test : RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

Rejection Region (RR) or Critical Region (CR): 
The set of values for which H0  is rejected

• Left-Tailed Test: P-value  = P(Z ≤ z0)

• Right-Tailed Test: P-value = P(Z ≥ z0)

• Two-Tailed Test: P-value = P(Z≤ -z0 ou Z ≥ z0) = 2×P(Z ≥ |z0|)

P-value: is the probability of obtaining a test statistic 
at least as extreme as the one  observed, assuming 
that hull hypotesis H0 is true.

REJECTION REGION VS. P-VALUE

Note:

The P-value helps to determine whether the observed data are consistent with H₀:

• A small p-value (typically ≤ α) indicates strong evidence against H₀, so we reject H₀.

• A large p-value (> α) indicates weak evidence against H₀, so we fail to reject H₀.

Note:

If the value of the test statistic

falls within the rejection region, 

then we reject H0 

at the chosen significance level.

Note:

If the p-value is smaller than the

chosen significance level (α), then

we reject H0 at that significance

level.



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN)

, H0: µ ≤ µ0 OR H0: µ ≥ µ0



68

• A parametric hypothesis test for the parameter µ (the population mean) may be:

                                        

   Right-Tailed Test                     

                     

                                                   

   

where µ₀ is the specific numerical value considered in H₀ and H₁.

Two-Tailed Test

H0: µ ≤ µ0

H1: µ > µ0 

 
H0: µ ≥ µ0

H1: µ < µ0 

 

H0: µ = µ0 

H1: µ ≠ µ0  

RR = ]-∞; z]

RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

RR = [z1-; +∞[

TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN)

Left-Tailed Test



EXERCISE 9.11

Newbold et al (2013)



EXERCISE 9.11:  SOLUTION

 Answer:

Left-tailed Test



EXERCISE 9.11:  SOLUTION

 Answer:

/  p-value

Standard Normal Distribution Table

Left-Tailed Test: RR = ]-∞; z] = ]-∞; -1.282]



EXERCISE 9.11:  SOLUTION

 Answer:

Note: 

In the following slides, we will examine 

both the right-tailed and two-tailed 

tests to compare the results.

-1.6 ∈ RR = ]-∞; z] = ]-∞; -1.282]



EXERCISE 9.11:TYPES OF HYPOTHESIS 
TESTS FOR THE MEAN (𝝈𝟐 KNOWN)

 Answer:



EXERCISE 9.11:  RIGHT-TAILED TEST

 Answer: Right-tailed Test

Right-tailed Test

Right-Tailed Test: RR = [z1-; +∞[ = [1.282, +∞[

-1.6 ∉ RR = [1.282, +∞[

z0.9 = 1.282



EXERCISE 9.11:  TWO-TAILED TEST

 Answer: Two-tailed Test

Two-Tailed Test : RR = ] -∞; -z1-/2]U[z1-/2; +∞[

= ] -∞; -1.645]U[1.645; +∞[

-1.6 ∉ RR = ] -∞; -1.645]U[1.645; +∞[



HOMEWORK OF LECTURE 10: 
QUESTIONS



EXERCISE 7.29

Newbold et al (2013)



EXERCISE 7.41

Newbold et al (2013)



EXERCISE 7.50

Newbold et al (2013)



THANKS!
Questions?
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