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Conditional Probability, Total Probability Theorem
and Bayes's Theorem: Exercises



Conditional Probability

Sejam 4 e B acontecimentos associados a mesma experiéncia aleatoria. A probabilidade
condicional de 4 dado que se observou B (ou probabilidade condicional de 4 se B), € o
valor do quociente:

P(4|B)= P Ef(';)B ) com P(B)£0

T  P(ANB) = P(A|B) x P(B).
Da mesma forma, tem-se

P(BMnA4
PBL="ZE  pan ) - P(BiA) <Pl

Além disso, P( 4 [B)=1-P(A|B).

Independent Events
P(AnB) = P(A) X P(B)



Partition

Diz-se que os acontecimentos 4,,4,,.... 4 constituem uma parti¢dao de € se e so se:

— 4.,4,..., 4 sio mutuamente incompativeis, 1sto €,
4 mAj =, i,j=L2,...m i# j;
- 4dudu.wd =Q.




Total Probability Theorem

Se A1, Aa,. ..., An definem uma parti¢ao sobre Q. entdo para qualquer B definido em Q
temos:

P(B)= :ZP[BH]X P(A)-P[BIATxP(A)+P[BIA |<P(A) ...+ P[BIA,]xP(A,)

Se a parti¢do é A, 4, entdo tem-se o caso especial

P(B)=P(B|A)P(A)+P(B| 4)P(4)



Bayes’ Theorem

Se 41, As....., An definem uma particao sobre Q, entao para qualquer B definido em Q
temos:

plAl8]- LLEATPA) _ P(B| 4,)P(4,)
éP[BH]XPW P(B|4)P(4)+...+ P(B|4,)P(4,)

Total Probability Theorem

1=1.2....n.

Quando a parti¢ao de 4 € 4 . tem-se o caso especial

PA|B) = P(B|A)P(4)
P(B|A)P(A)+P(B|A)P(A)




14. The weather forecast says that tomorrow it will rain with probability 0.4. Additionally,
according to the weather forecast, the probability that:

e it will rain tomorrow and the day after is 0.2;

e it will rain tomorrow and it will be cloudy in the day after is 0.1.

a) What is the probability that it will rain the day after tomorrow given that it rains
tomorrow?

b) What is the probability that it will be cloudy the day after tomorrow given that
it rains tomorrow?




Exercise 14 a)
A =3 Tt puims Foworew
R =] Lt raiwe Hu doy afln tomemow f
C =4 Tt 4a c,?cwdly i Me day agEIwwW

P(A) = oy P(A nR) =02

P(A ncC)=o0.1

a)

P(RIA)= PLANR) = .2 =
P(A) o ¢

thor: Pedro Fonseca




Exercise 14 h)




16. A factory uses three machines to produce the same product. Machines A, B and
C produce respectively 40%, 35% and 25% of total production. The percentage of
defective parts produced by each machine are respectively 4%, 2% and 1%. If a piece
is randomly selected from the total production.

a) What is the probability that it is not defective?

b) Knowing that it is defective what is the probability that it has been produced by
machine A7

c) If two pieces are successively removed with replacement from the total production,
what is the probability that one of them be defective and the other not?




)
My=i 7z 7
Mc =)o o
D =]
P(Mp) = 0.4

P(DIMs) = 00Y

Exercise 16

P(Mg)= 0.35

P(D\MB) = O, 02

P(M.)= o.as

P(DIM.)= oo



Exercise 16 a)

a)
S
Mp 2P Mg| D =My nD) V(Mg nD) U(MN D)
F~Z
= P(m, n D)
M P(MBI‘ID)
P(M. N D)
MA UME. UMc: S
Men Mg =@ (i, j=ABCA ity)

My, Mg omd M. an a Janlition of S.
We tom Mhoaforr wne Bt ke of totald feobalility:
P(D) = P(mnd)+Plmgn D)+ P(M. nD) =
= P(Ma) P(DIMA) + P(mg) P(DImg) + P(M I P(DIM:) =
= O.Yrxooyt O35+~002+ OJdS x0o01~

= 0 0J45S

P(D) = 1-P(D) = 1-0.025§5 = 0.924s5

Author: Pedro Fonseca



Exercise 16 h)

b
P(m,ylD) = P(M 0D) = P(Ms) P(D IMA) =
P(D) P(D)
= 0Y xo oy = 062715

0 02F%5S




Exercise 16 ¢)

3o f 2 hornibilities
D D
P(A) = P(D)P(D)+ P(D)P(D) =

= 2P(D)P(D) = 200255 x 09345 =

= 0.04Y9?

(%) P(BJ P(:D) = A x 0,0t?S-L—KO_q'-}'-{S-:o'Olfq:}L
—_,——

Dobakility of owe suciic  erdming
ZD DAJVC;‘BA#N&M mmﬁ ;ﬁb. ‘Q M uthor: Pedro Fonseca




17. In a course of Statistics, students have to complete an exam in two hours. In the set
of students that deliver the exam, 20% of them deliver it before the 2 hours, 50% of
them deliver it on time and the remaining ones after the 2 hours. From the first ones,
70% have positive grade, from the second ones, 50% have positive grade, and, from
the last ones 15% have positive grade.

a) What is the percentage of students that have positive grade?

b) Comment the following sentence: ”in the set of students that have positive grade,
more than half of them have delivered the exam on the regulatory time”.

c) Choose randomly 10 students that have delivered the exam. What is the proba-
bility that 4 of them have delivered it on time?




Exercise 1/

A=} Studont dolivors txom heffo U @ Lo b delivesy om
~ p . /UA%uMMY
k= 7 7 v o bima f Hirns

P(DIA) = 0.7
P(pI1R)=o07¢

P(A) = 0.2
P(R) = o.¢

P(c)=1-02-06 =023 P(D1c) = 01§

A, R avd ¢ ma%m}ﬂ/bb«nag S

A Bl AvRuc = 5

g2
Z ANR = Rac = Anc = P

uthor: Pedro Fonseca



Exercise 17 a)

a)

P(D) = P(A) P(DIA) + P(RB) P(DIA)+ P(c) P(DIc) =

= 0.2 x0.F + 0§x0.F + 03«0 18 = 0O0.4Y3¢%




Exercise 17 h)

AU =) Studed deliven Tu Lxown om Negeladey Lome |

P(AuR|D)= P(Auvn)aDd) =P(AnD)u(BAD)) =
P(D) P(D)

= P(AnD) +pP(RAD) = (AnD)n(BnD) = &
P(RND)

= P(AP(DIA) + P(B) P(DIR) =
P(D) P(D)

0.2+ 0.% + 0.0Ux 085 =0 8946

0.4 § 0.43¥%
A 2
A2 B=(Ave)n D= (AnD)u (BaD)

RarnanK © Simcr AN B = & we Coudd ot auned :
P(AURID) = PCAID)+P(R|D) =

= PLA)P(DIAY + P(B) P(D|R)
P(D) P(D)

uthor: Pedro Fonseca




Exercise 17 c)

e )

fo-4
(“’)O.&““’ (1-0.5) >~ 0O . JQ0FC

/\V—-—_—
a.dm,ﬂmﬁi eﬂ o cegne odhua Y

"; sudant YIM }w&%d on E/%uoganﬂo{ 6
ot didm!£.

[Rinerwial e &M({Z& MMWOM W

fOAl'udwt; W hnone WdﬂQw-Gdd

- Author: Pedro Fonseca



18. Let A and B be two events in the sample space S, such that P(A) # 0 and P(B) # 0.
Prove that if P(A|B) > P(A) then P(B|A) > P(B).




Exercise 18

AcS % c 5

P(A) o0 P(RB)%o

T PAIBR) » PLA)  Hhuw:

P(PAAQI » P(A) & P(AnR) » P(A)P(B)
(R)

T that Care we Lonst:

P(RIA) = P(AnR) » P(A R) = P(R)
P(A) P(A)

GomeLusion :
Tf PCAIB) 7 P(A) than P(BIA)Y P(B), Qe

ALtirraclin®  Aeludion:

PCAIR)Y » P(A) &)

=) P(AnR) » P(A) (=
P(R)

© PCANB) > P(B) & PI(BIA)» PCB) Qe aAuthor Pedro Fonseca




19. At a production process, the produced items are tested for defects. A defective unit is
classified as such with probability 0.9, whereas a correct unit is classified as such with
probability 0.85. Furthermore, 10% of the produced units are defective.

a) Define the events and, by using these events, present all the probabilities men-
tioned in the description of the problem.

b) Compute (i) the probability that a unit is correct and (ii) the probability that a
unit is correct but classified as defective.

c) Compute the conditional probability that a unit is defective, given that it has
been classified as such.




Exercise 19 a)

a )

D= Ty feodunct in dﬂx@-ﬂc}i}o{f

D=7 ’/ 7 et defeciot b= Thy zfr.ﬁac@ucfm comect f
I=47 ” ” dam@du&aﬁﬂoﬁ/o{f

P(ILID) = 0.9 P(p)= o1 P(D)=1-01=o0.

P(T )D)= 0.85 P(TID)=1-0.8T=01%




Exercise 19 h)

(£)  P(D) = 1- P(D)y = 0.9
(u) P(DnAnI)= P(D)P(ITID)=
= P(D)(1-P(TID)) =

= 0.9 (1-0.85) =

Soﬁn.c;fm Aay 0.153.
Shedd be o




Exercise 19 c)

P(DITL) = P(pnz1) = p(IID) P(D)
P(I) P(I)
= 0.9 x 0.1 = o .Y
0.225

V/Bxcmbmdﬁmo.l\msﬂ S
P(IL)= P(TnD) + PCT nD) =

P(DYP(TID)* P(D)P(IID) =

(Il

0.1 x 0.9 + O0.9x 015 = 0.dAF

uthor: Pedro Fonseca



20. Due to an economic downturn, a local factory is forced to lay off workers. The board
of the factory has provided the following information:

e There are 1000 workers: 300 are managers and 700 are non-managers;

e The probability that a worker will be laid off is 0.25;

e The probability that a worker will be laid off given that he/she is a non-manager
is 0.3.

a) Define the events and, by using these events, present all the probabilities men-
tioned in the description of the problem.

b) What is the probability that a worker will be laid off given that he/she is a
manager.

¢) According with the information provided by the board, compute the number of

managers and non-managers that will be laid off and those that will not be laid
off.




Exercise 20 a)

a)
200 /MOmoCy
1000 Welkow 7
\D?.Loo (oW = /Omag s
A =] The woken i laid off
B-:-} ” ~ 7 a (W\amac(j%f
P(A)= 0. ds P(A) = 078
P(R)= 300 - 3_p3 P(R)=7 =073
1000 10 10

PLA | @; ) =0.3 Author: Pedro Fonseca




Exercise 20 b)

P(A) = P(AaB) + P(AAB)®
0.2 = P(R)P(A|B)+ P(R)P(AIR) &
0.2 = 0.3 PAIB)+ O+x03 &

P(AIB) = 0.]15- 0%+03 = O 1(3) .:%?__

©.3




Exercise 20 c)

e) Tetod
Aoid 9# mot Lo 9#
MO Qs 40 2460 300
MeN = rnamag v 210 Y90 ¥ 00
Tolak A50 350 1000

AMaAy ColealoSioms :
+ aé)- Lo 9% = fooo P(A)Y= 1000«0.25 = 250
# of ot daid off = 1000 P(A) = 1000 x0.35 = 30

#‘@‘& Losd o-g%(\’nma%ws=fooo P(ANRY = 1000 P(R)P(A|3)
= 1000 0.3 x & = Yo

uthor: Pedro Fonseca



21. An expert in soil perforation trusts that there is water in a certain region with proba-
bility 0.9. Additionally, from his experience, when there is water, in 75% of the time,
water is not found in the first perforation.

a) What is the probability that water is found in the first perforation?

b) In the event that water is not found in the first perforation, what is the probability
that there is no water in that region? !




Exercise 21 a)
A=) Thew in wats !

P(A) = 09 P(RIA) = 0.75
P(BIA)=1-P(RIA) =0.25

a)

Jﬁdﬂ\d\Uﬁm
PLB) = PCRAA) + P(BnA)

P(A)P(B‘A) 0.9« (1-0.2>5)

Author: Pedro Fonseca

= 0.22¢%




Exercise 21 h)

O . dd S =1 ( G b&dt&w,@,
mo wolin, the frobaklty

)
P(A I RB)= PAPIRIA)) = (1-09)x 1 =
P(B 1- 0. 245

Author: Pedro Fonseca



Exercise 21 a)

Other possible solution, noting that B is a subset of A (I prefer this |
solution to use in the classes):

a )

S

R ¢

\ A
\\\\ B R=AnB=@

P(ANnBR)=PA)P(BIA)

O0.9 x 0.5 =0.328

H@cy




Exercise 21 h)




22. Let A, B, C' and D be four events in the sample space S, such that A, B and ' are a |
partition of the sample space. Show that if

D C BUC = P(D) = P(A) x P(D|A).




Exercise 22

A c5S

2 C9

C ¢ S

D ¢ S

A, B amdl ¢ ant o fontilion of S

e AvRRucC =5
oAﬁB:AAc:Bnc:Ang:(p

A
22 _
//C////”';’ Rucl = A —j

I Dec(Buc) thm
P(D)

1

v

~

>

>

w)
1l

P((B uc) n D)
P(A) P(DIA) uthor: Pedro Fonseca




23. Let A and B be two independent events in the sample space S such that P(A) =

1
3
and P(B) = 3.

a) Compute P(AU B), P(AN B) and P(B|AU B);
b) Show that A and B are independent events.




Exercise 23 a)

A<cS Bcs A 1B

P(A) =L P(r)=2

a) PlAuUBR)= P(A)+P(B)-P(ANR)-=
= P(A)+ P(R)- P(A)P(R) =

= 1432 - 1,3 =
T 9 EX Awxibiany ColewloSiom
:%-&-1_2_ —%=_1-'f_()=g PP(E\JB)
\ V]
P(Ang) = PCAP(R)=1.2 =2 @PEBMAUM%P(G)

P(RIAUR)= PR n(AuR)) = ' Author: Pedro Fonseca




Exercise 23 b)

) W mued to eluek if P(ANT)= PCAIP(E
P(ANR) = P(A)-P(ANR) =

P(A) - P(A)P(B) = P(A)(1- P(B))
P(A)P(R)

P(AABR)




24. Let A, B and C' be three events in the sample space S, such that P(ANBNC) = 0.1,
P(A) = 0.5, P(B|A) = 0.4. Compute the probability P(C|A N B).




Exercise 24

A c S

R c S

C c S

P(ANRNC) = 0.1

P A ) = 0.5 Author: Pedro Fonseca

’P(l A) = o.4

P(clanB) = PHAnB)NnC) =
P(ANB)

= P(ANnNRnNC) = O 1 =
P(A)P(BIA) 0.5+ 0.Y

A
2




25. Let A and B be two independents events in the sample space S. Supposing that
P(AU B) = 0.0208, P(AN B) = 0.0002, P(A) < P(B), find P(A) and P(B).




Exercise 25

AcS RecsS A L R
PlAuR) = 00298

P(AN R) = P(A) P(R)= 0.0002
P(A) < P(R)

P(AuR) = P(A)+ P(R)-P(ANB)
{P(Anrs) P(A) P(B)

=)

I

0.0298 = P(A)Y+ P(R)- 0.000a
0.0002 = P(AYP(R)
P(A) = 0.02 - P(R) ( {
=)
(

=) (=)

=) =

0.03- P(B)) P(R) = 0.o002

=)

uthor: Pedro Fonseca

&) =) B./ecaw P(A)< P(R

=) 2
{— P(R) + 002 P(R)— 00002 =0

P(R)=0.01 v P(R)=0.02




Exercise 25

(-_-J[ =) Recawme P(AI< P(B
P(R)=0.01 v P(RB)= 0.02 <
{P(A) = 0.0% -0.01=002 {P(A)=O.03—0.o,}:o.o1
=) v
P(R) 0. 01 P(R)=0.02
Frraeda 8-9, ™ dﬂ%;wz —Eq-uojb’“-'
ax+ bbx +e = o
~ = - b UK Yae
2 O
P(R) = —0.03 T Vooz®- y(-1)~(-0.0002) =
2(-1)
= — 0.02 1 | coood = - 0031007 &
-2 -X

& P(R) = 002 v P(R)=o004 &=
2

Author: Pedro Fonseca




Exercise 25
Altvonokoe nosslotion:

{o.ooo.? = P(AYP(R)
= (=)

0.02938 = P(A)+ P(R)—0.0002

P(A)= 0.0002
P( [3)

=) =

=)
{o.ogqg = 0.0002 + P(R)- 0.000R
P(B)

|
of

00298 P(R) = 0.0002 + P(R) - 0.0002 P(R)

=

T

=)
{P(B)J- 0.03 P(R) + ©.006l = O

—

Doold = O0.041
©.02

P(B) = 0.02

{P(B):O.o.l v P(R)=0.0T1
{P(A)=°-0002 = 0.01 [P(A):
v
P(R)

uthor: Pedro Fonseca



Exercise 25

P(R) = 0031\ (-002)* - 4(1)(0.0004) =
2(1)
2 X

P(R) =002 v P(R) =001

Author: Pedro Fonseca
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