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EXERCISE 43

> .
The fuel consumption (in liters per 100 km) of cars from brands A and B are independent random variables:

Xl NN(,U,:[: 1.8,0’1 221), XQNN(#QZ'?.?,O'Q:S.I)

A potential buyer observes two independent random samples of n; = ns = 25 cars from each brand, and

chooses the car with the lower sample mean.

Question: What is the probability that the buyer chooses a car from brand A?

Murteira et al (2015), Chapter 6




EXERCISE 43: SOLUTION

Step 1: Define the difference of sample means
Let:

I ‘ Answer: D=X;—-X;

e |fD > 0,then X] < Xg - brand A has lower average consumption — buyer chooses

Since X; and X, are independent and normally distributed:
2
D ~ N(P—"D:JD)
where

plD:)USg—,U.IZPTT—lS:E)g

cr% arg 2.12 5.12
op =4/ 4+ =2 =

g o 25 25

Step 2: Compute standard deviation of the difference

cr% 4.41 cr% B 26.01

=0.1764, — ~ 1.0404

ny 25 N9 )

op = v/0.1764 + 1.0404 = /1.2168 ~ 1.103




EXERCISE 43: SOLUTION

I ‘ Answer:

Step 3: Compute probability
The buyer chooses brand A if }:’1 < )_(2, ie.,

P(buy brand A) = P(D > 0)

Standardize to Z:

0—pp 0-59

7 — —
ap 1.103

~ —5.35

P(D >0)=P(Z > —-5.35) ~ 1

Answer

P(buy brand A) ~ 1 (or 100%)

Interpretation:

Even considering sample variability, the probability is essentially 100% that the buyer will choose brand A

because its average consumption is much lower.



EXERCISE 46 A)

Consider two populations with independent random variables X and Y, both normally distributed:

E(X)=20, E(Y)=22, Var(X)=Var(Y)=16

Two independent random samples are taken:

e Sample from X:nqy =9
e Sample from Y:n2 = 16

Question: What is the probability that the sample mean of Y exceeds the sample mean of X by more than 3

units?

Murteira et al (2015), Chapter




EXERCISE 46 A): SOLUTION

I | Answer:

Step 1: Define the difference of sample means
Let

e We are asked for P(D > 3).

Since X and Y are independent and normally distributed:
D ~ N(ﬂ'ﬂ: O-,?J)
where

pp =E(Y) - E(X)=22—-20=2

ni no 9 ™ 16

o \/Var(X) L Var(¥) _ /1616




EXERCISE 46 A): SOLUTION

Step 2: Compute the standard deviation

16 16
— =~ 1.7T7 — =1
9 7778, 16
op = V1.T7T78 + 1 = V2.7778 ~ 1.6667
Answer:

Step 3: Standardize to Z

3—pup 3—-2

Z = =
op 1.6667

~ 0.60

Step 4: Compute probability
P(D > 3) = P(Z > 0.60)
From the standard normal table:

P(Z > 0.60) ~ 0.274

Answer

P(Y — X > 3) ~ 0.274 (or 27.4%)

Interpretation:
There is roughly a 27% chance that the sample mean of the second population exceeds the first by more

than 3 units, given the sample sizes and population variances.



EXERCISE |1: UNKNOWN AND
EQUAL VARIANCES

A nutritionist wants to compare the average daily calorie intake of two groups of students following

different diets.
Group A: 15 students, sample standard deviation S5 = 120 kcal

e Group B: 18 students, sample standard deviation Sg = 110 kcal

Assume that caloric intake in both groups follows a normal distribution and that the population variances are
unknown but equal.

During the study, the observed difference in sample means is

Xg — X4 = 150 keal.

Question:
What is the probability of observing a difference in sample means greater than 150 kcal, assuming that

the true difference in population means is zero?



https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf

EXERCISE I: SOLUTION

Given:
I l A e GroupA:ny = 15, 54 = 120 kcal
RS e GroupB:ng = 18, Sgp = 110 kcal

e Observed difference in sample means: Y — X = 150 keal

e Population variances unknown but equal, assume normality

Step 1: Compute pooled standard deviation

(na—1)8% + (ng — 1)S}

2 =
P(XB—)_(A>15U‘,U,B—;LA:0)F P ng+npg—2
P 15+ 18 — 2 N 31

14 - 14400 = 201,600, 17-12100 = 205,700

g2 _ 201,600 + 205,700 407,300

~ 13,145.16

p 31 31

S, ~ 1/13,145.16 ~ 114.7 kcal




EXERCISE I: SOLUTION

Given:
I | A e GroupA:ny = 15, 54 = 120 kcal
RS e GroupB:ng = 18, Sgp = 110 kcal

e Observed difference in sample means: Y — X = 150 keal

e Population variances unknown but equal, assume normality

Step 2: Compute standard error

1 1 1 1
E =Sy — + — = 11474/ — + —
S Sp nA+nB 7 15+18

1 1
15 g = 0-0667 +0.0556 = 0.1223

SE ~ 114.7 - v0.1223 = 114.7 - 0.3497 =~ 40.1

Step 3: Compute t-value 401

observed differenc

- SE

v=ng+ng—2=231



EXERCISE I: SOLUTION

Given:
| ‘ A e GroupA:ny = 15, 54 = 120 kcal
RS e GroupB:ng = 18, Sgp = 110 kcal

e Observed difference in sample means: Y — X = 150 keal

e Population variances unknown but equal, assume normality

P(Xp — X4 > 150) = P(T3; > 3.74)

Zonsultando a t de Student (ou usando software):




EXERCISE 2: UNKNOWN AND
UNEQUAL VARIANCES

A quality control engineer wants to compare the average processing time (minutes) for two different

machines.

e Machine X: 12 samples, sample standard deviation Sx = 4.5 min

e Machine Y: 10 samples, sample standard deviation Sy = 6.2 min

The observed difference in sample means is 3 minutes (Machine Y — Machine X).

Assume normality but that the variances are unknown and may be different.

Question:What is the probability of observing a sample mean difference greater
than 3, assuming that the true difference in population means is zero?



https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf

EXERCISE 2: SOLUTION

Given:
Answer: e Machine X:ny = 12, Sx = 4.5 min

e Machine Y: ny = 10, Sy = 6.2 min

e Observed difference in sample means: Y — X =3 min

Population variances unknown and possibly unequal

Step 1: Compute standard error (Welch’s formula)

_ _ /82  S2 4.52  6.22
P _ ) — — E =4 2X L ZY =
(Y —X > 3| ps—pa 0)| 5 nx | ny 12 10

T ———
4.5% _20.25 6.22  38.44

E = ? ~ 1-68705 W = 1—0 ~ 3-844

SE = +/1.6875 + 3.844 = v/5.5315 ~ 2.35 min

Step 2: Compute t-value

observed difference — () 3

SE




EXERCISE 2: SOLUTION

I Answer: Given:

e Machine X:ny = 12, Sx = 4.5 min
e Machine Y: ny = 10, Sy = 6.2 min

e Observed difference in sample means: Y — X =3 min

Population variances unknown and possibly unequal

Step 3: Compute approximate degrees of freedom (Welch-Satterthwaite)

af — (S%/nx + S%/ny)?
 (Si/nx)? | (S3/ny)?
nx—1 ny—1

S% /nx = 1.6875, St /ny = 3.844

numerator = (1.6875 + 3.844)% = 5.5315% ~ 30.61

1.6875% ~ 3.844%  2.849 | 4T

~ 0.2 1.641 =~ 1.
1 + 9 T 0.259 + 1.6 90

denominator =

.61
df ~ % ~ 16.1 ~ 16 (rounded down)




EXERCISE 2: SOLUTION

I lAnswer: Given:

Machine X:nxy = 12, Sy = 4.5 min
e Machine Y: ny = 10, Sy = 6.2 min

e Observed difference in sample means: Y — X = 3 min

Population variances unknown and possibly unequal

P(Y —X > 3| ps—pa=0)

A 4

P(Tys > 1.277) ~ 0.11




EXERCISE 3: KNOWN AND
UNKNOWN VARIANCES

An exhaustive study was carried out in two poultry farms, Nitrofrango and Frangosao, and it was found that
the average development time of a chicken was 38 days in the first farm and 42 days in the second farm. It is

reasonable to assume that the distributions are normal.

A random sample of 25 chickens was collected from the Nitrofrango farm and 20 chickens from the

Frangosao farm.

a) What is the probability that the sample mean development time is higher in the Nitrofrango farm than in

the Frangosao farm, given that:
i. The population standard deviations are known and equal to 6 and 5 days, respectively?

il. The observed sample standard deviations were 6 and 5 days, respectively? (Assume unequal population

variances.)

b) Comment on the differences obtained in part (a).

ProbabilidadesEstatistica 2019, Ex. I page 143 :



https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf

EXERCISE 3A) I: SOLUTION

CJ Answer: a.i) Population standard deviations known
Let: Given:
* Nitrofrango (1): * o = 6
H1 = 38, n = 25
* Frangosao (2): ® g9 = 5

po2 =42, ng = 20 .. . .
The standard deviation of the difference of sample means is:
We want to compute:

P(X1>X2)=P(X1*X2>0) ] 2 36 25
oxx, = | L+ 2 = = V1441 1.25 = v2.69 ~ 1.64

The expected difference is: nq n9 . % + 20

#1_#2:38—42:—4

Standardizing:

_0—(-4)
164

A~ 2.44

Thus,

P(X, > X,) = P(Z > 2.44) ~ 0.0073

[ Probability = 0.73%




EXERCISE 3 A) lIl: SOLUTION

a.ii) Population standard deviations unknown (unequal variances)

Given sample standard deviations:

[ ] = 6 i
I l Answer: 51
e s59=25

Let: . .
€ The estimated standard error is the same;
* Nitrofrango (1):
H1 = 38, n = 25 > 2
* Frangosao (2): S 5
= 42,0y =20 SE =4/ 2L+ 2 =269~ 1.64
p2 = 42,n2 = ni na

We want to compute:

P(X, > X2) = P(X1 — X2 > 0) We now use a t distribution with Welch-Satterthwaite degrees of freedom:

The expected difference is: (2.69) 2

1417 | (1) °
32 T 19

43

#1_#2:38—42:—4

Test statistic:

4

Thus,

P(X; > X5) = P(Ty3 > 2.44) ~ 0.009

[ Probability ~ 0.9%



EXERCISE 3 B): SOLUTION

I | Answer:

b) Comment on the results

In both cases, the probability that the sample mean development time is higher in Nitrofrango than in

Frangosao is very small (below 1%).

e Knowing the population standard deviations leads to a slightly smaller probability, due to reduced

uncertainty.
When standard deviations are estimated from the samples, the probability increases marginally because

of the additional variability introduced by estimation.

# Conclusion:
Regardless of whether the variances are known or estimated, it is highly unlikely that the average

development time in Nitrofrango exceeds that of Frangosao, which is consistent with the fact that the true

mean in Nitrofrango is 4 days lower.
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