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EXERCISE 8.23

g
= & @ -

8.23 A random sample of 100 men contained 61 in favor
of a state constitutional amendment to retard the rate
of growth of property taxes. An independent random
sample of 100 women contained 54 in favor of this
amendment. A confidence interval extending from
0.04 to 0.10 was calculated for the difference between
the population proportions. Determine the confidence
level of this interval.




EXERCISE 8.23: SOLUTION

I ‘ Answer:

Let
p1 = population proportion of men in favor

P2 = population proportion of women in favor

From the samples:

61 54
b= —— —0.61, Po= —— —0.54
P1= 700 P2= J00

The point estimate of the difference is:

p1 — pa = 0.61 — 0.54 = 0.07

The given confidence interval is:

(0.04, 0.10)

Step 1: Margin of error
The margin of error is half the length of the interval:

~ 0.10 - 0.04
N 2

=0.03

ME




EXERCISE 8.23: SOLUTION

I | Answer:

Step 2: Standard error

For two population proportions:

SE — \/ﬁl(l — p1) + D2(1 — po)

ni na

= +/0.002379 + 0.002484 = v/0.004863 =~ 0.0697

0.61(0.39) 054{]46)
SE = \/ 100 100

Step 3: Critical value
ME 0.03
* T SE T 0.0697 I




EXERCISE 8.23: SOLUTION

I ‘ Answer:

Step 4: Confidence level

A critical value of z =~ (.43 corresponds to:

P(|Z| < 0.43) ~ 0.33

Final Answer

The confidence level is approximately 33%.

Interpretation

This is a very low confidence level, which explains why the confidence interval is relatively narrow despite

the moderate sample sizes.




EXERCISE |:RATIO OFTWO
POPULATION VARIANCES

To replace an old machine, there are two alternatives: Equipment A or Equipment B.

Since this is a decision involving considerable costs, as the equipment is quite expensive, both machines

were tested during an experimental period.

At the end of the experimental period, 31 and 61 pieces were selected from the production of Equipment A
and B, respectively. The following values were recorded for a characteristic used to evaluate the quality of

the machines:

e Equipment A: Z?il x4 = 43.4, E?il z?, = 123.76
e Equipment B: Efil z;p = 91.5, Z?il zly = 269.25

Using a 95% confidence interval, determine if there is reason to believe that Machine A achieves less

variability in the characteristic than Machine B. Assume normality of the distributions.

ProbabilidadesEstatistica 2019 (uevora.pt)



https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf

EXERCISE |I: SOLUTION

I l Answer:

Step 1: Compute sample variances
The sample variance formula is:

~ 32
, Y2 (La

5 =
n—1
Equipment A:
, 12376 — W40 19376 — 1856 19376 6077 62.99
SA = = — = ~ 2-10
31-1 30 30 30
Equipment B:

269.25 — R 260.25 — SPE 260.25 13724 13201

2 _
SB—

61 —1 60 60 60




EXERCISE |I: SOLUTION

I | Answer:

Step 2: Set up the confidence interval

For normal populations, the pivotal quantity is:

9B N
323 o_i n4 ng
. . . - 0'2 -
A 95% confidence interval for the ratio of population variances ;% is:
B
2 2
(S_A . ! a1 )
2 v 2
Sg Fl—af‘z;n-‘q—l,ns—l SB Fa;?;-n_.i—l,ng—l
Where:
e ny=31=df; =30

e ng=061=dfy, =60
a = 0.05




EXERCISE |I: SOLUTION

Step 3: Compute the ratio of sample variances

A 2 L 0.955
Answer:

Step 4: Find F’ quantiles

|
oy e b2
B | B
b | =
ol

From F3p go tables (or approximate):

Foo7s. ~ 1.78, Fy.o25:30.60 = ~ 0.562
0.975;30,60 0.025:30.60 &~ 770
Step 5: Compute confidence interval
0.955
L bound = =~ 0.537
ower boun 178 3]
0.955
U bound = ~ 1.70
pper botm 0.562

Step 6: Interpretation

2
The 95% confidence interval for Z—j‘ is approximately:
B

(0.54, 1.70)

* Since the interval includes 1, there is no evidence that Machine A has significantly lower variability than

Machine B at the 5% significance level.

[ Both machines have similar variability in the characteristic evaluated.




EXERCISE 3

Consider a random variable X whose distribution depends on the parameters « and 6, such that
E(X)=af and Var(X)=ab’

From a random sample of size n = 320, the following quantities were obtained:

320 320

Y zi=222, ) z}=5358.
i=1 i—1

Provide, with justification, estimates for the unknown parameters.




EXERCISE 3: SOLUTION

I Answer:

V. A, Com E(S’C|a<)9)

E(X)= X@ Van (X) = xe
AHYMQ. COJ)JDLCLX: (X-',“', Xgao) —>P ‘CZ_J' -:ZA- - 22. 2

220 2
Z_{Ii =535.%

Note: We will use the method of moments to estimate the parameters, since the
likelihood function is not known.Therefore, the method of maximum likelihood cannot
be applied at this stage and will be introduced later in the course.




EXERCISE 3: SOLUTION

I ‘ Answer:

},1' =e(X)= «p
Vaa( X ) = e(Xi)-é(x)&w c(x’)= \/an(X)*‘é(X)'L
=) /ul' =\ (X) + e(x)"1

3206
| 2
/(/:1 = =1 fo e =

320 S (-_-




EXERCISE 3: SOLUTION




EXERCISE 3: SOLUTION

I l Answer:
VA

X = &2-4)/ [5%:.& _ (;u.a) = 0.002%&
320 220 .20

—~ L

o = |535% _(;2;2..1 214 = AY4Y. 06576
220 R0 320




EXERCISE 4

There are @ balls in a bag, numbered from 1 to #. A sample of three balls was drawn at random, with

replacement, and the following values were observed: 13, 5, and 9.

a) Compute an estimate of the number of balls in the bag using the method of moments.

b) Obtain the maximum likelihood estimator of 6.

c) Based on the estimates obtained in the previous parts, comment on the estimators that generated them.




EXERCISE 4 A): SOLUTION

o hoio IRSRGSRSPEN (., ., 1




EXERCISE 4A): SOLUTION

I Answer:

Com a amostra observada o método dos momentos resulta numa estimativa admissivel
para 6 uma vez que ndo se observou nenhuma bola com numero superiora 17. No
entanto, ndo é garantido que isto se verifique em todas as amostras. Por exemplo:

e
(z,,2,,%,)-(1,2,9) =) 8=a (1+a+9) -1 =%
3
Com esta amostra o método dos momentos ja ndo resultava numa estimativa admissivel
para © uma vez que ja se observou a bola n2 9, logo ndao podem existir apenas 7 bolas.

O método dos momentos é bom para estimar parametros referentes a momentos de
variaveis aleatdrias. Neste exercicio, o parametro que estamos a estimar é o limite
do suporte da variavel aleatéria (distribuicdo da populagdo). A qualidade de um
estimador ndo se deve avaliar olhando apenas para estimativas particulares (estejam
estas muito proximas ou muito afastadas do verdadeiro valor do parametro).
Interessa sim estudar o comportamento do estimador em sucessivas amostras, ou
seja, estudar a sua distribuicdo por amostragem. Neste caso seria melhor usar outro
estimador (o EMV).




EXERCISE 4 B): SOLUTION

3
CJ Answer: b) L(e)= gx(11,11,13[ o) Ifﬁ(z@l 0) = 1 (6= Zey, 214, 2y 42,

B
® =}DC(,)) 1’(5)+1Jx{3,+9.)"‘f'_b Mﬁw-we disonels
= ma ek dudoda am oclm a ©

Como maximizar L(6) em ordema 6 ?

L(&) = ;3 (o= X, Lo, *1, X3 ke )
o L(6) & ,gum(,is deeresconky s ©
® Vo el & mame nadon 6 € @

o [ (8) 4 rma)c«'m»’g,ada o O = Xy

.

e O * 0/\%13\&)( 'BLCBJG = f){(}_)\ (Méximo da amostra)
L Extinnagler da M. V.




EXERCISE 4 B): SOLUTION

I 1 Answer:

bomctinis 2 A Dirmaliosa, don  (naicons. nevommAongs

haa © 2 8= 2 =13

Comentario: O método da maxima verosimilhanca escolhe o maior valor observado
como estimativa o numero de bolas no saco. Isto significa que, no contexto desde
problema, e independentemente da amostra observada, o método da maxima
verosimilhanga nunca estima valores ndo admissiveis para 8. Vimos em a) que tais
estimativas absurdas podem acontecer com o método dos momentos.




EXERCISE 7

7. The time a student takes to answer a question on an exam is a random variable with an exponential

distribution with parameter A. In a random sample of 40 observations, a total of 480 minutes was recorded.
a) Obtain the maximum likelihood estimator (MLE) for A.

b) Determine the maximum likelihood estimate of the proportion of questions answered in less than 15

minutes.

c) If an exam has eight questions, obtain an estimate of the probability of answering all of them, given that

the total duration of the exam is 2 hours.




EXERCISE 7A): SOLUTION

= |M9 & aluwe démora « nme.smdm
m de  examz ( 2m mwvwi'M)

-z
X~ (N, x20  f (ZIXN)=)e (x >0)
Acnerba casual (m=Y0): (24,---, Zyo

Yo
ézi:wxo X = 480 = 12

4o
)
0
A()‘) = #X(zqgv')x.ﬂ)lA): I %(24 =
4o ._}\2’4‘ Yo - )‘f%
= Iae = A “

Yo — /\gﬂf

)@()x)=)3m[/_(>~)]—")?m<)\e )




EXERCISE 7A): SOLUTION

= qozgm(k)“)\.qz_‘:z‘{,

Ho

d 4()) = 4w -22 =0 ¢
dX N

=

-

=) 0 = F2x & A= U = 1
A ! Ez =
a=1
Gardigge du 17 onclom
FayIVIE _A_(m__é%x.) S _w <o
d>\2 Ol,A A i=1 2




EXERCISE 7 B): SOLUTION

£) Breomtagem = Wdﬁo{p x 400
P(X<1S) =j”4gx(:e:l>\)d:r = /,’\ g—Ade =

- A A _
Fe 1 - e )1

£(1) = fumgae obidommandt Cosconli 2 A
£()\) 2 ;gvm.ga'é | ST ~, lege /Lsdﬂmv\o.a
Au edacl it swOOniamCo, de E MV
cma/\}r,\m,fwx /\ a!? o my
E(XN) =4 (N) =1-e"7" "= 7122 = 0313S

I

VAN
)\:—%—“—H xome = L A = 110 Avim




EXERCISE 7 C): SOLUTION

) X = Towhe 1 forgqunta Comin) ~ 26 (X)
S J_%Xi-:'l—mv{.a 3 Wmﬁm)“’@f&)\)

X ~G(m; A) < 24X ~ 3*(2n) Q=2A5~ X (1)

P(2aAS<axhx420) =
P(o ¢ 290 M)

t(N) = 2o 2 ltomoto
md&)\mmo

Aowvion sarcle fotdlomes wnan o fnshrizdade de

Aanraudmcio ds € AV
P ’_/\..\ A
P(S <120) = P(Q € 2% A) = P(Q €240 ) =
Plg € 290 )= P(Q <20) =

> round(2)

P(S < 120 )

n

mae onde
Aa

O MG

= pchisq({20 , 16)
0.7 <4— o

=ARRED(DIST.CHIQ{20;16;VERDADEIRO); 2)

Usando s0 as tabelas, o melhor que se podia fazer era usar o valor mais
proximo de 20 na tabela da ¥3(16):

P(a < 20)=1-P(a > 20)~ 1-P(q>19.269)



EXERCISE 8

8. It is assumed that the repair time of a certain type of machine, X, follows a normal distribution with
unknown parameters. To estimate these parameters, a random sample of repair times (in minutes) was

collected. The data are as follows:

1 10 1 10
=10, — i =846, — ? = 71607.
n = 10, 10;::: 846 10;:1:3 71607

Estimate the probability that the repair time of a machine is less than 83 minutes.




EXERCISE 8: SOLUTION

X = Tewho o refoncgas (e pomatos) ~ r\l(/u,o-'z)
X-M ~N (o1)
T

Arcrartho covsual : (x“---,zw) m = 10




EXERCISE 8: SOLUTION

Le) = Ao L(p, e = dn 2T 4 3 (2 - p) -

2 ag® 41

2 [im(,lﬂ‘) Xrn((l—)_] (r 4§(IA°‘ﬂ)Q:

Eal

L < ;
= o A (2T)-m Ao (T )‘—4—.{ --1(11-/“); (//'Ju-)éﬁ))
2 2 aTs AT

® =4, eR A cr"‘é’h‘i*?.




EXERCISE 8: SOLUTION




EXERCISE 8: SOLUTION

P(X<83):_(5’3"/’) E(gj’_u__) t(/»,q-)

A £, T) & Liuminsota wmodowwia),@mmﬂa;aaa
ﬁ/&;m%‘wﬁu&mw +cdﬂmmma.wv\ddacb 2

Lenngovmdncia  cle éMV

— T
£Cp,e) =t ( )




EXERCISE 8: SOLUTION

N o~ ~ 83—/3)_ (23_2):
g3~ U6

= E(—\Eﬁ ):1(—0.85)

=4- & (0.85) =1- 08023

= O, 79?‘? ?-—]——QM&L{
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