Theoretical Overview

Lévy processes and applications - Theoretical
overview

Joao Guerra

CEMAPRE and ISEG, UTL

October 19, 2011

Jodo Guerra (CEMAPRE and ISEG, UTL) Lévy processes and applications - Theoretical overview October 19, 2011 1/1

Theoretical Overview

Lévy-Khintchine formula

o (Q,F,P).

@ A Lévy Process X = (X(t),t > 0) is essentially a stochastic process with
stationary and indepedent increments.

o Key-formula: the Lévy-Khintchine formula:
E {ei(u,xa»] _ etn(u)

where

1) =i (b.0)- 5 (. Au)+

o {0} |:ei(U7y) — 1 — | (u,y)X(0<|y|<1) (y):| ]/(dy)7

beRY Aisad x d positive definite symmetric matrix and a v is a Lévy
measure on R — {0} such that, for all u € RY:

/Rd_{o} (WP A1) w(dy) < oc.
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Theoretical Overview

Lévy-Khintchine formula

o LetA=v=0. Then
E [ei(u,x(t))} _ @it(u,b)

and X (t) = bt is a deterministic motion in a stright line (b is the velocity
of the motion - drift)

o LetA#0and v =0. Then
E [ i(u,x<t>)} _ i 1
e =exp |t |i(b,u) — E(u,Au) :

which is the characteristic of a Gaussian r.v. with mean tb and covariance
matrix tA.In fact X (t) is a Brownian motion with drift.
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Theoretical Overview

Lévy-Khintchine formula

o Let v be a finite measure (A = [4 v (dx) < o0). Then

n(u)zi(b’,u)—%(u,AuM—/ [ei(“’y)—l} v (dy),

R —{0}

withb"=b — [, ., yv (dy).
o If v = A\op with XA > 0 then

X(t)=b't+0oB(t) +N(t),

where o = v/A (or oo’ = A) and N(t) is a Poisson process of intensity A
with jumps of size |h|. Note that E [e!(“N®)] = exp [At (e'M) — 1)]
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Theoretical Overview

Lévy-Khintchine formula

o Lety =", Aidn. Then
X(t)=bt+oB(t)+ Ny (t)+---Nn(t),

where the N/s are independent Poisson processes (also independent of
B), with N; of intensity \; with jumps of size |h;]|.

@ General case with finite v corresponds to jump sizes in a continuum of
possibilities (continuum of Poisson processes - jumps of arbitrary size).
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Theoretical Overview

Remarks

@ Most subtle case: infinite measure case: f0<|y|<1 ly|v (dy) = oo and

fo<|y|<1 |y‘21/(dy) < 00,

o Then e'(""¥) — 1 may no longer be v-integrable, but
elY) — 1 —i(u,y) xo<)y|<1) (¥) is allways v-integrable

@ intuition: v has become so fine that an infinite number of small jumps is
expected.

@ When v is finite we can write:

X(t)=bt+oB(t)+ > AX(s),

0<s<t

@ AX (s) is the jump at time s.
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Lévy-1td decomposition

o For each Borel set A ¢ RY — {0}, letN (t,A) = #{0<s<t:AX (s) € A}
o Fixtand A: then N (t,A)isar.v.

o Fixw e Qandt: then N (t,-) (w) is a measure

@ Fix A. Then {N (t,A),t > 0} is a Poisson process with intensity v (A) with

> AX (s):/ xN (t, dx)

0<s<t R—{0}

@ In the case of infinite measure v, we have the Lévy-1td decomposition:

X (t)=bt + 0B (t)+/ X [N (t,dx) — tv (dx)] +

0<|x|<1

+/ XN (t, dx)
x|>1
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