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(1) Consider the probability space (R,P , δa), where δa is the Dirac

measure on R at a = 2, and a random variable X(x) =
√
|x|.

(a) Find the distribution and characteristic functions of X.

(b) Write an example of a random variable Y with the same

distribution of X.

(2) For each n ∈ N consider a random variable Xn with distribution

function

Fn(x) =


0, x ≤ 0

nx, 0 < x ≤ 1
n

1, x > 1
n
.

Find the limit in distribution of Xn as n→ +∞.

(3) Consider a homogeneous Markov chain with transition matrix

given by

P =


1
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1
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0
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0
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0 0 0 1

 .
(a) Classify the states of the chain.

(b) Determine the period of each state.

(c) If possible, find the stationary distributions and the mean

recurrence time of each state.
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(4) Let (Ω,F , P ) be a probability space and X1, X2, . . . a sequence

of iid random variables with distribution

P (Xn = 1) =
1

2
and P (Xn = −1) =

1

2
.

Consider the stopping time

τ = min{n ∈ N : Xn = 1}

with respect to the filtration σ(X1, . . . , Xn).

(a) Decide if Xτ∧n is a martingale, where τ ∧ n = min{τ, n}.
(b) Let Sn =

∑n
i=1 2iXi. Compute E(Sτ−1).


