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FIXED INCOME PRODUCTS AND MARKETS

III – Fixed Income Derivatives 

and Models

José Azevedo Pereira and Sergio F. Silva

1. Swaps, Fra’s and Short Term Interest Rate Futures

2. Bond Futures

3. Credit Spread Dynamics 

4. Bonds with embedded options and Bond Options

5. Futures Options, Caps, Floors and Swaptions

6. Exotic Options and Credit Derivatives
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3. Credit Spread Dynamics
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 Analyzing Credit Spreads

 Ratings

 Probability of Default

 Severity of Default

 Modeling Credit Spreads

 Structural Models

 Reduced-Form Models

Credit Spread Dynamics 
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 Bonds issued by a corporation 

 3 Sources of Risk
 Interest Rate Risk

 Default Risk

 Liquidity Risk

 Bond indenture contracts stipulate collateral and specify terms

 Different “seniority” classes

Corporate Bonds

9/2/2016 Fixed Income Products and Markets 6

EL = Expected loss = EADxDPxLGD

DP = Default Probability

EAD = Exposure At Default

LGD = Loss Given Default

LGD = 1 – recovery rate 

Default Risk
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Moody's S&P Definition

Aaa AAA Gilt-edged, best quality, extremely strong creditworthiness

Aa1 AA+

Aa2 AA Very high grade, high quality, very strong creditworthiness

Aa3 AA-

A1 A+

A2 A Upper medium grade, strong creditworthiness

A3 A-

Baa1 BBB+

Baa2 BBB Lower medium grade, adequate creditworthiness

Baa3 BBB-

Moody's S&P Definition

Ba1 BB+

Ba2 BB Low grade, speculative, vulnerable to non-payment

Ba3 BB-

B1 B+

B2 B Highly speculative, more vulnerable to non-payment

B3 B-

CCC+

Caa CCC Substantial risk, in poor standing, currently vulnerable to non-payment

CCC-

Ca CC May be in default, extremely speculative, currently highly vulnerable to non-payment

C C Even more speculative

D Default

The modifiers 1, 2, 3 or +, - account for relative standing within the major rating categories.

Investment Grade (High Creditworthiness)

Speculative Grade (Low Creditworthiness)

Rating Agencies

9/2/2016 Fixed Income Products and Markets 8

- Default frequency / Cumulative default frequency
- Transition matrix
- Recovery rates

Rating Agencies
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Rating Agencies  

Cumulative default frequency:
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Rating Agencies  

Cumulative default frequency:

Corporate Default and Recovery Rates, 1920-2008, Moody’s
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Transition Matrix:

Corporate Default and Recovery Rates, 1920-2008, Moody’s

Rating Agencies  

9/2/2016 Fixed Income Products and Markets 12

Transition Matrix:

Rating Agencies  
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Transition Matrix:

Rating Agencies  
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Rating Agencies  

Recovery rate:
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spread over a given benchmark

Swap spread

Issuer spread

Market interest rate

Bank / funding risk 
premium

Issuer Specific Credit 
Risk

Government 
Bond Rates

Asset Swap 
Spread

Spread to 
Government

Corporate - spreads
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Structural Models - Merton’s Model

 Merton (1974)

Consider a firm with the following capital structure:

- Equity (E)

• Zero coupon bond

• Principal: F

• Maturity: T

- Debt (B)

Value of the firm’s assets: V

Vt = Et + Bt

Merton’s model regards the equity as an option on the assets of the firm
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 Merton (1974)

At maturity (t=T) two possible scenarios:

 VT < F –the value of the assets is not enough to pay the debt - default

 VT ≥ F – no default

Assets Debt Equity

No Default VT  F F VT – F

Default VT < F VT 0

Maturity Payoff:

Structural Models - Merton’s Model

9/2/2016 Fixed Income Products and Markets 18

Structural Models - Merton’s Model

 Merton (1974)

BT = Min[F; VT] = F – Máx[F – VT; 0]

ET = Máx[VT – F; 0]

VT
0 F

Equity (E)

Debt (B)

Payoff  

F

(call option on the assets of the firm)

(buy risk free zero coupon bond with face value of F and sell a put option on the 

assets of the firm)



10

9/2/2016 Fixed Income Products and Markets 19

 Merton (1974)

Call option  (European style) Equity value (E)

Underlying Value of assets (V)

Strike price Debt principal(F)

Expiration date Debt maturity date (T)

Volatility Asset value volatility

Option terminology:

• Asset value stochastic process: GBM

• Constant interest rate: r

dVt/Vt = dt + VdWt
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Structural Models - Merton’s Model
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 Merton (1974)

0

Vt

tT

V0

F

VT  F (No Default)

BT = F  e   ET  = VT - F

VT < F   (Default)

BT = VT e  ET = 0 

Structural Models - Merton’s Model
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 Merton (1974)

B(V, t, T) = Fe-r(T-t)N(d2) + VtN(-d1)
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E(V, t, T) = VtN(d1) – Fe-r(T-t)N(d2)

Example: V = 150

F = 100

r = 0,05

V = 0,2

(T-t) = 5

d1 = 1,689271

d2 = 1,242058
B=76,376

Structural Models - Merton’s Model
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 Merton (1974)

FeT)t,B(V, t)-T)(T-y(t,


 T)t,lnB(V,-lnF
t-T

1
T)y(t, 

s(t,T) = y(t,T) – r

Credit spreads:

E = (V/E)N(d1)V

From the below equations and estimates for E and E (from market prices of the stock 

and option on the stock), one may obtain V and V

E = VtN(d1) – Fe-r(T-t)N(d2)

Structural Models - Merton’s Model
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Structural Models - Merton’s Model

 Merton (1974)
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Structural Models - Merton’s Model

 Merton’s interpretation of default is very narrow
 Corporate bond is a zero-coupon

 Default cannot occur before the debt matures

 Focus on credit risk: interest rate is assumed to be constant

 Extensions
 Geske (1977, 1979) extends the analysis to coupon bonds 

 Black and Cox (1976) extended Merton's model to cases where creditors can force the firm into 
bankruptcy at any time (when asset value falls below an exogenous threshold defined in the 
indenture)

 Ramaswamy and Sundaresan (1993) and Briys and De Varenne (1997) introduce interest rate 
risk

 See also Longstaff and Schwartz (1995), Collin-Dufresne and Goldstein (2001) for more recent 
models

 Empirical shortcoming of (most) structural models
 Predicted spreads are too low

 In particular, short-term spread is zero
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 They don’t try to explain why and how default occurs

 Just assume default occurs at a random time with instantaneous probability

Pr( ≤ t) = Q(0,t)= 1 - te 

 τ τ
λ



   


dt 0

Pr t t dt t
lim

dt

 - intensity rate or hazard rate 

 - default time

Default probability until t (risk neutral) considering a constant intensity rate:

Reduced –form models
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Reduced –form models

 Jarrow and Turnbull (1995): constant intensity; constant recovery rate ( ); revovey of

treasury

Value of a defaultable zero coupon bond:

Yield spread:

With  = 0: 
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Reduced –form models

 Duffie and Singleton (1999): recovey of market ( =1-L )

Value of a defaultable zero coupon bond:

If the riskless rate process is independent of the default process:

Yield spread (with constant intensity):


