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RSP PRS Typical Setup Ll

. Take as given the market price process, S(t), =

. of some underlying asset. R

o S(t) = price, at t, per unit of underlying asset

i Consider a fixed financial derivative, e.g. a oo

o BEuropean call option. S

o Main Problem: Find the arbitrage free price oo

e of the derivative., PRSP PO
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We Need:

. Mathematical model for the underlying price

process. (The Black-Scholes model)

. Mathematical techniques to handle the price
dynamics. (The Itd calculus.)
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Stochastic variable

= Choosing a number at random
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......................................................................................................................

e Nonetheless, : continuous-variabl
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e We model S as a Markov process, i.e. in
order to predict the future only the present
value is of interest. All past information
is already incorporated into today’s stock
prices.
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any random process,
small time step,
X(f _I_ df) — X(ﬁ) E55555553:?:3:?:?:3:?:?:3
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e dX is called the increment of X over the
©  interval [t,t + dt].

e For any fixed interval [t.t + dt], the incre-
o ment dX is a stochastic variable. g

e If the increments dX(s) and dX(t), over
©  the disjoint intervals [s,s+ds] and [t,t+4dt]
are independent, then we say that X has
independent increments.

e If every increment has a normal distribution

0 we say that X is a normal, or Gaussian

~~~~~~ . process.

Jorge Barros Luis | Interest Rate and Credit Risk Models



§§§;§; e [ he increments are normally distributed: S Sn

For s <t i S

W(t) —W(s) ~ N[O, Vt — s] i Sa

~ Theorem: o

A Wiener trajectory is, with probability one,

“nowhere differentiable. i o
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~ with drift x4 and diffusion coefficient o if it
~has the following dynamics

dX = pdt+ odW,
SEREEEEE S X(0) = =xq

s where xzg, o and o are constants.

S Summing all increments over the interval [0, ¢]

~givesus  X(t) —xg = pt + oW(t)
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Relatively large value of At

Smaller value of At

The true process obtained as At — 0
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Generalized
Wiener process
dx=adt+ bdz

variable, x

Wiener process, dz
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—

60 (=50+20*0,5 = x,+u*dt) 70 (=50+20)

21.21 30 (=30*sqrt(1))
(=30*sqrt(0,5)=0*sqrt(t))

pdt + odW, B R

L0 SNNNLLLLLLILLLn

s where xro, M and o are constants. PN
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W (t) — W(s) ~ N[0, v — 5]

E[W#)-W(s)] =0, Var[W(t)—-W(s)] =t—s
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where dz is a Wiener process and a and b are functions of x and ¢. The variable x has a
- drift rate of @ and a variance rate of b*. 1td’s lemma shows that a function G of x and ¢ g

- follows the process ) g
' G 3G 3G, G S
= | — —_ --—-—b dt ——-bd P PSSP N

( FREr ) el =
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) t at +2_8x2 N o

0G 3G ,9°G , gERes
=|—a+—+;—=Db"|dt SRR
(Bxa+ ot * 2 9x? ) * ox S

86 . G ,0°G ;5\, G _
— |—o*$*)dt+—oSdz
SRR FTAAN LTI
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AG— Ax +-—At+ Ax2+£€AxAt+ : 32GA1°2+ ‘
T dx ot 9 T
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o 3G 3G 9°G G o
A = —Ax+—At+ L AR A Ax At LA
e G Ox * ot b+2 02 *+ ox ot *ALF ot2 tz T

hnnn G 9G .1.326. 5\, . 0G B s
RN - —_— T 55 d —_ SO
S 46 ( ‘T T2 ’ ) i SRR
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AS

=2~ g(uAt, oAl

Jorge Barros Luis | Interest Rate and Credit Risk Models



- Since p and o are constant, this equation indicates that G = in S follows a generélizéd

~ Wiener process. It has constant drift rate u — 0°/2 and constant variance rate o°. The

- change in In § between time 0 and some future time T is therefore normally distributed,

~ with mean (& — ¢*/2)T and variance o°T. This means that

..... f)T, .

InSy —InSy ~ ¢[(u -
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e When we compute prices, we can compute
- as if we live in a risk neutral world.
e This does not mean that we live (or think
~ that we live) in a risk neutral world.
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=)+ () a-np

dy —oV1T -t e
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e \We assumed that the derivative was traded.
How do we price OTC products? B

Then we face financial risk, so how do we
hedge against that risk?
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 Definition:
~ We say that a 7-claim X can be replicated, al-
- ternatively that it is reachable or hedgeable,
- if there exists a self financing portfolio # such
~that

s X Alternatively, hois called a replicating or oo

e hedging portfolio. If every contingent claim is o

e reachable we say that the market is complete oo
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