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Black-Scholes model - PDE approach

idea: use Itô’s formula to derive an expression for the price of the
derivative as a function f (St ) of St and then construct a risk-free
portfolio.

By Itô’s formula:

df (t, St ) =
∂f
∂t
(t, St ) dt +

∂f
∂St

(t, St ) dSt +
1
2

∂2f
∂S2t

(t,St ) (dSt )
2 .

(1)

Recall that dSt = St (µdt + σdZt ) and therefore

(dSt )
2 = S2t

[
µ2 (dt)2 + σ2 (dZt )

2 + 2µσdtdZt
]

= σ2S2t dt

(why?)
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PDE approach

Therefore:

df (t, St ) =
∂f
∂t
(t, St ) dt +

∂f
∂St

(t,St ) [St (µdt + σdZt )]

+
1
2

∂2f
∂S2t

(t,St ) σ2S2t dt

=

[
∂f
∂t
(t,St ) + µSt

∂f
∂St

(t,St ) +
1
2

σ2S2t
∂2f
∂S2t

(t, St )
]
dt

(2)

+ σSt
∂f
∂St

(t,St ) dZt . (3)
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PDE approach

At time t with 0 ≤ t < T , consider you hold the portfolio:
−1 derivative + ∂f

∂St
(t, St ) shares

Let V (t,St ) be the value of this portfolio:

V (t, St ) = −f (t, St ) +
∂f
∂St

(t, St ) St .

The variation of the portfolio value over the period (t, t + dt] is (by
Eq. (2) and (3))

− df (t,St ) +
∂f
∂St

(t,St ) dSt

= −
(

∂f
∂t
(t, St ) +

1
2

σ2S2t
∂2f
∂S2t

(t, St )
)
dt (4)
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PDE approach
−df (t, St ) + ∂f

∂St
(t, St ) dSt involves dt but not dZt =⇒

instantaneous investment gain in (t, t + dt] is risk-free.
arbitrage-free market =⇒risk-free rate = r =⇒

−df (t,St ) +
∂f
∂St

(t, St ) dSt = rV (t,St ) dt. (5)

By (4) and (5), we have:(
∂f
∂t
(t,St ) +

1
2

σ2S2t
∂2f
∂S2t

(t,St )
)
dt = −rV (t, St ) dt

= −r
(
−f (t,St ) +

∂f
∂St

(t,St ) St

)
dt

and therefore (substituting St = s)

∂f
∂t
(t, s) + rs

∂f
∂s
(t, s) +

1
2

σ2s2
∂2f
∂s2

(t, s) = rf (t, s). (6)

This is the Black-Scholes PDE (partial differential equation).
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PDE approach

The value of the derivative f (t,St ) is obtained by solving the B-S
PDE with appropriate boundary conditions, which are for the call and
put:

f (T , s) = max {s −K , 0} for the call,

f (T , s) = max {K − s, 0} for the put.

We can try out the solutions given in the proposition:

f (t,St ) = StΦ (d1)−Ke−r (T−t)Φ (d2) for the call, (7)

f (t,St ) = Ke−r (T−t)Φ (−d2)− StΦ (−d1) for the put, (8)

and find that they satisfy the PDE and the appropriate boundary
conditions.
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PDE approach

Exercise: A forward contract is arranged where an investor agrees to
buy a share at time T for an amount K . It is proposed that the fair
price of this contract is

f (t, St ) = St −Ke−r (T−t).

Show that this:
(i) Satisfies the appropriate boundary condition.
(ii) Satisfies the Black-Scholes PDE.
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The martingale approach

In the binomial model, we proved that the value of a derivative could
be expressed by:

Vt = e−r (T−t)EQ [X |Ft ] ,
where X is the value of the derivative at maturity T and Q is the
equivalent martingale measure (or risk neutral measure).

In continuous time, this result can be generalized as:

Proposition: Let X be any derivative payment contingent on FT ,
payable at T . Then the value of this derivative at time t < T is

Vt = e−r (T−t)EQ [X |Ft ] . (9)
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The martingale approach
Sketch of the Proof: We can use the 5-step method as in the binomial
model case:

Step 1: Establish the unique equivalent measure Q under which
Dt = e−rtSt is a martingale.
It can be shown that this measure exists, is unique and under Q, we
have Dt = D0 exp(σZ̃t − 1

2σ2t), where Z̃t is a Q-Brownian motion.

Step 2: Define Vt = e−r (T−t)EQ [X |Ft ]. We propose this as the
"fair"price of the derivative.

Step 3: Let Et = e−rtVt = e−rTEQ [X |Ft ]. It can be shown that
under Q, Et is a martingale.

Step 4: By the martingale representation theorem (MRT) there exists
a previsible process φt (i.e. φt is Ft−-measurable) such that:

dEt = φtdDt .
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The martingale approach
Step 5: Let ψt = Et − φtDt . Suppose that at time t, we hold the
portfolio:

φt units of asset St ,

ψt units of cash account Bt .

At time t, the porfolio has value

φtSt + ψtBt = ert (φtDt + ψt ) = ertEt
= Vt .

At time t + dt:

φtSt+dt + ψtBt+dt = e
r (t+dt) (φtDt+dt + ψt )

= er (t+dt) (φtDt + φtdDt + ψt )

= er (t+dt) (Et + dEt )

= er (t+dt)Et+dt = Vt+dt .
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The martingale approach

Step 5 (cont.): Therefore:

Vt+dt − Vt = dVt = φtdSt + ψtdBt

and the hedging strategy (φt ,ψt ) is self-financing.
Moreover,

VT = EQ [X |FT ] .
So, the hedging strategy is a replicating portfolio and
Vt = e−r (T−t)EQ [X |Ft ] is the fair price of the derivative at time t.
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Delta hedging and martingale approach

How to determine φt of the replicating portfolio?

We can evaluate the price of the derivative Vt = e−r (T−t)EQ [X |Ft ]
using a formula (like the B-S formula) or numerical techniques.

Then

φt =
∂V
∂s
(t,St ) . (10)

φt is called the Delta of the derivative:

∆ =
∂V
∂s
(t,St ) . (11)
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Delta hedging and martingale approach

If:

we start at time 0 with V0 invested in cash and shares,

we follow a self-financing portfolio strategy,

we continually rebalance the portfolio to hold exactly
φt = ∆ = ∂V

∂s (t,St ) units of St with the rest in cash,

then we will precisely replicate the derivative payoff.
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Example: B-S formula for a call

Let X = max {ST −K , 0} . Then:

Vt = StΦ (d1)−Ke−r (T−t)Φ (d2) , (12)

where: d1 =
ln( StK )+

(
r+ σ2

2

)
(T−t)

σ
√
T−t , d2 = d1 − σ

√
T − t and Φ (z) is

the cumulative distribution function of the standard normal
distribution.
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Example: B-S formula for a call
Proof:

Given the information Ft , then under Q, we have:

ST = St exp
[(
r − 1

2
σ2
)
(T − t) + σ

(
Z̃T − Z̃t

)]
. (13)

Then

Vt = e−r (T−t)EQ [max {ST −K , 0} |Ft ]
= e−r (T−t)

× EQ
[
max

{
St exp

[(
r − 1

2
σ2
)
(T − t) + σ

(
Z̃T − Z̃t

)]
−K , 0

}
|Ft
]

= EQ
[
max

{
eα+βU − eα+βu , 0

}]
,

where α = log (St )− 1
2σ2 (T − t) , β = σ

√
T − t, U ∼ N (0, 1)

under Q and u =
[
log
(
Ke−r (T−t)

)
− α
]

/β.
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Example: B-S formula for a call

Proof:

Therefore (with φ (x) the density of the N(0, 1) distribution):

Vt = eα+βu
∫ ∞

u

(
eβ(x−u) − 1

)
φ (x) dx

= eα
∫ ∞

u

1√
2π
eβx− 1

2 x
2
dx − eα+βuΦ (−u)

= eα+ 1
2 β2
∫ ∞

u

1√
2π
e−

1
2 (x−β)2dx − eα+βuΦ (−u)

= eα+ 1
2 β2Φ (β− u)− eα+βuΦ (−u) = ...

= StΦ (d1)−Ke−r (T−t)Φ (d2) .

Exercise: Prove the B-S formula for the put option, using the same
technique.
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