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1-Introduction 

1.1. What is stochastic calculus?  

1.2.  A very brief history of stochastic calculus 

 

2 – A review of basic concepts in probability and stochastic processes 

2.1. Stochastic processes 

2.2. Conditional expectation 

2.3. Martingales in discrete time 

2.4. Martingale transform (or discrete stochastic integral) in discrete time 

2.5. Martingales in continuous time 

 

3 – Brownian motion  

3.1. Brownian motion: Definition, continuous and non-differentiable sample paths 

3.2. Main properties of Brownian motion. 

3.3. Brownian motion with drift, Geometric Brownian motion and the “Brownian 

bridge”. 

3.4. Quadratic variation of Brownian motion 

 

4 – The stochastic integral 

4.1. Motivation 

4.2. Stochastic integral for simple processes 

4.3. The stochastic integral for adapted processes. 

4.5. Main properties of the stochastic integral as a process: martingale property, 

continuity of sample paths and the quadratic variation.  

4.6. Extensions of the stochastic integral 

 

5 – The Itô formula 

5.1. One dimensional Itô formula 

5.2. Multidimensional Itô formula 

5.3. Itô integral representation Theorem 

5.4. Martingale representation Theorem 

 

6 – Stochastic Differential Equations 

6.1. Motivation and examples 

6.2. Some examples: stochastic differential equation for the geometric Brownian motion 

and the Langevin equation for the Ornstein-Uhlenbeck process. 

6.3. Existence and uniqueness of solutions Theorem for SDE’s  

6.4. Examples: Ornstein-Uhlenbeck process with mean reversion and a financial 

application: the Vasicek model for interest rates 

6.5. Linear stochastic differential equations 

6.6. Strong and weak solutions for stochastic differential equations  

6.7. Numerical approximations: the Euler  and the Milstein schemes 



6.8. Markov property of the solutions of SDE’s 

6.9. Stratonovich stochastic integral and Stratonovich SDE’s 

 

7 – Stochastic differential equations and partial differential equations 

7.1. Infinitesimal generator for a diffusion  

7.2. Stochastic representation for solutions of parabolic PDE’s: Feynman-Kac formulas 

7.3. The heat equation and the Brownian motion 

7.4. The Kolmogorov backward equation 

 

8 – Girsanov Theorem 

8.1. Changes of probability measures 

8.2. Girsanov Theorem: elementary version 

8.3. Girsanov Theorem: a more general version 

 

9 – Application to financial markets and derivatives pricing 

9.1. The Black-Scholes model 

9.2. No arbitrage and the Black-Scholes equation 

9.3. The equivalent martingale measure and risk neutral valuation 

9.4. The Black-Scholes formula 
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