Master in Mathematical Finance, ISEG, University of Lisbon
Stochastic Calculus

Final Exam; Exam duration: 2 hours; July, 3, 2017

Justify your answers and calculations

1. Consider a standard Brownian motion B = {By,t > 0}.
(a) Deduce for what values of the constants a and b is the process

t
Y, = at’B; — b/ sBsds
0

a martingale with respect to the filtration generated by a Brownian motion

(b) Consider the process Z; = B; + B}. Show that E[Z;] = E[Zs] =0 Vt > 0. Does this
implies that the process is a martingale? Explain your reasons.

2. Let B = {By,t € [0,T]} be a Brownian motion. Show that exists a process u € L2 ;. such
that
T
exp (Br) + 2B} + Br = f(T) + / wdBy
0

and find explictly the process u = {u,t € [0,7]} and the deterministic function f(T).

(Hint: consider the process Y; = exp (Bt - %))

3. Consider the Brownian motion B = {By,t € [0,T]}
(a) Let Z = {Z;,t € [0, T]} be a stochastic process defined by
Zy=eP (1+¢%).
Define Y = {Y;,t € [0,T]} as the process with differential given by

dZ,
dy, = =2t
t Zt

and such that Yy = 1. Find explictly the process Y.

(b) Consider the stochastic differential equation
cos(Xy)
1+ ¢

dXy = exp (—t?) In (1 + X}) dt + dB.

Xo =1L,

where L is a random variable such that L ~ N(0,1) and L is independent of the Brownian
motion B. Show that exists a unique solution for this stochastic differential equation.

4. Consider the boundary value problem with domain [0,7] x R:

OF OF 0’F
= _5F(t _Qp Q2 T
T 5F (t,x) — 9z D 8z 52

F(T,z)=1+z"

t>0, xR



Specify the infinitesimal generator of the associated diffusion, obtain an explicit expression
for this diffusion process, write the stochastic representation formula for the solution of the
problem and obtain an expression for the solution of the boundary value problem (as explicit as
you can).

5. Consider the Black-Scholes model, with one risky asset S; and one riskless asset B;. Assets
Sy and B; have dynamics given by the SDE’s

dS; = ,uSt dt + o S; th and dB; =r Bydt, with By =1,

where W is a Brownian motion.

(a) Consider a self-financed portfolio ((t),1(t)) (of riskless assets and risky assets, respec-
tively) and let V; be the value of that portfolio at time ¢. Assuming that this portfolio replicates
the value of a financial derivative with price given by F (¢, S:) (i.e., F(t,S:) = V;), deduce that

_ aF (ta St)

()=

(Hint: apply the It6 formula to F'(t,S;) and assume that the portfolio with value V; is self-
financed).
(b) Calculate the price (at time ¢t < T') of the contingent claim with payoff

In (2K) if In(S) > 2K
x=®(Sr)=¢ In(K) if K <In(S;) <2K
0 if In(S)) < K

6. Let B={B(t),t > 0} be a Brownian motion and define the process X by

where ¢(t) is a deterministic, differentiable function which is strictly increasing and g(0) = 0.
Show that

E

n—1
S UIX (tipr) - X (ti)|2] =g(t),
i=0

for any partition 0 =ty < t; <tg <--- <t, =1, of [0,t]. Show also that

Var

n—1 n—1

Z | X (tiv1) — X (ti)\zl = 32 lg (ti1) — g (t:)]> — 0,
i=0 i=0

when n — oo.
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