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Chapter 1

Exercises

Exercise 1 Prove that if B is a standard Brownian motion, then W, =
Wo + ut 4+ o B, is a Brownian motion with drift u and diffusion coefficient o.

Exercise 2 Prove the time inversion property (property 7) of the Brownian
motion by computing the expectation and the covariance function of Bs.

Exercise 3 Prove that if M = {M,;n > 0} is a martingale, then

1. E[M,] = E[M,] for all n > 1.

2. E[M,|Fi] = My, for all n > k.

Exercise 4 Let S; be a geometric Brownian motion defined by S; = exp (ut + 0 By),
where By is a standard Brownian motion (sBm) and p and o are constants.

(a) Write down the SDE satisfied by X; = In (S;) .

(b) By apllying Ito’s Lemma (It6 formula), write down the SDE satisfied
by S;.

(¢) The price of a share follows a geometric Brownian motion motion with
p=0.06 and 0 = 0.25 (both expressed in annual units). Find the probability
that, over a given 1-year period, the share price will fall.

Exercise 5 Prove that the process X; = exp (aBt — “7%) s a {ftB,t > 0}-

martingale.

Exercise 6 Prove that E [ fOT utdBt} =0 if u is a simple process.

Exercise 7 Compute f05f (s)dBs with f(s) =14if0<s<2and f(s) =4
if 2 < s < 5. What is the distribution of the resulting random variable?
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Exercise 8 Let B, := (B}, B?) be a two dimensional Brownian motion. Rep-
resent the process

Vo= (. (82 - £15)
as an Ité process.
Exercise 9 Assume that a process X; satisfies the SDE
dX; = o (Xy)dB; + p(X;) dt.

Compute the stochastic differential of the process Y; = X2 and represent this
process as an It process.

Exercise 10 Let F = B3. What is the Ito integral representation of this
random variable?

Exercise 11 What is the process u such that fOT tBdt — B2 = ~L +
T
fO utdBt ?

Exercise 12 (Integration by parts): Assume that f(s) is a deterministic
function of class C*. Prove that

[ ran=rws- [ 1o B

Exercise 13 (Ezam style problem): A derivatives trader is modelling the
volatility of an equity index using the following time-discrete model (model
1):

oy =0.12+0.40,_1 4+ 0.05¢,, t=1,2,3,...

where oy is the volatility at time t years and €1, €, . . .are a sequence of i.i.d.
random variables with standard normal distribution. The initial volatility is
oo = 0.15 (that is, 15%). The trader is developing a related continuous-time
model for use in derivative pricing. The model is defined by the following
SDE (model 2):

doy = —a(oy — p) dt + BdBy,

where oy s the volatility at time t years, By is the standard Brownian motion
and the parameters «, 8 and p all take positive values.

(a) Determine the long-term distribution of oy for model 1.

(b) Show that for model 2 (solve the SDE), we have that

t
oy = oo M+ 1 (1 - e’”‘t) + / Be’o‘(tfs)st.
0
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(¢) Determine the numerical value of 11 and a relationship between para-
meters o and (8 if it s required that o, has the same long-term mean
and variance under each model (models 1 and 2)

(d) State another consistency property between the two models that could
be used to determine precise numerical values for a and [3.

(e) The derivative pricing formula used by the trader involves the squared
volatility V; = o, which represents the variance of the returns on the
index. Determine the SDE for V; in terms of the parameters a, 8 and

L.

Exercise 14 Prove that the stochastic process { L, t € [0,T]}, given by (7?),
is a positive martingale with expected value 1 and satisfies the stochastic
differential equation

st - —ALtdBt,
LO == 1

Exercise 15 If « = 1, what would be the model X; —p = o (X414 — p) +€;.7
Does it has reversion to the mean properties? And what if o > 19

Exercise 16 Which of the following variables are likely to be mean-reverting:
(a) Money supply
(b) Monetary growth rates
(¢) Actuarial salaries

Exercise 17 What value or range might be appropriate for QA in the force
of inflation equation of the Wilkie model?

Exercise 18 Interpret the different terms in equation (of the Wilkie model)

log R (t) = log (RMU)+RA [log R (t — 1) — log (RMU)|+RBC.CE(t)+RE(t).
(1.1)

Exercise 19 Verify that the matriz equations (VARMA equation) of the
Wilkie model give the same updating equation we had before for the infla-
tion index, namely: I(t) = QMU + QA[I (t —1) — QMU] + QE(t).

Exercise 20 Derive the total return for the index-linked bond.
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Exercise 21 An investor model has decided to model the rate of wage infla-
tion in year t with the AR(2) model

I, = 0.02+ 0.3 (I,_y — 0.02) 4+ 0.09(1,_5 — 0.02) + 0.005Z,,

where Z; ~ N (0,1). The current value of wage inflation is I; = 0.022.
(a) State the key statistical properties and discuss the economic plausibil-
ity of this model.

o I . ,
(b) By considering { I ¢ ] , show that the model can be written in vector
t—1

form to produce a Markov model.

(¢) During the last year, the rate of wage inflation was such that I; =
1.051;_1.Calculate the probability that it will increase by at least 5% again in
the coming year. Comment on your answer.

Exercise 22 A government in a developed country is convinced that in or-
der to win a national election, all it needs to do is ensure that the annual
rate of inflation is between 1% and 3% at the time of the national election.
The central bank has informed that the government that the annual force of
inflation I; at each month t can be modelled by:

.[t — 0'95115—1 + OOOIZt

The current annual rate of inflation is 2.9%.

(a) Find the distribution of I.

(b) Assuming that the government and the central bank are correct, cal-
culate the probability that the government will win the next election in one
year’s time.

(¢) Explain, with reasons, whether inflation in this model is mean-reverting
and give an example of another financial quantity that would normally be con-
sidered to be mean-reverting.

Exercise 23 The longer the time to expiry, the greater the chance that the
underlying share price can move significantly against the holder of the option
before expiry. Why therefore does the wvalue of a call option increase with
term to maturity?

Exercise 24 List the 5 factors that determine the price of an american put
option and, for each factor, state wether an increase in its value produces an
increase or a decrease in the value of the option.

Exercise 25 Consider a 6-month forward contract on a share with current
price of 25.50 Euros. If the forward price is 26.25 Euros, calculate the (con-
tinuously compounded) risk-free interest rate.
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Exercise 26 What is the lower bound for a 3-month FEuropean put option
on a share X if the share price is 95 FUR, the exercise price is 100 EUR
and the (continuously compounded) risk-free rate is 12% p.a.

Exercise 27 Evaluate Eq [S1] and hence suggest a reason why @Q is called
the risk neutral probability measure.

Exercise 28 Starting from the price of the call option given by the BS for-
mula, use put-call parity to derive the formula for the price of the put option.

Exercise 29 A forward contract is arranged where an investor agrees to buy
a share at time T for an amount K. It is proposed that the fair price of this

contract 1s
f (t, St) = St - Keir(T?t).

Show that this:
(i) Satisfies the appropriate boundary condition.
(ii) Satisfies the Black-Scholes PDE.

Exercise 30 Prove the Black-Scholes formula for the put option.

Exercise 31 You are trying to replicate a 6-month European call option
with strike price 500, which you purchased 4 months ago. If r = 0.05, 0 =
0.2, and the current share price is 475, what portfolio should you be holding
(assuming no dividends) ?

Exercise 32 An investor A has 10000 Euros invested in a portfolio of 1000
shares. Investor B has 10000 Furos invested in a portfolio of 5000 call options
on the share and the delta is 0.5. If the share price increases by 10% what
will be the value of each portfolio?

Exercise 33 For each of the Greeks v,0,p and A\ discuss wether its value
will be positive or negative in case of:

(i) a call option.

(i) a put option.

Exercise 34 Consider a call option and a put option on a dividend-paying
security with the same maturity and exercise price. By considering the put-
call parity for this case:

(i) prove that A. = A, + e~4T=1).

(ii) prove that I'. =T).
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Exercise 35 (a) Use no arbitrage arqguments in order to deduce the formula
for the fair forward price for a forward contract.

(b) Consider a forward contract on a non-dividend paying share, with
expiry date two years from now. Calculate the forward price, if the current
share price is 10 Eur and the (continuously compounded) risk-free interest
rate is 6% p.a.

Exercise 36 Derive the lower bounds for Furopean call options and FEuro-
pean put options on a non-dividend paying share.

Exercise 37 (a) State what is meant by put-call parity.

(b) Consider a European call and a European put option on a non-dividend
paying share with the same time to expiry (6 months from now) and the same
strike price 10.5 Eur. Assume that the current share price is 10 Eur and the
(continuously compounded) risk-free interest rate is 8% p.a. If the call option
price s 0.5 Fur, calculate the price of the put option.

(c) By constructing two portfolios with identical payoffs at the exercise
date of the options, derive an expression for the put-call parity of Furopean
options on non-dividend paying shares.

(d) By constructing two portfolios with identical payoffs at the exercise
date of the options, derive an expression for the put-call parity of Furopean
options on a dividend paying share, where the dividend d is known to be
payable at some date t, witht <ty <T.

(e) If the put-call parity in (b) does not hold, explain how an arbitrageur
can make a riskless profit.

Exercise 38 Suppose that t = 5 and that the force of interest has been a
constant of 4% p.a. over the last 5 years. Suppose also that the force of
interest implied by current market prices is a constant 4% p.a. for the next
two years and a constant 6% p.a. thereafter. If T = 10 and S = 15, write
down or calculate each of the siz quantities: B(t,T), r(t), C(t), F(t,T,5),
f(t,T) and R(t,T).

Exercise 39 Deduce the formula B (t,T) = exp [ ft f(t,u) du] from f(t,T) =
LmF (¢,T,T + h).
h—0
Exercise 40 Under the term structure model
f(t,T) =0.03e7 1T 1 0.06(1 — e O1T=1),

Sketch a graph of f(t,T) as a function of T and derive expressions for B(t,T')
and R(t,T).
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Exercise 41 Show that the instantaneous forward rate for the Vasicek model
can be expressed as:

2

FIET) = r(t)e ™ + {M - %} (L= ) 4 5 (77 = e77).



Chapter 2

Exercises with solutions

2.1 Part1l

1. Consider the standard Brownian motion B = {B;,t € [0,7}.

(a) Let X be the stochastic process defined by X; := By — By,

t € [O, %} Calculate the mean and the variance of X;. Is X
a Gaussian process? And is it a standard Brownian motion? Jus-
tify your answers.

(b) Show that the stochastic process Y defined by Y; = exp (¢/2) sin (B)
is a martingale with respect to the filtration generated by B.

2. Consider the standard Brownian motion B = {B;,t € [0,T]}.

(a) Find explicitly the stochastic process u = {u;, t € [0, 7]} such that

T
B} = / usdBs,.
0

(Hint: you can use It6’s formula in order to show that fOT B,dt =
Jo (T —t)dB,).

(b) Let a and b be positive constants and consider the stochastic dif-
ferential equation (SDE)

b—Y,

dY, = ‘dt+dB, 0<t<T,
T—1t

Yo =a.
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Show that

t t t dB
Y, = 1——= b— 4+ (T —t > <t<T
t a( T)+ e )/0 A5 0<t<

is a solution of this SDE.
3. Consider the Wilkie model, with the force of inflation modelled by

It)=QMU 4+ QA[I(t—1)— QMU]+ QE (1),
QE (t) = QSD - QZ(t),

where QZ(t) ~ N (0,1).

(a) What is the appropriate range or interval for the values of QQA?
Justify your answer.

(b) Assuming that QMU = 0.047, QA = 0.5, QSD = 0.4 and that
the inflation over the past year was 3% (that is Q(t—1)/Q(t—2) =
1.03), calculate the probability that the force of inflation over the
following year will be larger than 0.8. (10)

(c) What are the main differences between the cross-sectional and lon-
gitudinal estimates of stock volatility in the context of the Wilkie
model? Justify you answer.

4. Consider European put and call options with the same strike and ma-
turity.

(a) Use the standard put-call parity in order to calculate the delta of
a European put option on a non-dividend paying stock in terms
of the delta of the call option with the same strike and maturity.

(b) Consider European put and call options on a dividend paying
stock, with the same strike and maturity. Assume that the stock
pays a dividend D at the time tp, with tp < T', where T' is the
option maturity. Prove the put-call parity in this context. (Hint:
try to adapt the proof of standard put-call parity of the non-
dividend paying stock case).

5. Consider the Black-Scholes model with a risky asset with price S; and
a riskless asset with price B;. Consider a contingent claim (derivative)
with payoff x = ® (S7) = In (St).

(a) What are the main assumptions underlying the Black-Scholes model?
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(b) State the stochastic differential equations (SDE’s) satisfied by S;
and Y; := In (S;), under the risk neutral measure Q.

(c) Deduce the price of the contingent claim (derivative) with payoff
X = P (ST) =In (ST)

6. Consider a recombining binomial model for a non-dividend paying stock
with two periods. Let S; be the price of the stock (with ¢ = 0,1,2).
Assume that the state-price deflator after one period is

Y71 14if S, = Sed

where the real world dynamics is

. Siu with probability p
17\ S,d with probability 1 —p

and 0 < d < u. Consider also that exists a risk-free instrument that
offers a continuously compounded rate of return of 3% per period.

(a) Calculate the value of p and the risk neutral probability measure.

(b) Calculate the price at time ¢ = 0 of a derivative that pays 1 at
time t = 2 if Sy < Sy and pays 0 if Sy > Sp.

(a) State the stochastic differential equations for the short rates under
the risk-neutral measure for the Vasicek and Cox-Ingersoll-Ross
(CIR) models. Outline the main properties of these models.

(b) Discuss the main disadvantages and limitations of using one factor
interest-rate models.

(a) Discuss the two-state model for credit-ratings.

(b) The company QT has issued 10-year zero-coupon bonds. In order
to model the company status and calculate the price of bonds,
assume a continuous-time two-state model with risk-neutral tran-
sition rate for failure

A () = 0.005t,

where t is the time in years. Assume also that the 10-year risk-
free spot yield is 4% (annual efective rate) and in the event of
failure, assume a recovery rate for a payment due at time ¢ given
by 0 (t) =1 — 0.08t.

Calculate the risk-neutral probability that the company will have
failed by the end of 10 years and the fair price of a 1000 Euros
(nominal) bond, considering the risk of company failure.
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2.2 Solutions of Part 1

1 (a) We know that B, ~ N (0,t) and E [B;B;] = min (s, t). Therefore

E [Xt] == E [Bgt] —_— E [Bt]
Var [X,) = E [(By — B,)?]
= E [B}, + B} —2B;By] =2t +t — 2t =t.

0,

The process X is clearly Gaussian since their finite-dimensional distributions
are Gaussian. However, it is not a Brownian motion, since its covariance
function (for s < t < 2s)

E [Xth] =L [B2tB25 - BQtBs - BtB2s + BtBs}
=25—s—t+s=25s—1

is different from the Brownian motion covariance function. We could also
show that the increments X; — X, and X, — X, are not independent.

(b) Let Y; = f(t, B;) With f(t,x) = ez sin (z). This is a C*? function.
By Ito’s lemma:

1 t t 1 t
dy, = 565 sin (By) dt + ez cos (By) dB; — 565 sin (By) dt
= €3 cos (B;) dB;.
or

t
Y, :/ e? cos (B,) dB,.
0

Since e2 cos (B;) is an adapted process and £ [fOT (e cos (BS))2 ds] <FE [fOT e® cos® (By) ds| <

Tel < o0, the stochastic integral process Y; = f(f ez cos (Bs) dBy.is a martin-
gale (one of the main properties of the stochastic integral process).

2. (a) Let Y; = f (B;) = B} with f (z) = 23. By Ito’s lemma
dY, = 3B2dB; + 3B,dt

or

T T
Yr = B} = 3/ B2dB; + 3/ Bydt.
0 0
Applying Ito’s lemma to Z; = tBy, or Z; = ¢(t, By) with g(t,z) = tx, we get:

dZt == Btdt + tdBt,
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or

T T
ZT = TBT = / Bsds + / Sst
0 0

T T
/ B.ds = TBr — / sdB,
0 0
T T
B —3 / B2dB, + 3T By — 3 / tdB,
0 0

T T T
= / 3B}dB; + / 3TdBt — / 3tdB,
0 0 0

T
3(B} + T — t)dB;.

and

Therefore

0
and u, = 3(B} + T —t).
(b) We can represent Y; = a (1 — %) + bk + (T' — t) X;, where X, =

[0 7-dB,. Or, Y, = f(t,X,) with f(t,2) = a (1 - %) + bk + (I —t)z. By
Ito’s lemma, with dX; = TL_tdBt, we obtain:

a b
dY; = (_T+T_Xt> dt + (T —t)dX;
1 t t T —t
—~'dt + dB,.

T T ¢
or
b-Y,
T—t
Yo =a.

dY, =

dt + dB,,

3. (a) The absolute value of QA should be in the interval (0,1), in order
to ensure that inflation is mean reverting.

Q—1)

I(t—l)zln{Q(t_Q)

] = In (1.03) = 0.029559.

Therefore,

I(t) = 0.047 + 0.5 x [0.029559 — 0.047] + 0.4 x QZ (t)
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and

PlI(t)>0.8] = P[QZ(t) > 1.905]
=1 — ®(1.905) = 0.02839.

(b) Longitudinal volatilities are higher. Longitudinal volatilities represent
unconditional values while cross-sectional volatilities depend on the informa-
tion set. The difference between them is related to the the value of added
information. The volatilities all converge to a common point because they
are co-integrated.

4. (a) The put-call parity for European call and put options with strike
K and maturity T is

Ci+ Kexp(—r(T —t)) =B+ S,

Therefore, with A, = g—gtf and Ap = 2& we have that

= 95,
Ac=Ap+1
or
Ap=Ac—1

(b) Let t < tp < T. Consider a portfolio A: at time ¢ buy a call and sell
a put. The value of the portfolio is:

Va(t) =Cy— P, Va(T) =S — K.

Consider a portfolio B: at time ¢ buy the underlying asset and borrow money
such that at maturity the value of the portfolio is S — K. The value os this
portfolio is

Ve (t) =S — Ke"T=0) — De=rto=t)  yp(T) = Sp — K.

At time tp, the value of the dividend, D, is paid and is added to the portfolio
D.

By the absence of arbitrage opportunities, the value os portfolios A and
B is the same at time ¢:

Ct — Pt = St — K@ir(T*t) — D@ir(tDit).

5 (a) The assumptions underlying the Black-Scholes model are as follows:
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1. The price of the underlying share follows a geometric Brownian motion.

2. There are no risk-free arbitrage opportunities.

3. The risk-free rate of interest is constant, the same for all maturities
and the same for borrowing or lending.

4. Unlimited short selling (that is, negative holdings) is allowed.

5. There are no taxes or transaction costs.

6. The underlying asset can be traded continuously and in infinitesimally
small numbers

(b) The dynamics of the stock prices is given by the SDE dS; = u S; dt +
o Sy dWy, which is equivalent to

S, =rSidt+ 0 S (udt + th)
o
=7 Sydt + 0 S, dW,,
where, by Girsanov’s theorem, W, := —dt + dW, is a standard Brownian

motion with respect to the risk-neutral measure (). The dynamics of S; under
@ is given by the SDE

dSt = TSt dt + USt th

By Ito’s lemma applied to X; = In (S;), we have

o —
dXt = (T — ?) dt + O'th

or
2

Xt = IH(S()) + (T— %)t—i—awt

(c) The price of the derivative is given by

F(t,5) =e " T DEL [@(Sr)]
= e " IEP, [In(Sr)]
where
dS, =1 S,du+ o S, dW,,
St =S

By part (a), we have

2

Xr=1In(Sr)=In(s)+ (T—%) (T—t)+0 (Wr—W,).
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Therefore
Ef?s In(Sr)] =1In(S;) + <r — a_) (T —t)

and

F(t,8;) =e Y {m (Sy) + (7" — %2) (T — t)] .

6 (a) By the state price deflator approach, we have that

e " =0.6 1f51—50u
Al:{ el — 14t 5, = Sd

*B

—0.03¢ _
Therefore 0. 03{” o 1 4 with solution: p = 0.536943 and the risk neutral

probability is ¢ = 0 331977.
(b) If we assume that ud = 1 then the price is

e EGP) = x(1-¢)°x1
= 7006 (1 —0.331977)*
= 0.420267.

If we assume that ud < 1 then the price is

e TEq[P)=e x [2¢(1—q) x 1+ (1—q)° x1]
= 0.837974.

7. (a) The dynamics of the Vasicek model:
dry = a(p —ry) dt + odZ,.

a, 1,0 > 0 are constants and 7 is a Brownian motion under the risk-neutral
measure (). The dynamics of the CIR model:

dry = o (p — 1) dt + ov/ridZ;.

Main properties of the Vasicek model: mean reversion, is arbitrage free,
allows negative interest rates. Main properties of the CIR model: mean
reversion, is arbitrage free, negative interest rates not allowed, volatility is
high when rates are high and volatility is low when rates are low, it is more
difficult to implement than Vasicek model.
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r(1)
No default. N Default, D

(b) If we look at historical interest rate data we can see that changes in the
prices of bonds with different terms to maturity are not perfectly correlated
as one would expect to see if a one-factor model was correct. Sometimes
we even see, for example, that short-dated bonds fall in price while long-
dated bonds go up. Recent research has suggested that around three factors,
rather than one, are required to capture most of the randomness in bonds of
different durations.

Second, if we look at the long run of historical data we find that there
have been sustained periods of both high and low interest rates with periods
of both high and low volatility. Again these are features which are difficult
to capture without introducing more random factors into a model.

Third, we need more complex models to deal effectively with derivative
contracts which are more complex than, say, standard European call options.
For example, any contract which makes reference to more than one interest
rate should allow these rates to be less than perfectly correlated.

8. (a) The two-state model for credit ratings is a Markov model in con-
tinuous time, with two states N (not previously defaulted) and D (previously
defaulted). Under this simple model it is assumed that the default-free in-
terest rate term structure is deterministic with r (f) = r for all ¢. If the
transition intensity, under the real-world measure P, from N to D at time ¢
is denoted by A (t), this model can be represented as: and D is an absorbing
state. If X (¢) is the state at time ¢.

The transition intensity, A (t), can be interpreted as:

P[(X(t+dt)=N|X(t)=N)]=1—-X(t)dt+o(dt) as dt — 0,

P[(X(t+dt)=D|X(t) =N)] = A(t)dt + o(dt) as dt — 0.

(b) The risk neutral probability of company failure (by time n) is

p(n) =1—exp (—/On)\(t)dt)

p(n) =1 — exp (—0.0025n7)

In our case,

and
p(10) = 0.221199.
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Recovery rate at time 10: § (10) =1 — 0.08 x 10 = 0.2.

Risk-neutral expected payment at maturity: p (10) 4 (10) + (1 — p (10)) x
1 = 0.823041. The fair price of the 1000 Euro Bond: 0.823041 x (1.04)™"% x
1000 = 556, 017.

2.3 Part 2

1. Consider that the share price of a non-dividend paying security is given
by a stochastic process S; which is the solution of the Stochastic Dif-
ferential Equation (SDE)

dSt = Oéstdt + O'StdBt,
where:

e [, is a standard Brownian motion,

o a=0.08

e 0 =0.25 (25% p.a.)

e ¢ is the time from now measured in years

050:10€

(a) Solve the SDE and derive the distribution of .S;.

(b) Calculate the probability that over a two year period, the share
price will fall.

2. Consider the Wilkie model. The force of inflation at time ¢ is modelled
by the discrete time stochastic equation

It)=QMU+QA[I(t—1)—QMU]+QSD.QZ(t),

where QZ(t) ~ N (0,1). The parameter values are:

e QMU = 0.02
e QA=0.5
e ()JSD =0.045

(a) What is the role of the inflation in the context of the Wilkie model
and why is it modelled by an AR(1) process?
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(b) Find the distribution of 7(2), considering that the current annual
rate of inflation is 3, 7% and calculate the probability that I (2) <
0.03.

3. Consider a non-dividend paying share with price process S; and a for-
ward contract with expiry date 7.

(a) Using the no arbitrage principle, deduce the formula for the (fair)
forward price for the forward contract at time ¢, where 0 < ¢ < T.

(b) Calculate the (fair) forward price for the forward contract if the
current share price is S; = 20€, the (continuously compounded)
risk-free interest rate is 5% p.a. and the time to expiry is 15
months.

4. Consider European put and call options written on a non-dividend
paying share.

(a) Explain how and why do the strike price and the volatility affect
the price of the European call and put options.

(b) Derive the put-call parity relationship

(c) Calculate the (continuously compounded) risk free interest rate
r, knowing that a call option (at the money) and a put option
(at the money) with the same expiry date have prices ¢; = 0.8€,
p; = 0.6€, the current price of the share is 12€ and the time to
expiry is 9 months.

5. Consider a binomial model for the non-dividend paying share with price
process S; such that the price at time ¢ + 1 is either 1.25; or 0.855;
(assume that the time ¢ is measured in years).

(a) Explain why d < ¢" < wu, where r is the (continuously com-
pounded) risk-free interest rate and d and w are quantities you
should define and how could an investor make a certain profit if
d<u<e.

(b) If the continuously compounded risk-free interest rate is 5% p.a.,
calculate the risk-neutral probability measure.

(c¢) Consider the two-period model and assume that Sy = 50€. Cal-
culate the price of a 2 year European call option with a strike price
of K = 60<.
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6. Consider the Black-Scholes model and a call option written on a non-
dividend paying share with expiry date 18 months from now, strike
price 100€ and current price 95€. Assume that the (continuously
compounded) free-risk interest rate is 2% p.a. and that the volatil-
ity is 0 = 0.2.

(a) List the assumptions underlying the Black-Scholes option pricing
formula.
(b) Calculate the option price

(c) Calculate the corresponding hedging portfolio in shares and cash
for 50000 options on the share.

7. Consider the zero-coupon bond market.

(a) Discuss the limitations of one factor interest rate models.

(b) Present the stochastic differential equations (SDE) for the short
rate in the Vacisek and CIR models and discuss the critical differ-
nce between the two models.

(c) Solve the SDE for the Vasicek model.

2.4 Part 2 - Solutions

1. (a) By Ito’s lemma (or It6’s formula), with f(z) = log(z) (it is a C?
function):

d(log(S,)) = —dS, + - ( ! ) (dS))?

S, 2\ s?
1
=< [aSydt + 0S;dBy) dS;
t
1 1 2
3w [Sidt + 0SdBy]

1
= <Oé — 50’2) dt + O'dBt,
using (dB,)* = dt. In integral form, we have

1
log (S;) = log (Sp) + <a - 502> t+ oB;.
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or
1
Sy = Spexp [(a - 502> t+ aBt] )
Replacing the parameter values, we have

Sy = 10exp [0.0488t + 0.25B;] .

Since B; ~ N (0;t), then log (S;) ~ N (log (Sp) + (a — 26?) t;0%t) or log (S¢) ~
N(2.3026 + 0, 0488t; 0.0625¢ ).

(b)

P(Sy < Sy)=P (— < 1) = P (exp[0.0976 + 0.25B,] < 1)
= P(Z<0).

where Z = 0.0976 + 0.25B3 ~ N (0.0976;0.125) . Therefore: P (S; < Sp) =
0,3913.

2. (a) The Wilkie model is a cascade model, where the inflation a funda-
mental variable, in the sense that other key variables (equity dividend yield,
dividend income, the force of dividend growth) of the model depend on the
inflation variable or of moving averages of the inflation. We expect the in-
flation to be close to a target range. Indeed, many governments and central
banks have ecomic policies in order to maintain the inflation close to this
desirable target range. That is why a mean-reverting process can be a good
model for the inflation.

(b) Note thatl I(t) = log(1+Inf(t)) where Inf(t) is the rate of inflation.
Therefore 1(0) = log (1 + 0.037) = 0.0363.

I(1) = 0.02 4+ 0.5 (0) — 0.5 x 0.02 + 0.045Q Z(1)
=0.02 + 0.5 x 0.0363 — 0.5 x 0.02 + 0.045Q Z(1)
— 0.0282 + 0.045Q Z (1)

and

1(2) = 0.02 4 0.5 (1) — 0.5 x 0.02 + 0.045Q Z(2)
— 0.01 + 0.5 x (0.02815 + 0.045Q Z (1)) + 0.045Q Z(2)
= 0.0241 + 0.0225QZ(1) + 0.045QZ(2).



CHAPTER 2. EXERCISES WITH SOLUTIONS 22

Since QZ(1) and QZ(2) are independent standard normal random variables,
the distribution of 7 (2) is normal with mean value 0.0241 and variance
(0.0225)% 4 (0.045)* = 0.002531, or I (2) ~ N (0.0241;0.002531). Therefore

P(I(2) <0.03) = P(X < 0.03) = 0.5467.

3. (a) Consider two portfolios at time ¢ :

A: one long position in the forward contract (that gives you a share at
time 7" by the price K)

B: borrow Ke "™=% in cash and buy one share by S;.

At time T both portfolios have a value of S — K. By the principle of no
arbitrage, these portfolios must have the same value at time ¢t < T'. Since at
time ¢ portfolio B value is S; — Ke 7(TY) then the value of portfolio A at
time t, which is the forward price, is S; — Ke™"! and must be zero. Therefore
K = S,erT—1),

(b) Applying the formula deduced for the fair price,

1

K = §,e" T = 906(13) %005 — 91 290€.

4. (a) In the case of a call option, a higher strike price means a lower
intrinsic value. A lower intrinsic value means a lower premium. For a put
option, a higher strike price will mean a higher intrinsic value and a higher
premium. In each case the change in the value of the option will not match
precisely the change in the intrinsic value because of the later timing of the
option payoff. The higher the volatility of the underlying share, the greater
the chance that the underlying share price can move significantly in favour of
the holder of the option before expiry. So the value of an option will increase
with the volatility of the underlying share.

(b) Consider the two portfolios at time t:
A: one call + cash Ke™ (7=

B: one put + one share S;

Portfolio A: payoff at T":

Sr— K+ K = Sp if Sy > K (call option exercised)
0+ K=K if Sy < K (call expires wothless)

Portfolio B: payoft at T":

0+Sr =S¢ if S7 > K (put expires worthless)
K — Sr+ Sr=K if Sy < K (put option exercised)
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At expiry T, both portfolios have a payoff max{K,Sr}. Now, since the
portfolios have the same value at 7T, and the options cannot be exercised
before, the portfolios have the same value at any time t < T, i.e.

o+ Ke 7Tt =p, 4+ 8,

(c) From the put-call parity (note that K = S; = 12€), we have that

9

0.8 +12¢"() = 0.6 + 12,

Therefore

—12 (0.6—1—12—0.8)

)
"= g 8 12

= 0.0224
and the (continuously compounded) risk-free interest rate is 2.24% p.a.

5. (a) The inequality must be satisfied in order to have an arbitrage free
market. Otherwise an investor could make a guaranteed profit (arbitrage
opportunity).

u and d are the proportionate changes in the price of the underlying in
each period if the price goes up or down, respectively. In our case: u = 1.2
and d = 0.85.

If d < u < €" the cash investment would outperform the share investment
in all circumstances. An investor could (at time 0) sell the share and invest
Sp in a cash account. At time 1 he could buy again the share and have a
certain positive profit of Spe” — Sou > 0.

(b) The risk neutral probability of an up-movement is

el —d €% —0.85
_ _ — 0.5751.
1= "d 12-085

(c) Using the usual backward procedure:

Cy (u?) = max {Sou? — K,0} = 12, Cy(ud) = max {Spud — K,0} = 0,
Cs (d?) = max {Syd? — K,0} = 0 and at time 1: C} (u) = exp(—7) [¢Cs (v*) + (1 — q)Cy (ud)] =
exp(—0.05) [0.5751 x 12| = 6.5646

Ci (d) = exp(=1) [¢Cs (ud) + (1 — q)Cs (d2)] = 0

And the price at time 0 is Cy = exp(—r)[¢C] (u) + (1 — ¢)Cy (d)] =
exp(—0.05) x 0.5751 x 6.5646 = 3.5912.
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6. (a) The assumptions underlying the Black-Scholes model are as follows:

1. The price of the underlying share follows a geometric Brownian motion.

2. There are no risk-free arbitrage opportunities.

3. The risk-free rate of interest is constant, the same for all maturities
and the same for borrowing or lending.

4. Unlimited short selling (that is, negative holdings) is allowed.

5. There are no taxes or transaction costs.

6. The underlying asset can be traded continuously and in infinitesimally
small numbers of units.

(b) The option price is given by:
¢, = 5@ (dy) — Ke " T (dy).
with:
L m) (r+5) @ =1 () +(002+8) x 15
L oVT — 1 B 0.2v1.5 ’
dgzdl—O'\/T—t.

Therefore, d; = 0.0355, dy = —0.2094 and

18
1

¢ = 95® (0.0355) — 100e*02(32) & (—0.2094)

— 95 x 0.5142 — 100e"02(3) x 0.4171
— 8.3717.

(c) The call delta is:

. act o o
= Jg = @ () =2 (0.035)

= 0.5142.

A

Therefore the hedging portfolio is: A x 50000 = 0.5142 x 50000 = 25710
units of stock and 50000 x 8.3717 — 25710 x 95 = —2023900€ in cash.

7. (a) (1) if we look at historical interest rate data we can see that changes
in the prices of bonds with different terms to maturity are not perfectly
correlated as one would expect to see if a one-factor model was correct.
Sometimes we even see, for example, that short-dated bonds fall in price
while long-dated bonds go up.



CHAPTER 2. EXERCISES WITH SOLUTIONS 25

(2) If we look at the long run of historical data we find that there have
been sustained periods of both high and low interest rates with periods of
both high and low volatility. Again these are features which are difficult to
capture without introducing more random factors into a model. This issue is
especially important for two types of problem in insurance: the pricing and
hedging of long-dated insurance contracts with interest-rate guarantees; and
asset-liability modelling and long-term risk-management.

(3) we need more complex models to deal effectively with derivative con-
tracts which are more complex than, say, standard European call options.
For example, any contract which makes reference to more than one interest
rate should allow these rates to be less than perfectly correlated.

(b) The Vasicek model has the dynamics, under the risk-neutral measure
Q: .
dr(t) = a(p —r(t))dt + ocdW (t)

where I is a standard Brownian motion under . The Cox-Ingersoll-Ross
(CIR) model has the dynamics under Q:

dr(t) = a(p — r(t))dt + o+/r(O)dW ().

The critical difference between the two models occurs in the volatility, which
is increasing in line with the square-root of r(¢) for the CIR model. Since
this diminishes to zero as r(t) approaches zero, and provided o2 is not too
large (r(t) will never hit zero provided o? < 2apu), we can guarantee that
r(t) will not hit zero. Consequently all other interest rates will also remain
strictly positive.

(c) Solve the SDE for the Vasicek model and deduce the form of the
distribution of the zero-coupon bond price for this model

dry =a(pu—ry)dt + O'th

a,0 >0 and € R.

Solution of the associated ODE dz; = —ax,dt is x; = ze™ .

Consider the variable change 7, = Y;e™* or Y, = r,e.

By the Ito formula applied to f (¢, 2) = ze®, we have Y; = z+pu (e* — 1)+
o fot e**dB,.Therefore

t
re=p+(x—p) e+ ae_o‘t/ e**dBs.
0
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2.5 Part 3

1. Let X; be a stochastic process which is the solution of the stochastic
differential equation (SDE)

dXt = —/,I,Xtdt + O'dBt7
where:

e B, is a standard Brownian motion,

e 4, and o are positive parameters

(a) Solve the SDE and derive the distribution of X}
(b) What is the long-term (stationary/invariant) distribution?

2. Consider the Wilkie and the lognormal models.

(a) List four financial variables that can be considered as key variables
in the Wilkie model and from these variables discuss which ones
should be positive and how can we model them in order to ensure
that they are positive.

(b) Consider the equation for the force of inflation at time ¢:
I(t)=QMU+QA[I(t—1)—QMU]+ QSD.QZ(t),

where QZ(t) ~ N (0,1). Interpret each term in the equation.

(c) Discuss the advantages and disadvantages of using the lognormal
model for modelling share prices.

3. Consider European call options and European put options written on
the same non-dividend paying share.

(a) By considering an appropriate portfolio and no arbitrage argu-
ments, prove that the call option price satisfies

> S — Ke_T(T_t)a

and define the terms in this inequality.

(b) If the call option price is 1.2€, the strike price is 20€, the contin-
uously compounded risk-free interest rate is 5% p.a. and the time
to expiry is 21 months, calculate an upper bound for the current
share price.



CHAPTER 2. EXERCISES WITH SOLUTIONS 27

(c) Assuming that the current share price is 18€, calculate the price of
the put option, considering the data given in the previous question

(3 (b))-

4. Consider a two-period binomial model for a non-dividend paying share
with price process S; such that over each period the stock price can
either move up by 25% or move down by 20%, Sy = 10 and the (con-
tinuously compounded) risk-free interest rate is 4% per period.

(a) Construct the binomial tree for the two period model.

(b) Calculate the price of an European put option with maturity date
in two periods and strike price 12€.

5. Consider a portfolio of N European put options written on a non-
dividend paying share and 10000 shares. Assume that the delta of an
individual option is —0.16 and its gamma is 0.25.

(a) Define the greeks A, T', ©, A, p and vega (v) for a general derivative.

(b) If the portfolio has a delta of zero, calculate the number N of
options in the portfolio.

(c) Assume that two other derivatives can be traded in the market
(call options with the same underlying, strike and maturity of the
put options and another derivative ® with the same underlying
share and with a delta of 0.22 and gamma of 0.18). Calculate
the number m of call options and the number j of derivatives ®
that should be added to the portfolio in order to obtain a total
portfolio with both delta and gamma equal to zero.

6. Consider the Black-Scholes model.

(a) Describe the risk-neutral pricing technique or martingale approach
to the valuation of derivatives and state the general formula for
the price, at time ¢ < T', of a derivative security with payoff X at
the expiry date T'.

(b) Consider a derivative ® that has the following payoff at expiry
date T depending on the price of the underlying non-dividend
paying share at maturity Sp:

. 1€ if K < 10g (ST) < Ky
Payof f = { 0 otherwise

)
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with K; and K, positive constants. Show that the price of the
derivative is given by:
2

e_r(T_t)PQ |:K1 < In (S) + <T - %) (T - t) to (WT - Wt) < K2

7. Consider the zero-coupon bond market.

(a) State the formulas that relate the zero-coupon bond price at time
t of a zero-coupon bond paying 1€ at time 7' (and denoted by
B(t,T)) and the

(i) Spot rate curve R(t,T)
(ii) instantaneous forward rate curve f(t,7T)

(b) Consider that the instantaneous forward rate is modelled by
F(£,T) = 0.04e 70301 1 0.08(1 — e~03T=0).

Sketch the graph of f(t,7) as a function of 7' and derive the
expressions for B(t,T) and for R(t,T).

2.6 Part 3 - Solutions

1. (a) Let
Y, = eutXt

Y, = f (¢, X;) with f (¢t,2) = e*z. By It6 formula,

Y, = pet X,dt + e"dX,
= pe Xydt + " (—puX,dt + odBy)
= gettdB,

Therefore, Y; = Xy + o fg e’ dBy and
t
X, =e "X+ ae“t/ et dB,.
0

[ . . . t .
This is a Gaussian process, since the random part is fo f (s) dBs, where f is
deterministic, so it is a Gaussian process.
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The mean is (the expected value of a Ito integral is zero):
E[X] = e " Xp.

The variance is (by It6 isometry)

¢ 2
E [(Xt - LK [Xt])Q] = 026—2;“%/ o215 g — ;_Iu (1 _ 6—2@) ‘
0

(b) The long-term distribution is obtained when ¢ — +o0o and it is a
. . . . . 2 .
Gaussian distribution mean 0 and variance g_u and therefore is:

2
N [o, U_] .
21

2. (a) The four key variables of the Wilkie model are:

Force of inflation during year ¢: I(t)

The equity dividend yield at the end of year t: Y'(t)

The force of dividend growth during year t: K (t)

The Real yield on perpetual index-linked bonds at the end of year t:
R(t).

Y (t) and R(t) are positive. That is why is important to model log Y ()
and log R (t). They are modelled by ARMA processes and then Y'(t) and
R(t) are positive because they are obtained by exponentiation.

(b) Interpretation of the terms:
I(t)=QMU +QA[I(t—1)—QMU]+QSD.QZ(t):
This year’s value (I (t)) = long-run mean (QMU) + QAx(last year’s
value (I (t — 1)) — long-run mean (QMU)) + "shock to the system" (QSD.QZ(t))
The parameter QA is the autoregressive parameter and measures the
speed of the "reversion to the mean" effect.

®SD is a standard deviation parameter and is proportional to the size
of the stochastic shock to the system.

QZ(t) is a series of i.i.d. random standard normal variables called "inno-
vations".

(c) Advantages of the lognormal model:

_ Mean and variance of returns are proportional to the length of the time
interval considered.

_ Returns over non-overlapping time intervals are independent.

_The model features are consistent with the weak form market efficiency
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_ The share prices are always positive.

_ The log-normal distribution makes the maths for option pricing simpler
than using more general distributions associated with Lévy processes.

Disadvantages:

_ Estimates of volatility vary widely over time periods

_empirical evidence of implied volatility from option prices implies that
the assumption of constant volatility is inappropriate.

_Theoretical reasons about the risk premium imply that the drift para-
meter should not be constant over time and the lognormal model assumes
that this parameter is constant.

_ The model is not mean reverting and therefore does not explain mo-
mentum effects or possible reversion effects after market crashes.

__The model assumes continuous paths and does not reflect jumps and
discontinuities observed in the market.

_ Normality assumption: market crashes appear more often than one
would expect from a normal distribution of the log-returns (the empirical
distribution has "fat tails"when compared to the Normal). Moreover, days
with very small changes also happen more often than the normal distribution
suggests (more peaked distribution).

3. (a) K is the strike price of the call option, T is the expiry date and r
is the (continuously compounded) risk-free interest rate and S; is the price
process for the share.

At time ¢, consider portfolio A: one European call + cash Ke~

At time T, value of Aisequal to S — K+ K = Spif S > K. If Sy < K
then the payoff from portfolio A is 0 + K > Sr.

Therefore the portfolio payoff > Sp = ¢,+ Ke "T~% > S, and the lower
bound for the price of European call is

r(T—t) )

Ct Z St - KG_T(T_t).

(b) Replacing the values in the inequality, we have:

1.2 > S, — 20e~00<(%)

and
Sy < 19.524€.

(c) By the put-call parity:

o+ Ke 7Tt = p, + 8,
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$,(u?)=15.625
S,(u)=12.5
5,=10 / /' S,(ud)=10
\‘ S,(d)=0.8
\‘ S,(d%)=6.4

Therefore:

Pt = ¢ + Keir(T?t) — St

— 1.2+ 20e005x(%) _ 18
— 1.5244€

4. (a) In our case: u = 1.25 and d = 0.8. The binomial tree for 2 periods
is:

(b) Since d < €" < u because €% = 1.0408, the model is arbitrage free.
The risk neutral probability of an up-movement is

e"—d eV —08

= = 0.5351.
u—d 1.25—0.8 0535

q:

Using the usual backward procedure for a put option: Cs (u?) = max { K — Syu?,0} =
0, Cy(ud) = max {K — Spud,0} = 2, Cy (d?) = max {K — Syd?,0} = 5.6 and
at time 1:

C1 (u) = exp(—7) [¢Cs (u*) + (1 — q)Cy (ud)] = exp(—0.04)x (0.5351 x 0 + 0.4649 x 2) =
0.8933.

C (d) = exp(—r) [qCs (ud) + (1 — q)C% (d*)] = exp(—0.04)x (0.5351 x 2 + 0.4649 X 5.6) =
3.5296. And the price at time 0 is

Co = exp(—7) [¢C1 (u) + (1 — q)C; (d)] = exp(—0.04) x(0.5351 x 0.8933 + 0.4649 x 3.5296) =
2.0358<€.

5. (a) The Greeks are the derivatives of the price of a derivative security
with respect to the different parameters needed to calculate the price and
and measure the sensitivity (rate of change) of the option price to changes
in that parameter or variable.If [’ represents the value of the derivative, we
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define the greeks:

oF 0*F oF
A= T=55 ®= 5

oF oF oF
)\—a—q,p—g, Vega—z/f%.

where S is the price of the underlying security, ¢ is the time, ¢ is the con-
tinuous dividend yield on the security, r is the interest rate and o is the
volatility.

(b) Portfolio with zero delta means that N x (delta of one put) + number
of shares = 0. Therefore: N x (—0.16)+ 10000 = 0 and therefore N = 62500

(c) By the put-call parity relationship, the delta of a call is such that:
A, = A, + 1, where A, is the A of the put. Moreover I'. = I',. Therefore
A.=084and I'. =T, = 0.25.

The gamma of the portfolio with the put options and the shares is I') x
10000 = 0.25 x 10000 = 2500.

In order to have a new portfolio with zero delta and zero gamma, we need
that: m x A, +jxAg=0and N xI'y+mxT.+jxTs=0.

Therefore: 0.84m +0.225 = 0 and 62500 x 0.25+m x 0.25+ 7 x 0.18 = 0.
Then

j = —3.8182m and m = G5o200X02 - — 35733 and j = —3.8182 X
35733 = —136440.

6. (a) In the martingale approach it can be proved that exists a portfolio
(i1, 1) that replicates the derivative payoff.
We can calculate the price of the derivative by the general risk-neutral

pricing formula:
Vi=e"TEG [X|F)].

Moreover, using the martingale approach, we can prove that

oV (t, Sy)
0s

The martingale approach implies that if we start with an initial amount
Vb invested in cash and shares and we follow a self-financing strategy and
continuously rebalance the portfolio in order to hold ¢; = A units of S; with
the rest in cash, then we can replicate the derivative payoff.

gpt:A:

(b)The dynamics of the stock prices S; under @ is given by the SDE
dSt = TSt dt + USt th
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By Ito’s lemma applied to X; = In (.S;), we can show that

2

Xi =1In(5) + (7’ - %) t+oW,.
The price of the derivative is given by

F(t,S) = e‘T(T‘t’Ef?S [1{K1<1n(ST)<K2}]

where
dS, =rS,du+ o S, dW,,
St =S
Therefore
2
Xr=In(Sr)=1In(s)+ (r— %) (T—t)+o (Wr—W,).
Therefore
E2, [Lixy<m(sp)<ray) = Po [K1 < In(S7) < K
and

2

F (t, St) _ e—r(T—t)PQ |:K1 <In (St) + <T — %) (T — t) +0o (WT — Wt) < Kyl .

7. (a)We have that zero-coupon bond prices are related to the spot-rate
and instantaneous forward-rate by:

R(t,T) = T log B(t,T) ift<T
or
B(t,T) =exp[—R(t,T)(T —t)].
and 5
f(t,T)= Sliir%FF(t,T,S) = _3_TlOgB (t,T).

or (integrating):
T
B(t,T) = exp {—/ f(tu) du] .
¢
By F(t,T,S) we represent the forward rate

F(t,T,S) = L logB(t’T>

f T )
T B(t.9) ort<T < S
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Y o008+
0.06 -ﬁ
0.04

002 T

0.00 +—+—+—+—F—+——+—————+—

B(t,T) = exp [ ft f(tu du] = exp [— ftT (0.04¢703(u=D 4 0.08(1 — e~ 03(u=1)) du]
— exp [~ J[1 (0.08 — 0.04¢70340)) du| — exp [~0.08 (T — #) — 0.1333¢ 0370 + 0.1333]
Moreover, R(t,T) = 7% [-0.08 (T —t) —0.1333¢703(T""1) 4+ 0.1333] =

0.08 — 0.1333 | =0

T—t

2.7 Part 4

1. Consider that the share price of a non-dividend paying security is given
by a stochastic process S; which is the solution of the Stochastic Dif-
ferential Equation (SDE)

dSt =« (t, St> dt +0o (t, St) dBt,
where:

e B, is a standard Brownian motion,

e a(t,x) and o (t,z) are differentiable functions with continuous
and bounded partial derivatives.

e ¢ is the time from now measured in years.

(a) Consider the process Y; = g (t,S;), where g : Rf x R - R is a
function of class C** (R{ x R) such that

dg dg
E(t )—i-%(t r)a(t,x) +

for all t > 0 and = € R. Show that

1 829 2
5@(’% r)(o(t,z))” =0,

9 4. 5,)0 (1, 5,) dB,.

dg (t7 St) - ax
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(b)

Let « (t,S;) = 0.05S; and o (¢, S;) = 0.15S;. Calculate the proba-
bility that the 5-year return will be at least 20%.

2. Consider the Wilkie model and the equation for the force of inflation

I(t)=QMU+QA[I(t—1)—QMU]+QSD.QZ(t).

Assume that the force of inflation over the past year was 0.06 and that
the parameter values are:

e QMU = 0.04
e QA=10.5
e ()SD =0.045

()
(b)

()

Interpret the meaning of the parameters QMU, QA and QSD?

Calculate the 90% confidence interval for the force of inflation over
the next year.

List four financial/economical variables that should be modelled
by auto-regressive models, with a mean-reversion effect and ex-
plain what are the main differences between these kind of models
and random walk processes with positive drift.

3. Consider put and call options written on the same non-dividend paying
share with price process S; and with the same expiry date 7" and the
same exercise price K.

(a)

Show that for the European put option price, we have that (do
not use the put-call parity relationship, just use an appropriate
portfolio)

pe > Ke T -8,

0<t<T.

Assume that the current price of the share is 16.5€, the call option
price is 1.2€, the put option price is 0.9€, the exercise price is 17€
and the continuously compounded risk-free interest rate is 4% p.a.
Calculate the time to expiry of the options.

What can you say to an investor that wants to exercise an Amer-
ican call option on a non-dividend paying share before the expiry
date. Explain your reasons.
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4. Consider a 3-period binomial model for the non-dividend paying share
with price process S; such that over each time period the stock price
can either move up by 10% or move down by 8%. Assume that the
(continuously compounded) risk-free interest rate is 5% per period and
that Sy = 10€.

(a) Construct the binomial tree for the 3-period model and verify if
the model is arbitrage free.

(b) Calculate the price of a derivative with maturity date in 3 periods
and with payoff max {S2 — K,0}, where T is the maturity date,
K = 130€. Assume that Sy = 5€.

5. Consider a portfolio of 20000 European put options written on a share
and N shares. Assume that the delta of an individual option is —0.20.

(a) Explain what are the steps in the 5-step method which can be
used to solve the problems of pricing and hedging of derivatives.

(b) If the portfolio has a delta of zero, calculate the number N of
shares in the portfolio.

(c¢) Consider the Black-Scholes model and a put option written on a
dividend paying share with expiry date 9 months from now, strike
price 50€ and current price 45€. Assume that the (continuously
compounded) free-risk interest rate is 6% p.a., the volatility is 0.15
and the dividends are payable continuously at the constant rate
of 2% p.a. Calculate the price of this option.

6. Consider the zero-coupon bond market.

(a) List the desirable characteristics of a term structure model.

(b) Under the real-world probability measure PP, the price of a zero-
coupon bond with maturity 7" is
2

B(t,T) = exp {—(T —t)r(t) + % (T — t)?’} ,

where 7 (t) is the short rate of interest at time ¢.Derive formulas
for the instantaneous forward rate f(t,7), the spot rate R(¢,T")
and the market price of risk v (¢, 7) in terms of r (¢). In order to
derive the formula for v (¢, T) assume that

dr (t) = ar (t)dt + odZ;,

where o > 0 and Z; is a standard Brownian motion under P.
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2.8 Part 4 - Solutions
1. (a) By It6’s lemma (or 1t6’s formula) applied to g(¢, ) (it is a C1? func-

tion):

) dg 18%
89 (t, St + 5 9t,8,)dS, + IT 29(1,5,) (d5,)?

dg dg 1 5 0%g
T —=(t,S;) + aft, St)a (t,S;) + 3 (o(t,Sy)) 52

+ o(t, St)g

Jdg

dg(t,S;) =
(t St>

(t,S,)dB,
(t S,)dB,

where we have used (dB;)* = dt.
(b) We have
dSt = 005Stdt —I— 015StdBt,

which is the SDE of a geometric Brownian motion with o = 0.05 and o =
0.15. The solution is (it can be obtained by applying the It6 formula to

f(z) = log(1/x))
5= svewp[(a- 1o?) 4]
= Spexp {(0.05 - % (0.15)2> t+ 0.15Bt]

Therefore
Sy = Sp exp [0.03875¢ 4+ 0.15B;] .

Since B; ~ N (0;t), then log (S;) ~ N (log (So) 4+ 0.03875t; 0.0225¢).

P (% > 1. 2> P (exp [0.03875 x 5 + 0.15B5] > 1.2)
0

=1-P(Z<log(1.2)).

where Z = 0.19375+0.15B5 ~ N (0.19375; 0, 1125) . Therefore: P (g_ > 1.2) _
10, 4864 — 0, 5136.

2. (a) @MU is the long-run mean for the force of inflation. QA is the
autoregressive parameter: its value should be such that 0 < QA < 1 in
order to have a mean reverting inflation. QSD.QZT represents the random
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component of the process or "the random shock to the system" part of the
equation. QS D dictates the typical size of this "shock".

(b) I(t—1) = 0.08

I(t) = 0.04 4 0.5 x [0.06 — 0.04] + 0.045QZ(t)
= 0.05 + 0.045QZ(t),

where QZ(t) ~ N(0,1). In order to obtain the 90% confidence interval, from
the percentage points table for the standard normal distribution, we have
that for the upper level:

I(t)max = 0.05 4 0.045 x 1.6449 = 0.1240,
and for the lower level

I()min = 0.05 — 0.045 x 1.6449 = —0.0240.
and the 90% confidence interval is [—0.0240, 0.1240] .

(c) Four examples of financial/economical variables that should be mod-
elled by auto-regressive models, with a mean-reversion effect: interest rates,
dividend yields, rate of inflation, annual rate of growth in dividends.

A random walk process can be expected to grow arbitrarily large with
time. If share prices follow a random walk, with positive drift, then those
share prices would be expected to tend to infinity for large time horizons.
However, there are many quantities which should not behave like this. For
example, we do not expect interest rates to jump off to infinity, or to collapse
to zero. Instead, we would expect some mean reverting force to pull interest
rates back to some normal range. In the same way, while dividend yields can
change substantially over time, we would expect them, over the long run,
to form some stationary distribution, and not run off to infinity. Similar
considerations apply to the annual rate of growth in prices or in dividends.
In each case, these quantities are not independent from one year to the next;
times of high interest rates or high inflation tend to bunch together i.e. the
models are autoregressive.

3. (a) At time ¢, consider the portfolio: one European put + Share S,
and a cash account with value Ke "("=%_ At time T, the portfolio value is
0+ Sy =S5r > K if Sp > K. If S < K then the payoff from portfolio is
K — S7+ S = K. The cash account at time 7" has a value of K. Therefore
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the portfolio payoff > K = p, + 5, > Ke "9 and we have the lower
bound for the price of European put:

pe > Ke "0 — G,

(b) By the put-call parity:

ct + K€_T(T_t) = Dt + St.

Therefore:
Ke"(T=0) = pr+ St — ¢t
1 pr+ St — ¢t
T )= —~log (22"
( ) . og< 7 )
and
1 09+165—-1.2
T—t)=———1
(T=0=-go1' < 17 )
= 1.2051

and the time to expiry is 7' — t = 1.2051 years.

(c) It is never optimal to exercise an american call on a non-dividend
paying share early because if we exercise early, the payoff is S; — K, but
if we do not exercise, the value of the American call must be at least that
of the European call, i.e., by the lower bound for an European call option,
C, > 8 — Ke ™Y > 5, — K. So, we would receive more by selling the
option than by exercising it.

4. (a) ng—tl = 1.10 or Sg—tl = 0.92. Therefore u = 1.10 and d = 0.92.
e’ = e%% = 1.0513 and we have d < e < u and therefore the model is
arbitrage free.

Binomial tree:

(b)The risk neutral probability of an up-movement is

e’ —d €905 _ .92
_ _ — 0.7293.
1= 0 "d 11-0092

Payoff of the derivative: C's = max {(53)2 - K, O} with K = 130.
Using the usual backward procedure:
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S3(u®)=13.31

5,(u’)=12.1

Si(u)=11 / /

5,(ud)=10.12

S5,=10 2
\ $,(ud?)=9.3104
Si1(d)=9.2

S,(d%)=8.464<
™~

S,(u’d)=11.132

5.(d%)=7.7869

_ max{ (Sou?)? — 130, 0} = 47.1561, C3(u?d) = max {(Sou2d)2 — 130, o} _
0, Cs (d max{ (Sod?u)? — 130, o} — 0 and
{

Oy (@) = max { (Sod?®)? — 130, o} —0.

At time 2: Cy (u?) = exp(—r) [qCs (u?) + (1 — q)Cs (u?d)] = 32.7137,
CQ (Ud) = O Cg (d2> =0.

At time 1: C} (u) = exp(—7) [¢C% (u?) + (1 — q)Cq (ud)] = 22.6946, C, (d) =
0

At time 0, the price is Cy = exp(—7) [¢C1 (u) + (1 — q)C4 (d)] = 15.7439.

Or, we can calculate by Cy = e 37¢3C5 (u?) = 15.7439.

5. (a) 1.Establish the equivalent martingale measure () under which D; =
e~ "S5, is a martingale.

2. Propose V; = e ") Eq [X|F] as the "fair" price of the derivative.

3. Show that E;, = e "V, = e T Eg [X|F] is a martingale under Q.

4. Use the Martingale representation theorem to construct a hedging
strategy (portfolio) (¢, ¥y).

5. Show that the hedging strategy (¢, ) replicates the derivative payoff
at maturity and therefore V; is the fair price of the derivative at time t¢.

(b) A portfolio with zero delta means that: (number of put options) x (delta
of one put) + number of shares (N) = 0, since the delta of a share is 1.
Therefore: 20000 x (—0.20) + N = 0 and therefore N = 4000 shares.

(c)The option price is given by:

pe=Ke T (—dy) — Sie TP (—dy).
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with:

n($)+ (r-a+ %)@= W(8)+(004+°4) x 075
di = =
! oVT —1 0.15v/0.75 ’

dy =dy —oVT —1t.

Therefore, dy = —0.51517, dy = —0.64507 and

pr = 50e 000 P (0.64507) — 45~ %92X05% (0.51517)
= 4.5102.

. (a) Desirable characteristics of term structure models:
. The model should be arbitrage free.

. Interest rates should be positive.

r(t) and other interest rates should be mean-reverting.

4. Computational efficiency: we aim for models which either give rise to
simple formulae for bond and option prices or which make it straightforward
to compute prices using numerical techniques.

5. The model should reproduce realistic dynamics for the interest rates
and bond prices.

6. The model, with appropriate parameter estimates, should fit historical
interest-rate data.

7. The model should be easily and accurately calibrated to current market
data.

8. The model should be flexible enough to cope properly with a range of
derivative contracts.

W= o

(b) Spot rate: R(t,T) = 7= log B(t,T), instantancous forward rate:
f(t,T) = —2Z log B (t,T).Therefore:

R(t,T) =7 (1) = 5 (T —1)".
JT) = =5 | =(T = 0r(@) + 5 (T = 1)
=r(t) = 5 (T —1)"

For the market price of risk, 7 (¢, T) = ™D where dB(t, T) = B(t,T) [m(t, T)dt + S(t, T)dZ,

S(t,T)
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By It6’s formula, we have that

dB(t,T) dB(t,T) 10°B(t,T) 2
g dt + or, dr(t) + 3 o (dr(t))

= B, T)[(r(t) — (T — t)r(t)) dt — o(T — t)dZ,] .

dB(t,T) =

Therefore, S(¢t,T) = —o(T —t), m(t,T) = r(t) — a(T — t)r(t) and

r(t) —a(T —t)r(t) —r(t) «
—o(T — 1) =570

’Y(t7T) =

2.9 Part 5

1. Consider that the discounted share price of a non-dividend paying se-
curity is given by the stochastic process

§t = exp {—O’Bt — (oz2 + 02) t}
where:

e B, is a standard Brownian motion under the real world measure

P

e « and o are positive constants.

Y

(a) Deduce the stochastic differential equation (SDE) satisfied by S,.

(b) The process §t is a martingale under real world measure P? And
under the equivalent martingale measure or risk neutral measure

@, what would be the SDE satisfied by S;?

2. Consider the continuous time lognormal model for the market price of
an investment S;.

(a) What is the distribution of the log returns log (S,) — log (S;), for
u > t and what is the expected value E[S,] and the variance
Var[S,] if S; is known and the lognormal model drift parameter is
1 and its volatility parameter is o.

(b) What are the advantages and disadvantages of the normal distrib-
ution assumption of the lognormal model and what kind of models
can be used in order to obtain non-normal distributions?
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(c)

Considering time series models of financial markets, discuss the
difference between a cross sectional property and a longitudinal
property. Discuss also the difference between these properties in
a random walk environment.

3. Consider European put and call options written on a dividend paying
share.

(a)

(b)

Explain how and why the time to expiry, the interest rates and
the dividend income received on the underlying security affect the
price of the European call and put options.

By constructing two portfolios with identical payoffs at the exer-
cise date of the options, derive an expression for the put-call parity
of European options on a dividend paying share, where the divi-
dend H is known to be payable at some date t* with t < t* < T.
More precisely, prove that

o + He—r(t*—t) + Ke—r(T—t) = p + St-

Consider a call option with price (at time t¢) given by ¢, = 0.8, a
put option with price p; = 0.6, written on the same underlying
share, with time to maturity 15 months and the same strike price
25€. Assume that the current share price is 20€, the continuously
compounded risk-free interest rate is 7% p.a. and the share pays a
dividend of 1€ at a date 3 months before maturity. Is the put-call
relationship satisfied? What can you say about the model used to
calculate ¢; and p;?

4. Consider a binomial model for the non-dividend paying share with price
process S; such that the price at time ¢ + 1 is either 1.155; or 0.95;
(assume that the time ¢ is measured in years). Assume that the contin-
uously compounded risk-free interest rate is 10% p.a. and that Sy = 10.
Consider a derivative D with payoff at time ¢ = 2 given by

co(1) = Sy — 3.225 if Sy = Spu?,
62(2) == SQ —5.35 if SQ == S(]Ud,
(6)) (3) =0 if SQ = S()dz,

where u and d are the sizes of the up-step and down-step in each period.

(a)

Calculate the risk-neutral probability measure and construct the
binomial tree.
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(b) Calculate the price of the derivative D at time ¢ = 0 and describe
how you could derive the hedging strategy (i.e., state a general
formula for the portfolio composed of the underlying security and
the risk free asset required to hedge the derivative security).

5. Consider the Black-Scholes model and a European call option written
on a non-dividend paying share with expiry date 15 months from now,
strike price 30€ and current price 25€. Assume that the (continuously
compounded) free-risk interest rate is 8% p.a. and that the volatility
is o =0.2.

(a) Define the greeks Delta (A) and vega (v) for a general derivative
and calculate the delta for the call option (considering the Black-
Scholes model).

(b) Consider that an investor has 10000 call options as defined above.
Calculate the corresponding hedging portfolio in shares and cash.

(c) Consider a derivative ® that has the following payoff at expiry
date T" depending on the price of the underlying non-dividend
paying share at maturity 7" and at a previous time Ty < 7' :

S(T)

Payof f = m.

Show that the price of the derivative at time t is given by (for
t<Ty<T)

0_2
efr(Tft)e(r_TxT_TO)Egs lexp (0 (Zr — Z7))] = e

Y

where Z is a standard Brownian motion with respect to the mea-
sure Q).

6. Consider the zero-coupon bond market.

(a) Present the stochastic differential equations (SDE), under the risk
neutral measure (), for the short rate in the Hull-White model and
in the 2-factor Vacisek model, defining all the notation used.

(b) Discuss the main differences and advantages/disadvantages be-
tween the Hull-White model and the one-factor Vacisek model
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2.10 Part 5 - Solutions

1. (a) By Ito’s lemma (or It6’s formula) applied to f(t, z) = exp(—ox— (a?+
o?)t) (it is a C™? function):

- of af 1°f 2
ds; = E(t’ By)dt + %(t, By)dB; + 5@(157 By) (dBy)

- - 1 .~
= —(052 + UQ)Stdt — O'StdBt + §U2Stdt
o?\ ~ ~
= — <()é2 —+ ?> Stdt — O'StdBt.
where we have used (dB;)* = dt. Therefore

~ 2 ~ ~
435, = — <a2 i %) S,dt — ¢:S,dB,.

(b) In general, the discounted price process :S’; is not a martingale under
the real world probability P. Indeed, since in the SDE above, the drift

. 2 =~ . =~ . .
coefficient — (a? + "7) S; is not zero, the process 5; is not a martingale.

_ Under the equivalent martingale measure (), the discounted price process
S; is a martingale, the drift coefficient is zero and the diffusion coefficient of
the SDE remains the same, i.e.

dgt = —O'gtdgt,
where B, is a standard Brownian motion under Q.
2. (a) The log returns have a normal distribution:
log (S.) —log (S;) ~ N [p(u—1t),0% (u—1)],

" E[S,] = S;exp (u (u—1t)+ %02 (u — t)) :

Var [S,] = Sexp (2u(u—t) + 0® (u—1)) [exp (6 (u — 1)) — 1] .

(b) Normality assumption: market crashes appear more often than one
would expect from a normal distribution of the log-returns (the empirical
distribution has "fat tails" when compared to the Normal). Moreover, days
with very small changes also happen more often than the normal distribution
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suggests (more peaked distribution). The main advantage of considering the
normal distribution is its mathematical tractability. The fat tails and jumps
justify the consideration of Lévy processes (associated with "fat tails") for
modelling security prices.

(c) A cross-sectional property fixes a time horizon and looks at the dis-
tribution over all the simulations. For example, we might consider the dis-
tribution of inflation next year. Implicitly, this is a distribution conditional
on the past information which is built into the initial conditions and is com-
mon to all simulations. If those initial conditions change, then the implied
cross-sectional distribution will also change.

A longitudinal property picks one simulation and looks at a statistic sam-
pled repeatedly from that simulation over a long period of time. Unlike cross-
sectional properties, longitudinal properties do not reflect market conditions
at a particular date but, rather, an average over all likely future economic
conditions.

In a pure random walk environment, asset returns are independent across
years and also (as for any model) across simulations. As a result, cross-
sectional and longitudinal quantities coincide. To equate the two is valid in
a random walk setting, but not for more general models.

3. (a) The longer the time to expiry, the greater the chance that the
underlying share price can move significantly in favour of the holder of the
option before expiry. So the value of an option will increase with term to
maturity.

Interest rates:

Call option: an increase in the risk-free rate of interest will result in
a higher value for the option because the money saved by purchasing the
option rather than the underlying share can be invested at this higher rate
of interest, thus increasing the value of the option.

Put option: higher interest means a lower value (put options can be
purchased as a way of deferring the sale of a share: the money is tied up for
longer)

Dividend income:

Call option: the higher the level of dividend income received, the lower
is the value of a call option, because by buying the option instead of the
underlying share the investor loses this income.

Put option: the higher the level of dividend income received, the higher
is the value of a put option, because buying the option is a way of deferring
the sale of a share and the dividend income is received.
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(b) Let us consider two portfolios. Portfolio A: one European call option
+ cash He 7" 4 Ke (T

Portfolio B: one European put option + one dividend paying share.

At time T, the value of portfolio A is Sy — K + He'™¥) + K = S; +
Her™=t)if Sp > K and He'"1) + K if Sy < K.

At time T, the value of portfolio B is 0 + Sy + He" ") if S; > K and
K —Sp+Sp+ He'™=1) = HerT=1) + K if Sp < K.

Therefore, the portfolios have the same value at maturity. Then, by the
no-arbitrage principle, the porfolios have the same value for any time t < T,
ie.,

o+ He "0 4L Kem 0 — g, 1+ G,

(c) We have that

¢+ He (=0 4 Ke(T=1) — ()8 4 ¢~ 007x1 256—0A07x(g)
= 24.638

and

Therefore, the put-call relationship is not satisfied. This means that the
model used to calculate the prices of the options is not arbitrage free.

S,
e = %19 = 1.1052 and we have d < e¢" < wu and therefore the model is

arbitrage free.
The risk neutral probability of an up-movement is

4. (a)S 115orsf—:1f09 Therefore v = 1.15 and d = 0.9.

o 010
g4 =0 eonr
w—d 115-09

Binomial tree:

(b) Payoff of the derivative: Cy (u?) = Sy — 3.225 = 10, Cs (ud) = Sy —
5.35 =5, Cy (d?) = 0.

Using the usual backward procedure:

At time 1: C (u) = exp(—7) [¢Ca (v?) + (1 — q)Cs (ud)] = 8.2372,

C1 (d) = exp(—r) [qCy (ud?) + (1 — q)C4 (d?)] = 3.713

At time 0, the price is Cy = exp(—7) [¢C (u) + (1 — q)C (d)] = 6.7193.

In order to calculate the hedging strategy, we could use the formulas
(generalization of the formulas for the one-period model): for time ¢ and
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5,(u”)=13.225
5,(u)=11.5
5,210 / / $,(ud)=10.35
\ S,(d)=9 \‘
Si(d’)=8.1
state j, we should apply the formulas
G Ju) — G (Jd)
e [ e
, | C id)u — Cy (Ju)d
bear () = @ 111 (J )u_d 5 (ju)

where ¢ represents the units of stock in the portfolio and ¢ represents the
units of cash.

5. (a) Let f(t,s) be the value at time ¢ of a derivative when the price of
the the underlying asset at t is S; = s.
Delta of the derivative and vega:

of
A=
V—g
- o’

Vega is the rate of change of the price of the derivative with respect to a
change in the volatility of S;. The delta of a call option can be derived from
the Black-Scholes formula and is given by A = g—gi = & (dy), where

ln(

x|

) + <r+”§> (T —t)
oV —t
and A = ® (—0.2564) = 0.3988.

dy = = —0.2564

(b) The option price is given by:

¢ = S® (dy) — Ke "D (dy) = 1.4032
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where d; = —0.2564 and dy = d; — ov/T —t = —0.48. Hence, the hedging
portfolio is: Axnumber of options = 0.3988 x 10000 = 3988 units of stock
and 10000 x 1.4032 — 3988 x 25 = —85668€ in cash.

(c¢) The dynamics of the stock prices S; under @) is given by the SDE

dS,=rS,du+0oS,dZ,,
St:S

This is a geometric Brownian motion and the solution is such that:

1 so (- ) (0 0+ 0122 2)

s son[(r- 2) @022~ 2]

The price of the derivative is given by

o2
_ efr(Tft)e(T_TyT_TO)Egs lexp (0 (Zr — Zr,))]

_ o) T _ iy

6. (a) The Hull-White model SDE for the short rate r(¢) under Q:
dr(t) = a(u(t) — r(t)) dt + odW,,

where W, is a standard Bm under @, the parameter « is positive and p (t) is a
deterministic function. In the 2-factor Vasicek model there are two processes:
r(t) and m(t), the local mean reversion level:

dr(t) = a, (m (t) — r(t)) dt + o dWy (t) + 0,0dWs (1)
dm(t) = am, (1 — m(t)) dt + o dWi (1)

where W, (t) and W (t) are independent, standard Brownian motions under
the risk neutral measure Q).

(b) The SDEs for the Vasicek model gives us a time-homogeneous model.
This implies lack of flexibility for pricing related contracts. A simple way to
get theoretical prices to match observed market prices is to introduce some
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elements of time-inhomogeneity into the model. The Hull & White (HW)
model does this. This model is similar to Vasicek model but now fx (¢) is no
longer a constant. The HW model can even be extended to include a time-
varying deterministic o (¢). This allows us to calibrate the model to traded
option prices as well as zero-coupon bond prices. Moreover, since  (t) is
deterministic, the HW model is as tractable as the Vasicek model. The HW
model suffers from the same drawback as the Vasicek model: interest rates
might become negative.



