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Black-Scholes model - PDE approach

o idea: use Itd's formula to derive an expression for the price of the
derivative as a function f (S;) of S; and then construct a risk-free
portfolio.

o By It6's formula:

19°f 5

(1)

of of
df(t, St) — E (t, 51—) dt + g (t, St) dSt +
t

o Recall that dS; = S; (udt + o0dZ;) and therefore

(dS;)? = S2 [;ﬂ (dt)? + 02 (dZ:)% + 2yadtdZt]
= 02524t

(why?)
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PDE approach

o Therefore:

df (t,S;) = % (t,St) dt + ﬂ (t,St) [St (udt +0dZ;)]

ot 0S;
19%f 2 2
-+ 58—51__2 (t, St) o St dt
_ [of of 1 , _,0%f
= a—t(t, St)‘i_‘uSta_St (t, St)‘i‘E(T StE<t, St) dt
(2)
+ 0598 (450 dz (3)
t'ast 1 It t-
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PDE approach

o At time t with 0 < t < T, consider you hold the portfolio:
o —1 derivative + E?—Sft (t, S¢) shares
o Let V (t,S;) be the value of this portfolio:

df
V (t,S:) = —f(t,S¢)+ 3s. (t,S¢) St

o The variation of the portfolio value over the period (t, t + dt] is (by
Eq. (2) and (3))

of
— df (t, St> + a—st (t, St) dSt
of 1, L, &f
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PDE approach

o —df (t,5;) + 9% (t,S¢) dS; involves dt but not dZ, —
instantaneous investment gain in (t, t 4 dt] is risk-free.
o arbitrage-free market =—risk-free rate = r —-

—df (t,5¢) + % (t,S¢) dSe = rV (t, S:) dt. (5)
t

o By (4) and (5), we have:

of 1

2
(— (t, St) + 50'2528 f

t 952

dt (t, 5t)> dt = —rV (t,S;) dt

of
= —r (-f(t, St) -+ a_St (t, St) 51_-) dt

and therefore (substituting S; = s)

of of 1 , ,0%f B
g(t,s)—l—rsg(t,s)—i—ia s @(t,s) = rf(t,s). (6)

o This is the Black-Scholes PDE (partial differential equation).
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PDE approach

o The value of the derivative f(t, S;) is obtained by solving the B-S
PDE with appropriate boundary conditions, which are for the call and
put:

f(T,s) =max{s— K,0} for the call,
f(T,s) =max{K —s,0} for the put.

o We can try out the solutions given in the proposition:

f(t,Se) = S;® (di) — Ke "T=9® (dy) for the call, (7)
f(t,S:) = Ke "T7® (—dy) — S;® (—dy) for the put, (8)

and find that they satisfy the PDE and the appropriate boundary
conditions.
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PDE approach

o Exercise: A forward contract is arranged where an investor agrees to
buy a share at time T for an amount K. It is proposed that the fair
price of this contract is

f(t,S) =5 —Ke T

Show that this:
(i) Satisfies the appropriate boundary condition.
(ii) Satisfies the Black-Scholes PDE.
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Financial Derivatives

o Consider a contingent claim (a financial derivative), with payoff given
by
X=o(5(T)). (9)

Its price process is represented by

I1(t), te€l0,T].
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Portfolios

o Portfolio (h° (t), h* (t))
o hY(t): number of bonds (or number of units of the riskless asset) at
time t.

o h* (t): number of of shares of stock in the portfolio at time t.
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Portfolios

o Value of the portfolio at time t:
VA (t) = 0 (t) B + h* (1) S;.
o It is supposed that the portfolio is self-financed, that is,
dV! = K0 (t) dB; + h* (t) dS;.
o In integral form:
t t
Vv, = vo+/ h* (s) d55+/ 1 (s) dBs
0 0

t

=W+ /ot (ah* (5) Ss + rh° (s) Bs) ds + (7/0 h* (s) SsdZs.
(10)
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Replicating portfolio

o Assume that the contingent claim (or financial derivative) has the
payoff
X=®(5(T)). (11)

and it is replicated by the portfolio h = (h° (t), h* (t)), that is,
Vi =X =®(5(T)) a.s. Then, the unique price process that is
compatible with the no-arbitrage principle is

I1(t) =Vl te[o, T]. (12)
o Moreover, assume also that
II(t) =V =F(t.S). (13)

where F is a differentiable function of class C12.
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Replicating portfolio

o Applying It6's formula to (13) and considering
dSt = ]/tstdt -+ UStdZt, we obtain

2
4 (5, 5,) — <8F OF 1, ,0%F

—_— —_— J— 2—
5 (t, S¢) + uS: x (t, S¢) + d S; 5 (t, St)> dt

oF
+ (O'Stg (t, St)) dZt
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Replicating portfolio

That is,
F(tS:) = F (0, So) +/ ( 55)+AF(5,55>>ds
+ /0 (assa—x (s, 55)) dz., (14)
where of . 2
Af (t,x) = Ew (t,x)+ 0'2X28—2 (t, x)

is the infinitesimal generator associated to the diffusion S;.
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Replicating portfolio

o Comparing (10) and (14), we have

oF

oh* (s)Ss = aSa—(s Ss)
uh* (s) Ss+rh” (s) Bs = Fr (s,Ss) + AF (s, Ss) .
o Therefore,
JoF .
™ (5,Ss) = h* (s),
JoF JoF 1 2 ,0%F
W(S,SS)—I—rSSa—X(s,SS) 5582(55)—rF(55)
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Replicating portfolio

Therefore, we have

o A portfolio h with value V' = F (t,St), composed of risky assets
with price S; and riskless assets of price B;.

o Portfolio h replicates the contingent claim X at each time t, and
I(t)=V'=F(t,5).

o In particular,
F(T,S57)=®(S(T)) = Payoff.
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Black-Scholes PDE

o The portfolio should be continuously updated by acquiring (or selling)
h* (t) shares of the risky asset and h° (t) units of the riskless asset,

where
h* (t) = g_i (t,S¢).
W (t) = Vi — h* (t) Se _F (t,S¢) — h* (t) St_

B B:

o The derivative price function satisfies the PDE (Black-Scholes eq.)

oF oF 1 9°F
= (t,S¢) + rSe - (t,S¢) + 5025387 (t,S;) — rF (t,S:) = 0.
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Black-Scholes PDE

Theorem

(Black-Scholes eq.) The only pricing function that is consistent with the

no-arbitrage principle is the solution F of the following boundary value
problem, defined in the domain [0, T] x R™:

oF oF 1 , ,0%F

a—t(t,x)—l—rxg (t,X>—|—§0'2X2W (t,x) — rF (t,x) =0, (15)
F(T,x)=®(x).

Jo3o Guerra (ISEG) Models in Finance - Class 18 17 /27

The martingale approach

o In the binomial model, we proved that the value of a derivative could
be expressed by:

Ve = e "TUEQ [X|Fe],

where X is the value of the derivative at maturity T and Q is the
equivalent martingale measure (or risk neutral measure).

o In continuous time, this result can be generalized as:

Proposition: Let X be any derivative payment contingent on Fr ,
payable at T. Then the value of this derivative at time t < T is

Ve =e "T7UEq [X|Fy]. (16)
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Proof of the risk neutral valuation

The price function F is solution of the following boundary value problem:

2
a—F(t,X)—FfXg—f(t,X)—FlOQXza F( t,x) — rF (t,x) =0, (17)

ot dx?
F(T,x)=®(x).

Applying the 1t6 formula to e " F (s, X;), where dXs = rXsds + 0 XsdZs,
t <s< T and X; = x, we obtain

e "TF(T,X7)=¢e "F(t,Xe)+

0 10
X Xs— + 02X 5) — 5
+/ ( (s, )+(r aX—HTXS28X>F(5,X) rF(s,X))ds
aF
Xs) dZs.
i / ax (5. %)
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Proof of the risk neutral valuation

Using (17) and applying the expected value (with X; = x), we obtain
Eex [e_r(T_t)F (T, XT)} = E, [F(t, X:)],
Therefore

F(t,x)=e "TYE, [®(XE)],

o Note that the process X is not the same as the process S, as the drift
of X is rX and not uX.

o idea: change from process X to process S, using the Girsanov
(Cameron-Martin-Girsanov) Theorem.
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Proof of the risk neutral valuation

o Denote by P the original probability measure ( “objective” or “real”
probability measure). The P-dynamics of the process S is given in
dS: = uSidt + 0S5:dZ;. Note that this is equivalent to

dS, = rS.dt + oS, (?dt 4 dZt)

A 7
~

Z,

o By the Girsanov Theorem, there exists a probability measure @ such
that, in the probability space (Q), F1, Q), the process

= —r
Ly = —t+ 4,
o
is a Brownian motion, and S has the Q-dynamics:
dSt = rStdt+UStdZt. (18)
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Proof of the risk neutral valuation

o Consider the following notation: E denotes the expected value with
respect to the original measure P, while Eg denotes the expected
value with respect to the new probability measure @ (that comes
from the application of the Girsanov theorem). Also, let Z; denote
the original Brownian motion (under the measure P) and Z; denote
the Brownian motion under the measure Q.

o We represent the solution of the Black-Scholes equation by

F(t,s) = e_r(T_t>EQ [(X|Fe],

where X = ®(S71) represents the payoff, and the dynamics of S
under the measure Q@ is

dS, = rS,du+0S,dZ,, t <u<T,
St = S.
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Delta hedging and martingale approach

o How to determine ¢; of the replicating portfolio?

o We can evaluate the price of the derivative V; = e~ "7 =t Eg [X|F¢]
using a formula (like the B-S formula) or numerical techniques.

@ Then 3V
= — (t,5:). 19
(Pt ds ( f) ( )
o ¢ is called the Delta of the derivative:
oV
A= —(t,5). 20
ds ( t) ( )
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Delta hedging and martingale approach

If:

o we start at time 0 with V{ invested in cash and shares,
o we follow a self-financing portfolio strategy,
o we continually rebalance the portfolio to hold exactly
Pr = A = %—‘g (t,St) units of S; with the rest in cash,
then we will precisely replicate the derivative payoff.
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Example: B-S formula for a call

o Let X = max{St — K,0}. Then:

V; = 5:®@ (di) — Ke "7 (dy), (21)
In( 3t )+ r—l—ﬁ T—
where: dy = (%) U(th>< D dy=dy— o/ T —tand () is
the cumulative distribution function of the standard normal
distribution.
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Example: B-S formula for a call
Proof:

o Given the information F;, then under @, we have:

St = S, exp Kr— %(72> (T —1t) +a(2’T—Z)] ()

Then

V, = e_r(T_t)EQ [max {St — K,0} | F]

_ e—r(T—t)

x Eg [max {st exp Kr — %(72) (T—t)+0o (ZT — Z)] — K,O} \]—"t]
— Eg [max{ezx—i—[ﬂU _ ea+5u,0H |

where & = log (S¢) — 202 (T —t), B=0VT —t, U~ N(0,1)
under Q and u = [Iog (Ke_r(T_t>) — cx} / B.
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Example: B-S formula for a call

Proof:

o Therefore (with ¢ (x) the density of the N(0, 1) distribution):

V; = e thu /Oo (eﬁ(x_”) — 1) ¢ (x) dx

*° 1 1,2
= e“/ P2 dx — e TPUD (—u)
u 21
1

o 1 2
= ea+%ﬁ2/ e_ﬁ(X_:B> dX — e“—i_ﬁuq) —Uu
u V21 ( )
= 2P P (B—u) — e PUd (—u) = ...
= 5@ (dy) — Ke " T (dy) .

o Exercise: Prove the B-S formula for the put option, using the same
technique.
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