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Chapter 1

Introduction

The main objective of these notes is to introduce the main concepts of
stochastic calculus to the master, post-graduation, or doctorate students in
Mathematical Finance. In particular, this is the main text resource to the
Stochastic Calculus course of the Mathematical Finance Master degree at
the Lisbon School of Economics & Management, University of Lisbon, for
the year of 2015/2016.

In these lecture notes, we explore the main techniques and methods of
stochastic calculus and stochastic differential equations, we discuss some re-
lationships between stochastic differential equations and partial differential
equations, and we apply some of these methods and techniques to prob-
lems of mathematical finance, such as the valuation and hedging of financial
derivatives and options.

In order to make the most of these notes, the reader should already have
knowledge (up to an undergraduate level) of integral and differential calcu-
lus, ordinary differential equations, probability and some basic knowledge of
measure theory and stochastic processes theory. Previous knowledge of the
theory of partial differential equations is useful, although it is not necessary.

In some parts of this text, we follow the references [9] and [10].

Thanks to Gongalo Horta Matos for the translation of these notes from
the portuguese language to english.

1.1 What is Stochastic Calculus?

In a summary way, stochastic calculus is a type of integral and differential
calculus that involves continuous-time stochastic processes, like the Brownian
motion. It allows us to define integrals of stochastic processes, where the
“integrating function” is also a stochastic process. We may also define and
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solve stochastic differential equations, that are basically ordinary differential
equations with an extra random term.

The most important stochastic process when treating with financial ap-
plications, paradigmatic in the development of stochastic calculus, is the
Brownian motion. Therefore, we will focus on the study of integration the-
ory with respect to the Brownian motion. The fundamental topics presented
in these notes are the construction of the stochastic integral, Itd’s formula,
stochastic differential equations, the Girsanov Theorem, the basic relation-
ship between stochastic and partial differential equations and applications
to the Black-Scholes pricing model for financial derivatives and options. Be-
fore we proceed with these topics, we will cover some fundamental results
on stochastic processes, conditional expectation, martingales and Brownian
motion.

There are other important financial applications of stochastic calculus be-
sides the valuation and hedging the risk of financial derivatives, as modeling
interest rate term-structures and credit risk.

The theory on Brownian motion and stochastic calculus was developed
by some of the most important mathematicians and physicists of the 20th
century. With strong contributions to the area, we may highlight Louis
Bachelier, Albert Einstein, Norbert Wiener, Andrey Kolmogorov, Vincent
Doeblin, Kiyosi Ito, Joseph Doob and Paul-André Meyer. A brief history of
stochastic calculus and its financial applications is presented by Jarrow and
Protter in their highly recommended article [4].
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Figure 1.1: Kiyosi Ito Figure 1.2: Andrey Kolmogorov



Chapter 2

Probability Theory and
Stochastic Processes

2.1 Stochastic Processes
We start by the classic definition of a stochastic process.

Definition 2.1 A stochastic process is a family of random variables {X;,t € T}
defined in a probability state (2, F, P), where T is the set on which the pa-
rameter t 1s defined. The process is said to be discrete-time if T = N, and
continuous-time if T'= [a,b] C R or T'=R.

A stochastic process may be considered as a map of two variables: t € T
and w €

{XpjteT={X; (w),weQ teT},

where X; represents the state or position of the process at time ¢. The state
space (space where the random variables take values)is usually R (process
with a continuous state space) or N (discrete state space).

For each fixed w € Q, the map t — X;(w) ou X (w) is called a tra-
jectory of the process. Some examples of trajectories are presented next
(one-dimension and two-dimension Brownian motion).

Example 2.2 Consider a sequence of independent random variables {Z;,t € N}.
Then
Xt221+ZQ+"'Zt:Xt_1+Zt

s a discrete-time stochastic process. This process is known as random walk.
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Figure 2.1: Trajectory of a one- Figure 2.2: Trajectory of a two-
dimension Brownian motion dimension Brownian motion

A fundamental concept in the theory of stochastic processes is the concept
of Markov process - where, “given the present, the future is independent from
the past”. In this sense, a Markov process is a process where the probability
of obtaining a state in a future time ¢ depends only on the last observed state
tx, that is, if t; <ty < --- <t <t, then

P[G<Xt<b|Xt1 :xl,Xt2 :IQ,...7th :xk] :P[G<Xt<b|th :xk]

A Markov process with a discrete state space is called a Markov chain. If
the process is a continuous-time process with a continuous state space, it is
called a diffusion.

In order to characterize probabilistically a process X, the concept of finite
dimension distribution is used.

Definition 2.3 Let {X;,t € T'} be a stochastic process. The finite dimension
distributions (fdd) of X are all the distributions of the vectors

(thathv"'thn))
wheren =1,2,3,...;t1,ta,...,t, €T.

The law of probability or distribution of a stochastic process is identified
with the family of the finite dimension distributions of that process.

Definition 2.4 (Gaussian process) A process is called Gaussian when all the
fdd are Gaussian.
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Figure 2.3: A trajectory of the white noise process

Knowing the parameters u (expected value) and ¥ (covariance) is enough
to characterize a Gaussian distribution. Hence, to characterize a Gaussian
process, one just needs to know p and ¥ for all vectors of type (X, Xy,, ..., X3,

Example 2.5 (white noise) Let {X;,t > 0} be a stochastic process where
X ~ N(0,0?) and suppose all the random variables of the process are inde-
pendent. Then the process is Gaussian and its fdd may be described by the
distribution fuctions

F(x17x27'.-7xn) :P<Xt1 S xl,XtQ S l’g,...,th S In)
= P(X;, <a1)P(Xy, < 12)... P(Xy, <)
= ®(21)P (22) ... P (x,).

The expected value and covariance functions of X are:

px (1) = E[X)] =0,

o2 ses=t

CX(S’t):{ 0 ses#t

In general, given a process X, we may define the expected value and
covariance functions as

px (1) = E[X],
cx (5,1) = cov(X, X)) = E (X — px (1) (X5 = pux (8))]
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An important concept is the stationarity or invariance of a distribution.
We’ll now define what is meant by stationary process and process of station-
ary increments.

Definition 2.6 A stochastic process X is said to be strictly (or strongly)
stationary if

d
(ti Xt27 ce 7th> = (th—‘rha Xt2+h7 ce 7th+h) ;
for all possible choices of n; t1,ta,...,t, €T and h.

Definition 2.7 A stochastic process X is said to have stationary increments
of
d
Xt - Xs = Xt+h - Xs+h>

for all possible values of s,t and h.

Exercise 2.8 Show that if a process X is Gaussian and strongly stationary,
then px (t) = px (0), Vt € T and cx (s,t) = f(|s —t|) depends only on the
distance |s — t|.

The independence of increments of a process is a fundamental property
and will be vastly used when we discuss the stochastic integral. We now
present the definition of this concept.

Definition 2.9 A stochastic process is said to have independent increments
if the random variables

th - Xt17Xt3 - Xt27 cee vth - th,1
are independent when ty <ty < --- <t,, n=1,2,...

All the processes that have independent increments are Markov processes.
Let’s see an important example of one of these processes: the Poisson process.

Example 2.10 (Poisson process) A stochastic process { Xy, t > 0} is called
a Poisson process with intensity A\ se

1. X(] — O,
2. X has independent and stationary increments,
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Simulation of a Standard Poisson Process

Value
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Figure 2.4: A trajectory of a Poisson process

A random variable Y has the (discrete) Poisson distribution of parameter
A, or Poi(\), if
)\k
AN
k!
Exercise 2.11 Show that if X is a Poisson process, then X;— X ~ Poi(\ (t — s))
ift > s.

PY=Fk)=e

How may we define an equivalence relationship between processes? The
next definition offers an answer to this question.

Definition 2.12 A stochastic process {X;,t € T'} is said to be equivalent to
another stochastic process {Y:,t € T} if, for each t € T we have

P{X,=Y,} =1
In this case we say that a process is a version of the other.

Note that two equivalent processes may have much different trajectories,
as illustrated in the next example.

Example 2.13 Let ¢ be a non-negative random wvariable with continuous
distribution, and consider the stochastic processes

Xt:07

|0 sep#t
Yt_{l sep=t "
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These processes are equivalent but their trajectories are different. The tra-
jectories of Y always have a discontinuity point.

Definition 2.14 Two stochastic processes {X;,t € T} and {Y;,t € T} are
said to be indistinguishable if

X (w)=Y (w) YweQ\N,
where N has null probability (P(N) =0).

Two stochastic processes with continuous from the right (left, or simply
continuous) trajectories that are equivalent are also indistinguishable. We
may define other concepts of probability for stochastic processes, other than
trajectory continuity.

Definition 2.15 A continuous-time stochastic process { Xy;t € T} that takes
values in R is said to be continuous in probability if, for any € > 0 and for
any t € T, we have

lsiir%P [ Xs — Xy >¢]=0.

Definition 2.16 Letp > 1. A continuous-time stochastic process { X;;t € T}
that takes values in R, and such that E [|X,|"] < oo, is said to be continuous
in mean of order p, if for any t € T, we have
limFE [| X, — X|"] = 0.
s—t
Continuity in mean of order p implies continuity in probability. How-

ever, the reverse implication does not hold. Also, none of these continuity
definitions imply the continuity of trajectories.

Example 2.17 A Poisson process N = {N;,t > 0} with intensity X is a
process with discontinuous trajectories. However, it is continuous in mean of
order 2 (mean square) (recall that Ny — Ng ~ Poi(\ (t — s))), because

. 2 . 2
£1£>I%E [|N: — N[ :£1£>I% At—s)+(A(t—s))7] =0.

The Continuity Criterion of Kolmogorov is a useful theoretical tool that
allows us to prove a given stochastic process has continuous trajectories. This
result is presented below.
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Theorem 2.18 (Continuity Criterion of Kolmogorov): Let X = {X;t € T}
be a stochastic process, where T is a bounded interval of R, and suppose there
exists p >0, a > 0 and C' > 0 such that

E[|X,— X< C|t—s/"t. (2.1)
Then there exists a version of X with continuous trajectories.

More precisely, equation (2.1) implies that for each € > 0 there exists a
r.v. G, such that

X, (w) — X, ()| < Ge(W)|t—s| 7 as. (2.2)
and F [G?] < oo. That is, X has Holder continuous trajectories of order 3,

for all g < HTO‘.
A proof of this theorem may be found in 5], pgs. 53-54.

2.2 Conditional Expectation

Consider a probability space (€2, F, P) and let A and B be two events where
A,B € F and P(B) > 0. The conditional expectation of A given B may be
defined as

P(ANB)
P(B)
The map A — P(A|B) defines a probability measure in the o-algebra F.

The expected value or conditional expectation of the integrable r.v. X given
B may be computed using the formula

P(A|B) = (2.3)

E[X15]

B(XIB) = =55

(2.4)

Example 2.19 Let X be a uniform r.v. taking values in (0,1]. Let A =
(0,1]. Let us compute E [X] and E[X|A].

4

E[X]:/lef(x)dx:/olxdx:%.

E(X1,) f01/4xda: 1
P =50 =" n =%

Let (£2, F, P) be a probability space, B C F a o-algebra.
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Definition 2.20 The conditional expectation of the integrable random vari-
able X given B (or E(X|B)) is an integrable random variable Z sucha that

1. 7 is B-measurable.

2. for all A € B we have

E(Z1,4)=E(X1,). (2.5)
If X isintegrable then Z = F(X|B) exists and it is unique (almost surely).

Definition 2.21 (generated o-algebra): Let C be a family of subsets of €.
Then, the smaller o-algebra that contains C is represented by o (C)) and it is
called the o-algebra generated by C.

Definition 2.22 (o-algebra generated by X ): Let X be a random variable.
The o-algebra generated by X is defined as {X~'(B) : B € Bg}.

We will now see some essential properties of the conditional expectation.

Proposition 2.23 Let X,Y and Z be integrable random variables, B a o-
algebra and a,b € R. Then,

1.
E(aX +bY|B) = aE(X|B) + bE(Y|B). (2.6)
E(E(X|B))=FE(X). (2.7)
3. If X and the o-algebra B are independent, then:
E(X|B)=FE(X) (2.8)
4. If X is B-measurable (or if o (X) C B) then:

E(X|B) = X. (2.9)

&

. IfY is B-measurable (or if o (X) C B) then:

E(YX|B) = YE(X|B) (2.10)

6. Given two o-algebras C C B, then:

E(E (X|B)|C) = E(E (X|C) |B) = E(X]C) (2.11)
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7. Consider two r.v.’s X and Z such that Z is B-measurable and X is
independent from B. Let h(z,z) be a measurable function such that
h(X,Z) is an integrable random variable. Then,

E(h<X7 Z) |B>:E(h<X7Z)) |z:Z- (2'12)

Remark: at first one computes E (h (X, 2)) for an arbitrarily fized value
z, and then z s substituted by the r.v. Z.

Proposition 2.24 (Jensen’s inequality): Let X be an integrable random
variable and B a o-algebra. If v is a convex function such that E [|¢ (X)|] <
o0, then

¢ (E(X[B)) < E(p (X)B). (2.13)

A particular case of the Jensen’s inequality is obtained by considering
o (z) = |z|”. If E(JX|") < oo, p>1, then

|E(X[B)]" < E(IX]"|B).
Hence, if p > 1,

E[EX[B)I] < E(IX]). (2.14)

The set of all random variables that are square integrable - L? (2, F, P)
- is an Hilbert space with the inner product

(X,Y)=E[XY].

The space L?(Q,B, P) is a subspace of L*(Q, F, P). Given a random
variable X € L?(Q,F,P), E(X|B) is the orthogonal projection of X in
the subspace L*(Q, B, P) and minimizes the mean-squared distance of X to
L*(Q, B, P) in the sense that

E[(X-EX|B)’ = min E[X-Y) (2.15)

YeL2(Q,B,P)

Exercise 2.25 Show that if X and the o-algebra B are independent, then
E(X|B) = E(X)

Solution 2.26 If X and 14 are independent then if A € B,
E[X14] = E[X]E[14] = E[E[X]14]

and, by the definition of conditional expectation, E(X|B) = E (X).
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Exercise 2.27 Show that if Y is a B-measurable random variable, then
E(YX|B)=YE(X|B).

Solution 2.28 If Y = 14 and A, B € B, then, by the definition of condi-
tional expectation,

E[14E(X|B)1p] = E[1anpE(X|B)]
= FE[X108] = E[1514X].

Therefore, LAE(X|B) = E [14X|B]. In the same way we’ll obtain the result if
Y =37" a;1a, (ie., Y is a B-measurable stair function). The general result
s proven by aproximating Y by a sequence of B-measurable stair functions.

Example 2.29 Given the random variable X € L? (Q, F, P), we shall show
that E(X|B) is the orthogonal projection of X in the subspace L* (Q, B, P),
and

2 : 2
E[(X-EXIB)]= mn E[X-Y)]
(1) E(X|B) € L* (2, B, P), because X is B-measurable. By (2.14),
E[|B(X|B)F] < B(X]) < .

(2) If Z € L*(Q, B, P) then, by the properties 2 and 5 of the conditional
expectation,

E[(X - E(X[B)) Z] = E[XZ] - E[E(X|B)Z]
= E|XZ] - E|B(XZ|B)]
=0

hence (X — E(X|B)) is orthogonal to L* (Q, B, P).
(3) As

E[(X -Y)’] = E[(X - B(X|B))’] + E [(E(X|B) —Y)?]
we have that E [(X — Y)z] > E[(X - E(X|B))2} and therefore

E[(X - E(X|B)?] = yomin, B (X -Y)?].

Exercise 2.30 Prove properties 1,2,4 and 6 of the conditional expectation
(Proposition 2.23)
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2.3 Discrete-time Martingales

The concept of martingale is one of the most fruitful in stochastic analysis.
To define a martingale, one should previously define the concept of filtration.
Consider the probability space (2, F, P).

Definition 2.31 A sequence of o-algebras {F,,n > 0} such that
FoCFHRCFRC---CF,C---CF
s called a filtration.

A filtration may be interpreted as representing the flow of information
generated by a random experiment or by a stochastic process.

Definition 2.32 A discrete-time stochastic process M = {M,;n > 0} is
said to be a martingale with respect to the filtration {F,,n > 0} if:

1. For each n, M,, is a F,-measurable r.v. (i.e., M is a stochastic process
adapted to the filtration {F,,n > 0}).

2. For alln, E[|M,]] < oo.

3. For all n, we have
E M, 1| F,] = M,. (2.16)

The stochastic process M = {M,;n >0} is called a supermartingale
(resp. submartingale) if it verifies conditions 1 and 2 of the previous definition
and if condition 3 is substituted by (3") E[M,1|F.] < M, (resp. (3"
E[M, 1| F,] > M,).

From condition (3) (or eq. (2.16)) it is easy to show that

E[M,] = E[M]

for all n > 1. That is, the expected value of a martingale is constant with
time.
Condition (3) - eq. (2.16) - is equivalent to

E[AM,|F, 1] = 0.

for all n > 1, where AM,, := M,, — M,,_;.
The martingale condition - eq. (2.16) - may be interpreted as: given the
information F,,, M, is the best estimation for M, ;.
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Exercise 2.33 Show that, if M = {M,;n > 0} is a martingale, then
E M, = E[My], Vn>1.

Example 2.34 (random walk): Let {Z,;n > 0} be a sequence of integrable
and independent random variables with 0 expected value. Let M = {M,;n > 0}
be defined as
The process M is a random walk. Consider the natural filtration generated
by {Zuin > 0}, icc.,

fn f:O'{Zo,Zl,...,Zn}.
As My, My, ..., M, and Zy, Z1,...,7Z, contain the same information, then

both should generate the same o-algebra F,,. Let us show that M is a mar-
tingale.

1. M is adapted to the filtration {F,,n > 0} , because M, is F,-measurable,
as F, is also generated by M,.

2. E[|M,]] < oo, because all r.v. Z, are integrable (i.e. E[|Z,|] < oo for
all n).

Example 2.35 Pelas propriedades bdsicas da esperanca condicionada:

E M, 1| F,] = E[M, + Z,1|F,]
=M, + E|Z,1|F)
=M, +E [Zn—H]
=M,.

Note that a g-algebra o (X3, Xs, ..., X,,) generated by ther.v. (X, Xo,...,X,)
contains all the essensial information on the structure of the random vector
(X1, X2, ..., X,) (as a function of w € Q). Any martingale with respect to
a filtration G is also a martingale with respect to the filtration generated by
the process itself (smaller filtration).

Lema 2.36 Let M = {M,;n > 0} be a martingale with respect to {G,,n > 0}
and F, = o {My, M,,...,M,} C G, the filtration generated by the process
M. Then M is a martingale with respect to {F,,n > 0}.
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Proof. By property 6 of the conditional expectation and by the martingale
property,

E [Mn+1|-’rn] =F [E [Mn-i-l’gn] |Jrn]
= FE[M,|F,]
=M,.

Proposition 2.37 1. Seja M = {M,;n > 0} uma {F,}-martingala. En-
tao, para m > n, temos

E M| F,) = M,.
2. {M,;n > 0} € submartingala se e s6 se {—My,;n > 0} € supermartin-
gala.

3. Se{M,;n > 0} é martingala e ¢ € funcio conveza tal que E [|¢ (M,)|] <
oo Vn >0, entao {p (M,),n >0} € uma submartingala.

Property 3 is a consequence of the Jensen inequality and has as corol-
lary: if {M,;n >0} and E[|M,|’] < co Vn > 0 and some p > 1, then
{|M,|" ,n > 0} is a submartingale.

Exercise 2.38 Let M = {M,;n > 0} be a {F,}-martingale. Show that if
m > n then E [M,|F,] = M,.

2.4 The Martingale Transform

Let {F,,n > 0} be a filtration on the probability space (2, F, P).

Definition 2.39 A stochastic process {H,,n > 1} is said to be predictable
if Hy, is Fp_1-measurable (i.e., if H, is “known” at time n — 1).

Definition 2.40 Given a {F,}-martingale M = {M,;n > 0} and a pre-
dictable process {H,,n > 1}, the process {(H - M), ,n > 1} defined as
(H-M), =M+ > _ H;AM,
j=1

is called the martingale transform of M by {H,,n > 1}.
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The martingale transform of a predictable sequence is the discrete version
of the stochastic integral, that is:

(H-M), — My =Y HAM;~ / HdM,.
0

J=1

Proposition 2.41 If M = {M,;n > 0} is a martingale and {H,,n > 0}
15 a predictable process with bounded random variables, then the martingale
transform {(H - M), ,n > 1} is a martingale.

Proof. 1. (H - M), is {F,}-measurable because ) "_, H;AM; is F,- mea-
surable.

2. (H - M), is integrable, as the r.v. M, are integrable and the r.v. H,
are bounded.

3. By the properties of conditional expectation,

E[(H-M),,,— (H-M),|F.) = E[Hu1 (Mu1 — M,) | F)]
= n+1E [Mn-l—l - Mn|]:n]
=0.

[
Consider now the following gambling system H,,:

e The amount bet by player at move n is H,;
o AM, = M, — M,_; represents the gains at move n;
e M, represents the accumulated fortune at instant n;

e (H-M), represents the accumulated fortune of the player if he uses
the betting system {H,,,n > 1}.

If {M,;n >0} is a martingale the game is said to be fair, and then
(H - M), is also a martingale, that is, the game remains fair no matter the
betting system used, as long as { H,,,n > 0} satisfies the conditions of propo-
sition 2.41.

Example 2.42 (double-betting): Suppose that
M, =My+ 21+ -+ Zy,

where {Z,;n > 1} are independent r.v. that represent the heads (+1) or tails
(=1) of a coin. Then, P(Z; =1) = P(Z; = —1) = 1. Suppose a player starts
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by betting a single Euro and doubles its bet every time he loses (if the coin
comes up tails (—1)) ending the game otherwise (if the coin comes up heads
(+1)). So the betting system is given by

Hy =1,

H,=2H, | if Z, 1 =—1,

H,=0 if Z, 1 =+1.

If the player loses k moves and wins at move k + 1, he gets
(H-M),,=-1-2—4—...-2"1 4 2F =1,

This may seem like an always-win strategy, but pay attention to the fact that,
for this to be true (with probability 1), unlimited funds and time are required
(unbounded betting strategy). In fact, in this case proposition 2.41 does not
apply because the variables H, (of the gambling system) are not bounded.

Example 2.43 (financial application) Let S, := {S°, S} n > 1} be adapted
processes that represent the prices of two financial assets. Let

Sp=@1+7)"

be the price of a risk-free asset (bond), where r is the interest rate (the process
SO ¢ is deterministic). A portfolio is ¢, = {¢°, ¢L,n > 1}, that represents
the number of units of each asset. The value of the portfolio at period n is
given by

Vi = 6090 + 6nSn = ¢ - S

The porfolio is said to be self-financed if, for any n,

Vo=TVo+ Y ¢;AS;.

j=1
This condition is equivalent to have, for any n,

¢n : Sn = ¢n+1 : Sn
Define the discounted prices as

Sp=(147r) "8, = (L,(1+7r)"S)).

n

Thus,

Vo=0047r)"V,=0¢,- Sy,
gbn ) gn = ¢n+1 ’ §n7

Vo =Vo+ Z¢jA§j

j=1
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The process V,, = (aﬁ,ll : §1> is the martingale transform of {3}} by the
predictable process {pL}. If {gjl} is a martingale and if {¢L} is a bounded

sequence, then, by Proposition 2.41, the process {\N/n} 15 also a martingale.

Example 2.44 (binomial model) A probability measure Q) equivalent to P is
called a risk-neutral probability measure if, in the probability space (0, F,Q),

the process {5}1} is a {F,}-martingale. On that case, if {¢L} is bounded,

{‘N/n} will also be a martingale, as seen in the previous example.
In the binomial model, assume the r.v.
Sn
Sn—1

are independent and take the values 1 + a and 1 4+ b with probabilities p and
1—p, respectively, with a < r < b. Let us determine p (that is, the probability

T, =

measure Q) in such way that {gﬂl} 15 a martingale.

B |SuilFa| = 04 1) " B[Sy Tona|
=S, (14 r) " E T F)
= gn (1+ 7‘)71 E[Ty4]

Hence, {gi} is a martingale if E [T,+1) = (1 +71), that is, if

Ellyul=p(l+a)+(1-p(1+b)=1+r

thus

b—r

b—a

Consider now a {Fn}-measurable r.v. H that represents the payoff of a
derivative on asset 1 that matures at time N. As an example, an FEuro-
pean call option with exercise price K has a payoff H = (Sy — K)+. The
derivative is said to be replicable if there exists a self-financing portfolio such
that

p:

VN = H.
The price of the derivative will be the value of this portfolio. As {‘7”} S

martingale on the probability space,
Vo= (14 7)" Vo = (14 1)" Eq | Vil 7|
= (1+r) "V Eg[H|F,]
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If n=0, then Fo = {Q, 2} and

Vo= (147" Eq[H].

2.5 Continuous-time Martingales

Continuous-time martingales are defined in a similar way as we defined
discrete-time martingales, and the majority of properties still hold in this
case.

Definition 2.45 Consider the probability space (0, F,P). A family of o-
algebras {F,t > 0} such that

.Fg C .Ft, 0 S S S t.
15 called a filtration.

Let F7X be the o-algebra generated by the process X on the interval
[0,t], i.e. FX = 0(X,,0<s<t). Then FX may be interpreted as the
information generated by the process X on the interval [0,¢]. Claiming that
A € F* means that it is possible to decide wether the event A has happened
or not, by observing the trajectories of X in [0, ¢].

Example 2.46 If A= {w: X (5) > 1} then A € F but A ¢ F;*.

Definition 2.47 A stochastic process M = {My;t > 0} is said to be a mar-
tingale with respect to the filtration {F;,t > 0} if:

1. Forallt > 0, My is a Fy-measurable r.v. (i.e., M is a stochastic process
adapted to the filtration {F;,t > 0}).

2. Forallt >0, E[|M]] < oc.

3. For all s <t, we have
E [My|Fy) = M.

Condition (3) is equivalent to E[M, — M|F] = 0. If t € [0,T] then,
by the martingale property, M; = E [Mp|F;]. Like in the discrete-time case,
condition (3) implies E [M;| = E [M,] for all ¢.

The definitions of supermartingale and submartingale are analogous to
their respective discrete-time definitions.

We also have the following generalization of the Chebyshev inequality
(analogous to the discrete-time version).
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Theorem 2.48 (Doob’s mazimal (or martingale) inequality): If M = {My;t > 0}
1s a martingale with continuous trajectories, then, for allp > 1, T > 0 and
A>0,
1
P [ sup | M| > )\] < v [E |Mr|"]

0<t<T

To a proof of the discrete version of this theorem (based on the optional
stopping theorem), see [9] . To a more detailed analysis of martingales and
its properties, it is recommended the reading of [2| and [5].



Chapter 3

Brownian motion

3.1 Definition

The name “Brownian motion” is given in honor of the botanist Robert Brown
who was, in 1827, the first to observe, using a microscope, the erratic physical
movement of pollen grains suspended in water droplets. This movement is
provoked by molecular shocks and it is a physical example of what was later
known as Brownian motion. In 1900, Louis Bachelier, in his thesis “Théorie
de la spéculation” used the Brownian motion as a model for the evolution of
financial asset prices. Five years later, Albert Einstein used this motion in
one of it’s famous articles to confirm the existence and find the size and mass
of atoms and molecules. The proof that the Brownian motion, as a stochastic
process, exists and is soundly defined was done in 1923 by Norbert Wiener -
which is why it is also called a Wiener process.

Definition 3.1 A s.p. B = {By;t > 0} is called a Brownian motion if it
satisfies the following conditions:

1. By =0.

2. B has independent increments.

3. Ses <t, Bi— Bg € is ar.v. with distribution N(0,t — s).
4. The process B has continuous trajectories.

The Brownian motion is a Gaussian process. In fact, the finite dimension
distributions of B, i.e. the distribution of the vectors (By,, By, ..., By,) is

22
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Gaussian. From condition 3 of the definition, we may conclude that B; ~
N(0,t) and

E[B]=0, Vt>0, (3.1)
E[Bf]=t, Vt>0

Proposition 3.2 Let B = {By;;t > 0} be a Brownian motion. Then the
covariance function of B is

cg (s,t) = F [BsB;) = min (s,t). (3.3)

Proof. If s < t, using the independence of increments of the Brownian
motion and eq.(3.1),

E|[B,B)| = E [B,(B; — B,) + B’]

s (B: — By)] + E [B?]

s

s] E[By — Bs] + s =5,

3.2 Main properties

Proposition 3.3 A stochastic process that satisfies conditions 1,2 and 3. of
the definition 3.1 has a version with continuous trajectories.

Proof. As (B; — By) ~ N(0,t — s), it is possible to show that

(2k)!

2k k
To prove this result one may use integration by parts and the mathematical

induction method in & (see [10]). For k = 2, we get
E[(B,— By)'] =3(t—s)*.

Therefore, by the Continuity Criterion of Kolmogorov (Theorem 2.18; there
exists a version of B with continuous trajectories. m

In order to define the Brownian motion we could just demand the first
three conditions of Definition 3.1, and by the previous proposition, there
would exist a version with continuous trajectories.

It may be shown that there exists a s.p. that satisfies conditions 1,2,3.
To do so, one may use the Kolmogorov Existence Theorem (see [10]). Then,
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by the previous proposition, there exists a stochastic process that satisfies
the 4 conditions given in the definition. Hence, the Brownian motion exists
as a soundly defined mathematical object.

In the definition of Brownian motion, the probability space is arbitrary.
However, it is possible to describe the structure of this space by considering
the map:

Q2 — C([0,00),R)
w— B. (w)

that, for each element w corresponds a continuous function that takes values
in R (the trajectory). The probability space is the space of continuous func-
tions C' ([0, 00) , R) equipped with the Borel o-algebra B¢ and the probability
measure induced by the above map: P o B~!. This probability is called the
Wiener measure.

A corollary may be obtained from the Kolmogorov Continuity Criterion
and the the formula

S (t—s)", (3.5)
We get
|B; (w) — By (w)| < G. (w) |t — S|%‘E <G.(W)|t— S‘%—E’

for all e > 0 where G, (w) is ar.v.. Therefore we conclude that the trajectories
of the Brownian motion are Holder continuous of order § = %— e. Informally,
for At >0,

|Bt+At — Bt| ~ (At)i .
On the other hand, we already know that

E [(Biya: — By)?] = At.

- <ty =1, where t; = tn, we may then heuristically deduce that:

Considering the interval [0,¢] and partitions of it such that 0 = tg < ¢; <
tj

1/

e B has infinite total variation: Y _,_, [ABy| = n (1) > 5 0oasn — o0,

t
n
e B has finite quadratic variation: Y p_ |AB|*> =n (1) =¢.
We now present an important result on the irregularity of the trajectories
of the Brownian motion.
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Proposition 3.4 The trajectories of the Brownian motion are not differen-
tiable in any point (almost surely).

We only need to show that, fora given point ¢, the derivative of the
trajectory does not exist on that point. We have that

Busi—B _VAZ  Z
At TOOAt AL

where Z ~ N (0,1). Then, this ratio tends to oo as At — 0 in probability,
because P (L > K) — 1 for any K, when At — 0. Hence, the derivative

VAL
does not exist in point t.

Proposition 3.5 (self-similarity) If B = {By;;t > 0} is a Brownian motion
then, for all a > 0, the process {a‘l/QBat;t > O} 18 also a Brownian motion.

Exercise 3.6 Prove proposition 3.5.

3.3 Processes related to the Brownian motion

We now show some processes that are defined from the Brownian motion

e Brownian motion with drift:
Y;ﬁ - ,Ut + UBt>

where 0 > 0 and p are constant. Clearly, this is a Gaussian process
with F [Y;] = ut and cov(s,t) = o?min (s, t) .

e Geometric Brownian motion (model proposed by Samuelson, and later
by Black, Scholes and Merton to describe prices of financial assets):

_ ut+obB;
Xt =e€ )

where o > 0 and p are constant. The distribution of X is lognormal,
that is, In (X;) has a normal distribution.

e Brownian bridge:
Zt:Bt—tBl, tE[O,l]

Note that Z; = Zy = 0. This process is Gaussian with £ [Z;] = 0 and
cov(s,t) = E[ZsZ;] = min (s,t) — st.
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Define the filtration generated by B
FP=0{B,s<t}.

It is considered that F” also contains the sets with null probability (N €
Fo if P(N) = 0). Some consequences of the inclusion of null probability sets
in the filtration are given below:

1. Any version of an adapted process is still an adapted process.

2. The filtration is continuous from the right, i.e.

(Ve =7

s>t

Example 3.7 If B is a Brownian motion then the process X; = sup By is
0<s<t

adapted to the filtration generated by B but the process Yy = sup By s not.
0<s<t+1

Proposition 3.8 If B = {By;t > 0} is a Brownian motion and {Ff,t > 0}
is the filtration generated by B, then the following processes are {ftB, t> 0}—
martingales:

1. B,
2. B? —t.

3. exp (aBt — %) .

Proof. 1. Clearly B; is FP-measurable and integrable. Also, as B; — B, is
independent from FZ (by the independence of the increments of B), we get

E [B,— B,|FF] = E[B, — By] = 0.

2. The process B?—t is FP-measurable and integrable. By the properties
of B and the conditional expectation,

E (B} —t|F?| = E (B, — By + B,)*|F?] — t
= E[(B,— B,)’] +2B,E [B, — B,|FP] + B2 -t
=t—s+B>—t=DB—s.
|

Exercise 3.9 Let B = {By;t > 0} be a Brownian motion and {FP,t >0}
the filtration generated by B. Show that the process X; = exp (aBt — %t) 5

a martingale.
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3.4 The quadratic variation of the Brownian
Motion

The results on the total and quadratic variation of the Brownian motion
were deduced heuristically. We dedicate this section to prove rigorously these
results.

Let us fix an interval [0, ¢] and a partition 7 of this interval, with

O=to<ti <---<t, =t.
The norm of the partition is defined as
|| = ml?XAtk,
where Aty =t —ty_1 and let ABy, = B, — By, _,.

Proposition 3.10 The Brownian motion B has finite quadratic variation
in the interval [0,t] (and equal to t), in the sense that

E (i (ABk)z—t> — 0,

k=1
when |w| — 0.

Proof. Using the independence of the increments, the fact that £ [(ABk)Q] =
Aty and the formula E [(Bt - BS)QJ} = & (t —s)’, we have

2741

n

S [(ABY? - Ay

k=1

E <i(ABk)2—t> —E

k=1

D [B(A)? =2 (At)* + (Aty)7]

=2 At ) < 2t|r] — 0.
;( k) < |||7rHO

Proposition 3.11 The Brownian motion B has infinite total variation in
the interval [0,t] , in the sense that V = sup Y, _, |ABy| = oo with probability

1.
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Proof. Using the continuity of the trajectories of the Brownian motion, we
have that

n

> (ABy)* <sup|ABy| > |ABy| < Vsup|ABy| — 0,
k k

|7|—0
k=1 k=1

if V < oo. But this contradicts the fact that 327 | (AB)” converges in mean
squared to t. Therefore V =00. m

For a more detailed analysis on the Brownian motion, it is recommended
the reading of [5].
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It6 integral

4.1 Motivation

Let B = {By;t > 0} be a Brownian motion and consider a “stochastic” dif-
ferential equation of the type

dX dB;
il X X,)« 9
pn b(t, Xy) + o (t, Xy) o

where “%” is stochastic noise. This process does not exist in the classic

sense, because B is not differentiable. We may express the equation above
in the integral form

t t
Xt:X0+/ b(s, X,)ds + / o (s, X,)dB"
0 0

The problem now is how to define fg o (s, Xs)dB; , or, in a broader way, to
define stochastic integrals of the form

T
/ u,d B,
0

where B is a Brownian motion and w« is an adequate stochastic process.

A strategy that could be followed to define this type of integrals would
be to consider them as Riemann-Stieltjes integrals. Let us see how to define
an integral of this type. Consider a sequence of partitions of [0,7] and a
sequence of interior points in those partitions:

Tat 0=1g <t <ty < - <tppy =T
Sn! t?SS?St?_’_l, ZZOavk(n)_L

29
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Figure 4.1: Partition of [0, 7]

h that i ry—tr) =0.
such that nl_{glosgp(twr1 tl) 0

The Riemann-Stieltjes (R-S) integral is defined as the limit of the Rie-
mann sums:

T n—1
dg := lim si') Ag;,
/Ofg n%o;()f( ) Ag

where Ag; := g(t!'.,) — g(t7), if the limit exists and is independent from the
sequences 7, and s,.

e The Riemann-Stieltjes (R-S) integral fOT fdg exists if f is continuous
and g has limited total variation, i.e.

supz |Ag;| < oo.

e If f is continuous g is of class C! then the (R-S) integral fOT fdg exists

and . .
dg = "(t)d
/Ofg /Of(t)g(t> :

e In the case of the Brownian motion B, clearly the derivative B’(t) does
not exist, so we cannot define the trajectory integral

/OT uy (W) dBy (w) ; /OT u; (w) Bl (w) dt.

In general, we know that the Brownian motion does not have bounded
total variation, so we may not define the (R-S) integral fOT u (W) dBy (w).
However, if v has C* trajectories, using integration by parts, the trajectory
(R-S) integral exists and

/0 u (w) dBy (w) = ur (w) Br (w) — /0 uy (w) By (w) dt.
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Still, a problem withstands. For example, the integral fOT By (w) dBy (w) does
not exist as an R-S integral. It is useful to consider processes that are more
irregular than those with class C' trajectories, so how may we define the
stochastic integral for these processes? We should abandon the R-S strategy
and follow a new reasoning: define the stochastic integral fOT uyd By through
a probabilistic approach.

Consider a Brownian motion B = {By;t > 0} and the filtration {F;,¢ > 0}
generated by it.

Definition 4.1 Consideraremos processos u da classe LiT, que se define
como a classe de processos estocdsticos u = {uy, t € [0, T}, tais que:

1. u is measurable and adapted, i.e: u; is Fy-measurable for all t € [0,T],
and the map (t,w) — u; (w), defined in [0,T] x Q is measurable with
respect to the o-algebra Bjo ) X Fr.

2. B [fOT ufdt} < 00.

e Condition 2. allows one to show that uw as a function of the variables
t and w belongs to the space L?([0,T] x Q) and that (using Fubini’s
theorem)

E [/OTufdt} _ /OTE ] di /[Oﬂmuf () dP (dw)

4.2 The stochastic integral of simple processes
The strategy to define the stochastic integral consists in defining fOT urd By
for u € L2 as the mean-squared limit (limit in L* (Q)) of integrals of simple

process.

Definition 4.2 A stochastic process u s said to be a simple process if
W= bila, 0 (1), (4.1)
j=1

where 0 =ty <ty < --- < t, =T, and the r.v. ¢; are square-integrable
(E [¢3] < 00) and Fy,_,-measurable.

From now on, we shall denote the class of all simple processes by S.
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Definition 4.3 If u is a simple process of the form(4.1) (u € S) then we
define the stochastic integral of u with respect to the Brownian motion B as

T n
/ UtdBt = Z ¢J (Btj - Btj—l) .
Example 4.4 Consider the simple process
Ut = Z By Lt () -
j=1

Then

T
/ U,tdBt = Z Btjfl (Btj — Btjfl) .
0

It is clear that, from the independent increments of B, we have

T n
E U utdBt] = ZE (B, , (B, — By, ,)]
0 =1
- ZE [Btjfl] E [Btj - Btj,l} =0.
j=1

Proposition 4.5 (Proprerty of isometry). Let uw € S be a simple process.
Then the following isometry property holds:

(/OT utdBt>2 =F [/OT u?dt} : (4.2)

Proof. Taking AB; := B;, — By, _,,

=S E[#(AB)Y] +2) E[¢:;ABAB).

j=1 1<J

E

2

E

Note that as ¢;¢;ADB; is F;_;-measurable and AB; is independent from F;_;,
we have

> E[¢:i¢;ABAB] =Y El¢i¢;ABi] E[AB;] = 0.

1<j 1<j
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On the other hand, as gb? is Fj_i-measurable and AB; is independent from
-F.j—la

> B[] (AB)] =) E[¢]] E[(AB))]
= ZE (03] (85 — tj-1) =

:EUOTugdt].

|
Proposition 4.6 Let u € S.

e 1. Linearity: If u,v € S:

T T T
/ (CLUt + bUt) dBt = Cl/ UtdBt —+ b/ ’UtdBt. (43)
0 0 0

2. Null expected value:

E [ /0 ' utdBt] =0. (4.4)

Exercise 4.7 Prove properties 1. and 2. from the previous proposition.

4.3 Ito integral for adapted processes

The following lemma is fundamental to define stochastic integral of adapted
processes.

Lema 4.8 Ifu € LiT then there exists a sequence of simple processes {u(”)} €
S such that
T
lim F [ /
n—oo 0

Proof. 1. Suppose u is a mean-squared continuous process, that is:

up — u§”>

th] = 0. (4.5)

ISIEEE [Jue — usﬂ = 0.
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Define t}‘ = %T and

up =y L o (1) (4.6)
j=1

o[ o <[ bl

3yl o]
j=1 Y1

<T sup E[|us—ut|2} — 0.

|t75‘§2 n—o0
n

By applying Fubini’s theorem, we get

(n)

(n)
Uy — Uy ¢

U — U

Ugn | — Ut

Step 2. Suppose now that u € LZ,T and consider the sequence of processes
{v(”)} defined by
t
v =n / ugds.
t—1

These processes are mean-squared continuous (they even have continuous
trajectories) and belong to the class L2 ;. On the other hand,

T 2
lim E [/ u — o™ dt] — 0,
n—oo 0
because
T 2
lim uy (w) — o™ (w)’ dt = 0.
n—oo 0

and we may apply the Dominated Convergence Theorem in the space [0, T x
Q, since we get, using Cauchy-Schwarz inequality and by changing the inte-

gration order,
9 T t 2
dt} =F |n? / / ugds
0 t—1

o[ ] -o]
<nE _/OT (/; ugds> dt]

n

[ T s+1/n
=nk / u? / dt | ds
0 s

E{/OTuids}

Ugn)

dt
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Definition 4.9 The stochastic integral (or Ité integral) of the process u €
L2 1 is defined as the limit (in L* (Q))

n—o0

T T
/ wdB; = lim (L?) / W dB,, (4.7)
0 0

where {u(")} is a sequence of simple processes that verifies (4.5).

Note that the limit (4.7) exists since, due to the isometry property for
simple processes, the sequence {fOT ugn)dBt} is a Cauchy sequence in L? (Q2)
and therefore is convergent.

Proof.
T T 2 T 9
( / WM dB, — / uﬁ””dBt) -y { / (u§"> . ugm>) dt}
0 0 0
T 2 T 2
<2F {/ <u§”) _ ut) dt] +2F {/ <ut — ugm)) dt} nm=roo o
0 0

E

Proposition 4.10 Let u € LiT. Then, the following properties hold

</OT utdBt> =F l/OT u?dt] : (4.8)

2. Null expected value:
T
0

e 1. Isometry:
2

E

3. Linearity:
T T T
/ (aut —+ bUt) dBt = CL/ UtdBt + b/ ’UtdBt. (410)
0 0 0

Proof. These properties are easily shown for simple processes u € S. After
doing so, the broader case where u € L?L,T is proven by considering the process
as a limit of a sequence simple processes. m
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Example 4.11 Let us see that
T
1 1
/ BB, = ~B3 — =T.
0 2 2

As the process u; = By is mean-squared continuous, we consider the sequence
of approaching simple processes (4.6), i.e.

ZBt ;l . ;l (t),
where t? = %T.

T T
0 0

n—oo

1) 38, (55

j=1

) 1 2
=i 5 Z (5= 5.) = (35|
1
=3 (B: = 1T),

2

we use the fact that £ — 0 and 5 > (Bf@ — Bt2?-11> =

(zg;l (ABt?)Q - T)

1p2
§BT'

4.4 Undefined stochastic integrals

Consider a stochastic process u € Li’T. Then, for any ¢ € [0, 7], the process
uljy is also in L? ;., hence we may define the undefined stochastic integral:

t T
/ usdBS = / us]_[()’t} (S) st.
0 0

The stochastic process {fg u,dB,,0 <t < T} is the undefined stochastic in-
tegral of u with respect to B.

Proposition 4.12 Main properties of the undefined stochastic integral:
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1. Additivity: For a < b < ¢, we have:

b c c
/ ugd By +/ usd By :/ usdBs.
a b a

2. Factorization: If a < b and A € F,, then:

b b
/ lAUSdBSZ 1A/ USdBS.

This property still holds when 14 is substituted by any bounded and
F.-measurable random variable.

3. Martingale property: If u € L? . Then the process M; = f(f us,dB; is a
martingale with respect to the filtration F;.

4. Continuity: If u € L7, then the process M, = f; usd B, has a version
with continuous trajectories.

5. Maximal inequality for the undefined stochastic integral: If u € LZ’T e
M, = fot usd B, them, for any A > 0,

1 T
P[sup | M| >)\} SEE {/0 ufdt}.

0<t<T

Proof. 3: Let u™ be a sequence of simple processes such that

T
lim F {/

Let M, (t) = fg u"dB, and let ¢; be the value of u™ on the interval (t;_y, ],
where j =1,...,n. If s <t <t,,_1 <t, then:

Ut — ugn)

2
| o

E[M, (t) — My (s) | F4]

¢k (B, — Bs) + Z ¢;AB; + ¢, (Bt - Btm,l) |fs] )

j=h+1

=F

hence, by the properties of conditional expectation,

m—1
= Bl (By, — B,) [F]+ Y E[E[$AB|F;]|F] +
j=k+1

+ F [E [¢m (Bt - Btm—l) |‘th—1:| |‘FS} :
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m—1

= 0uE (B, — By|FJ)+ ) E[¢;E[AB|F;] |F] +
j=k+1

+E [¢mE [Bt - Btm,1|ftm,1} |~Fs}

using the independence of the Brownian motion increments we get:
E M, (t) — M, (s) |Fs] = 0.

As mean-square convergence implies mean-square convergence of the condi-
tional expectations,
E[M(t) —M(s)|F] =0

and therefore the stochastic integral is a martingale.

4: Using the same notation as in the previous proof, M, (t) is clearly a
process with continuous trajectories, because it is the stochastic integral of
a simple process. Then, by Doob’s maximal inequality applied to M,, — M,,,

with p = 2, we have:

P [ sup | M, (t) — M, (t)] > A| < %E [[M, (T) = My, (T)?]

0<t<T
T 2
(/ (uﬁ”) — ugm)) dBt)
0

2

where we used the Ito isometry. We may then choose a increasing sequence
of positive integers ng, k = 1,2, ..., such that

P [ sup }Mnk“ (t) — My, (t)| > 27k <927k

0<t<T

The events
A= { s M, (0= M (0] > 27

0<t<T
should then satisfy:

> P (4) < oo
k=1
Hence, by the Borel-Cantelli lemma, P (limsup, Ax) = 0 or

P { sup |Mn

0<t<T

k+1

(t) — My, (t)| > 27% for an infinite # of k:] = 0.
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Therefore, for almost every w € €, there exists k; (w) such that

sup |Ma,,, (t) = M, (t)] < 27" for k > ki (w).

0<t<T

Consequently, M,, (t,w) is uniformly convergent inside [0, 7] almost surely
and hence the limit, which we denote by J; (w), is a continuous function on
the variable ¢. Finally, as M, (t.-) — M, (-) in mean-square (or in L? (P))
for all ¢, then we must have

M,=J; q..eparatodoote[0,T].

and so we conclude that the undefined stochastic integral has a continuous
version. W

Exercise 4.13 Prove property 1 of the previous proposition, that is,

b c c
/ usd B, +/ usd B, :/ ugsdBs.
a b a

Proposition 4.14 (quadratic variation of the undefined stochastic integral)
Let u € L7 . then

4.5 Extensions of the stochastic integral

When defining the stochastic integral, one may substitute {F;} (filtration
generated by the Brownian motion) by a bigger filtration H; such that the
Brownian motion B; is a H;-martingale.

One may also substitute condition 2) F [ fOT ufdt] < oo in the definition
of L7 ; by the (weaker) condition:

2P U(]Tufdt < oo} =1. (4.11)

Let L, be the space of processes that satisfy both the condition 1 of the
definition of L2 ;- (i.e., u is measurable and adapted) and the condition 2).
The stochastic integral may be defined for processes u € L, but, in this
case, the stochastic integral may neither have null expected value nor satisfy
the Ito isometry.
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Exercise 4.15 Prove directly, using the definition of stochastic integral, that

t t
/ sdBs = tB; —/ Bgds. (4.12)
0 0
Suggestion: Note that

ZA(Sij) = ZSjABj +ZBj+1ASj' (413)
J J J

Exercise 4.16 Consider a deterministic function g such that fOTg (s)ds <

00. Show that the stochastic integral fOT g (s) dBs is a Gaussian random vari-
able and determine its mean and variance.

For an elementary introduction of the stochastic integral it is recom-
mended the reading of |7]. For a more detailed discussion, reading [5], [9],
[10] and [11] are recommended.



Chapter 5

It6 formula

5.1 One-dimensional I1t6 formula
Let AB = By ar — B;. We've seent that

E[(AB)?] = At,
and using the formula F [(Bt - BS)%} = % (t — s)*, we have that

Var [(AB)] = E[(AB)'] - (E [(AB)"])’
= 3 (A1) — (At)* = 2(At)>.
Hence, if At is small, the variance of (AB)2 is insignificant when compared

with it’s expected value. Therefore, when At — 0 or “At = dt”, informally

we may conclude:
(dB,)* = dt (5.1)

The equality (5.1) is the base of the It6 formula (or It6’s Lemma) that we’ll
discuss throughout this chapter. Ito6’s formula is, essentially, a stochastic
version of the chain rule. Consider the following (equivalent) equalities:

t
B? :2/ BydB, +t
0
d (B}) = 2B;dB; + dt

The last expression represents the Taylor expansion of B? as a function
of B, and t, with the convention (dB,)* = dt motivated by eq.(5.1).

41
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If f is a function of class C?, Itd’s formula will show we have the following
representation of f(By):

f (B;) = undefined stoch. integral + process with differentiable trajectories

= [t0’s process

Define L}LT as the space of processes v such that
1) v is an adapted and measurable process;

2) P [fOT]vt|dt < oo] ~ 1.

Definition 5.1 A continuous and adapted process X = {X;,0 <t < T} is
called an Ito’s process if it satisfies:

t t
X, =X+ / usdBg + / vyds, (5.2)
0 0

where u € Lo and v € L 1.

Theorem 5.2 (one-dimensional It6’s Formula) Let X = {X;,0 <t < T} be
a Ité process of the form (5.2). Let f(t,x) be a function of class C**. Then
the process Yy = f(t, Xy) is an Ité process and has the representation

Lo Lo
f(t, Xy) = £(0, Xo) —|—/0 (9_{ (s, Xs)ds +/O 8_£ (s, Xs) usdBs

t@f 1 t@Zf )
+/0 %(S,XQ’USdS—i—i ; @(S,Xs)usds.

In the differential form, It6’s formula may be written as:

df (t, X;) = % (t, X¢) dt + % (t, X¢) d Xy
1 a2f 2
+ éﬁ(t»Xt) (dXy)”.

where (dX,)? is computed using the product table:

X dB; dt
dB; dt 0
da 0 0

[td’s formula for f(t,x) and X; = B, that is Y; = f(¢, By), is
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B tof tof
f(t,Bt)—f(O,O)Jr/O E(S,Bs) ds+/0 %(S,BS) dB,
taZf

5 ; @ (S, BS) ds.
_of of
df(t, By) = S (8B dt+ 5 (¢ B) dBy
10%f
Ito’s formula when f(x) and X; = By, that is Y; = f(B,), is simply
_af 10%f
df (By) = o (B:)dB; + 3922 (B) dt.

5.2 Multidimensional It6’s formula

Suppose B; := (B}, BZ,..., B/) is a Brownian motion of dimension m, that
is, the components BY, k = 1,...,m are independent one-dimensional Brow-
nian motions. Consider an It6 process of dimension n, defined by

t t t
X} :X5+/ u;1d331+--~+/ u;mdB;“Jr/ vlds,
0 0

0

t t t
X2 o x24 / B 4 - 4 / AR 4 / o2ds,
0 0 0

t t t
X=X+ / u™dB! + - - +/ u™dB" + / v"ds.
0 0 0
In differential notation,
dX] = ufdB! + vjdt,
j=1
with i =1,2,...,n. Or, in a more compact way,
dXt = UtdBt + Utdt,

where v; is a n-dimensional process, u; is a n X m matrix of processes. We

assume the components of u belong to L, and the components of v belong
1

to L, 7.
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Theorem 5.3 (multidimensional Ito’s formula) If f : [0,T] x R" — RP is
of class CY2 then Y; = f(t, X;) is an Ité process and we have the following
Ito formula:

Ofx

dYF =
ETot

(t, X,) dt+zafk (t, X;) dX]

~ 9fi
(t, Xy) dX; AX].
3 Z 82:18% 2

The product of differentials dX;dXt] is computed according to the rules:

P 0 sei#j
BB} = { dt se Zé:]j ’

dBldt =0,
(dt)* = 0.

In the particular case where B; is a n-dimensional Brownian motion and
f:R™ - Ris of class C? with Y; = f(B;) then It6’s formula is

f(B) = f(By) +Z/ axz (B,) dB' + /(Z )

Example 5.4 (integration by parts formula) If X} and X? are It6 processes
and Y; = X} X2, then by It6’s formula with f(x) = f(x1,22) = x129, we get

d (X} X}) = X7dX] + X}dX} + dX}dX}.

That is:
t t t
X}X2=XIX2+ / X2dX!+ / XHdX?+ / dXlax?.
0 0 0
Example 5.5 Consider the process
Vo= (B) + (B) -+ (B,

Represent this process in terms of stochastic integrals with respect to the n-
dimensional Brownian motion. By the multidimensional Ito’s formla, with
f(x) = f(z1,29,...,0,) =22 + -+ + 22 we get

dY; = 2B}dB} +---+ 2B}'dB}'
+ ndt,
that s,

t t
}@:2/ B;dB;+---+2/ B"dB" + nt.
0 0
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Exercise 5.6 Let B; := (B}, B?) be a 2-dimensional Brownian motion. Rep-
resent the process

vi = (Bl (B2)* - BLBY)
as an Ité process.

Solution 5.7 Using multidimensional It6’s formula, with f(t,x) = f(t,x1,x2) =
(w1t, 23 — 2129) , we have

dY,;' = Bldt + tdB;,
dY? = —BpdB} + (2B} — B}) dB} + dt,

t t
Ytl:/ B;ds+/ sdB},
0 0

t t
Ytl:—/ BgdB;Jr/ (2B2 — Bl) dB? +t.
0 0

that s,

We shall now describe how could one prove rigorously one-dimensional
Ito’s formula. The process

of tof
Y, = X — (s, X = (5, X B
= 10X+ [ G x)as+ [ G x)ws,
Lof 1 [t o2f )
+ ; %(S,XS)USdS+§ ; @(S,XS)USCZS.

is an Itd process. We assume that f and it’s partial derivatives are bounded
(the general case may be proven by approximating f and it’s partial deriva-
tives by bounded functions). As we know, the stochastic integral may be
approximated by a sequence of stochastic integrals of simple processes, and
so we may assume u and v are simple processes.

By dividing the interval [0,¢] in n equal-sized subintervals, we get

—_

/ (tht> =f (OvXO) + (f (tk+17th+1) —f (tk‘vth)) :

3

k=0
Using Taylor’s expansion
0 0
(b Xep) = £ (%) = 20 X0 a4+ 9 (1, ) A,
10?
LT X (AKX Qu

2 0x?



CHAPTER 5. ITO FORMULA

where Q) is the remainder of Taylor’s formula. We also have

tkt+1 tkt1
AXp =Xy, — Xy = / vsds +/ usd By

tg tr

=v (tk> At +u (tk) ABk + Sk,
where Sy is the remainder. From here, we obtain

(AX1)" = (v (tr)* (A1) + (u (1))’ (ABy)*
+ 2v (tk) u (tk) AtABk + Pk,

where Py is the remainder. By substituting these terms we get

1 1
f(t,Xt) — f(O,Xo) - Il +[2 +[3 + 5]44‘ 5[(1 +K2 +R,
where

of
Il Z ot (tk’vth)A

0
3 O (1, X, ) v (1) A,

of
o

a2f
8 2

(tkath> (tk> ABk?
(th, Xu,) (u (t))" (AB)*.

K= g 00,0 (0 (1)) (207,

2

KQI
R:Z (Qr + Sk + Fu).
k

When n — o0, it is easily shown that

taf
L —>/0 e (s, Xs)ds,

taf
I —>/0 %(S,Xs) veds,

taf
[3—>/0‘ %(S,Xs)usst.

46
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As we’ve seen before (quadratic variation of the Brownian motion),

> (ABy)? = t,

k

whereby
t an )
I4 — /0 @ (S,Xs> USdS.
On the other hand, we also have

K1—>0,
K2—>O.

Although harder and more technical, it may also be proved that
R — 0.

As a conclusion, we obtain It6’s formula when taking the limit.

5.3 Ito’s integral representation theorem

Let u € L7 ;- (v adapted, measurable and square-integrable) and let

t
M, = E [M,] + / u,dBs. (5.3)
0

We already know that M; is a Fi-martingale. We shall now show that any
squared-integrable martingale is of the form(5.3).

Theorem 5.8 (Ité’s integral representation): Let F € L* (Q, Fr, P). Then
there exists one unique process u € Li,T such that

F=E[F]+ /t usdBs. (5.4)

Proof. We shall divide the proof in 3 parts:

1. Consider a random variable F' of the form

F:exp(/OTh(s)dBS—%/()Th(s)st), (5.5)
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where h is a deterministic function fOTh(s)2 ds < oo. Let us apply
Ito’s formula to f () = %, with X; = [ h(s)dB, — 3 [ h(s)*ds and
Y, = £(X,). Then
1 1
dY, = Y, (h (t)dB, = 5h (1)’ dt) +5Yi(h (1) dB.)’
— Y,k () dB;.
That is,
t
Y, = 1—1—/ Yh (s) dBs.
0

It is then obtained

T
F:YTzl—l—/ Y,h (s) dB,
0

:E[F]+/TY;h(s)st

Note that

< 00,

E UOT (Yah (5))? ds

due to E[V?] = exp (fot h (u)? du) < 00. Therefore

E UOT (th(s))st} < /OTeXp (/Osh(u)2du) h(s)? ds
< exp (/OTh(u)2du) /DTh(s)2ds.

2. The representation (5.4) is also valid (by linearity) for linear combi-
nations of the form (5.5). The general case, F' € L*(Q, Fr, P) may
then be approximated (in mean-squares sense) by the sequence {F),}
of linear combinations of random variables of the form (5.5). A more
detailed approach of this may be found in [10]. Then:

t
E, =E[F,] + / u{dB,.
0

By It6’s isometry, we have



CHAPTER 5. ITO FORMULA 49

and {F,} is a Cauchy sequence in L? (Q, Fr, P). Hence,
E [(F. - Fm)Q} — 0 when n,m — oc.

Thus .
E [/ (ug”) — ugm))zds — 0 qdo. n,m — oo.
0

So {ul™} is a Cauchy sequence in L?([0,T] x ). As this is a com-
plete space, u™ — w in L?([0,7] x Q). The process u is adapted
because u(™ € LiT and exists a subsequence of {u(") (tw)} converg-
ing to u (t,w) a.s. in (t,w) € [0,T] x Q. Then, u(t,-) is F;-measurable
for almost every ¢t. Modifying the process u in a null measure set on
the variable ¢, we obtain a process u that is adapted to {F;}. Therefore

T 2
n—oo n—oo 0
On the other hand, by Ito’s isometry,
lim E (E[F,] — E[F])* =0

n—00
2

T T
lim E ( / (ul™ — uy) dBS) = limE / (ul™ —u,)® ds = 0.

and thus FF =E[F] + fDT usdBs.

3. Uniqueness: Suppose u") and u® € L? . and

T T
F:E[F]+/ ugl)st:E[F]Jr/ uPdB,.
0 0

By [to’s isometry,

T 2
([ - )
0

uD (tw) =u(t,w)? pat. (fw)e0,T] x Q.

E

hence
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5.4 Martingale representation theorem

Theorem 5.9 (Martingale representation theorem) Suppose {M;,t € [0,T]}
is a {F;}-martingale and E[M2] < oo. Then there exists a unique process
w e L2 such that

t
M, = E[M,] + / wdB, Vte[0,T].
0

Proof. Itd’s representation theorem may be applied to ' = Myp. So Ftu €
L2 such that

T
My = E[My] + / usdB,.
0
As {M;,t € [0,T]} is a martingale, E [My]| = E [M,] and
T
M, =E[Mr|F] =E[E[Mr]|F]+E [/ USdBS|-E:|
0
t
— E[M,)] +/ usdB,.
0

where it was used the martingale property of the undefined stochastic inte-
gral. m

Example 5.10 Let F = B3. What is the It6 inlegral representation of this
r.v.? By Ito’s formula (applied to f (z) = 23 and B3 = f (B;)), we have:

T T
0 0

Integrating by parts,

T T T
0 0 0

F=DB= /T3 (B} + (T — t)] dB. (5.6)

Hence

And as E B3] = 0 (because Br ~ N (0,T)), Itd’s integral representation is
given by (5.6).
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Example 5.11 Which process u satisfies fOT tBtzdt—T;B% = —%S—i-fOT ud By
? Applying Ité’s formula to Xy = f(t, B;) = t*BZ, with f(t,z) = t*2%, we
get:

T T T
T°B2 = / 2t B2dt + / 2t? Byd B, + / t2dt.
0 0 0

From here we obtain
T T2 T3 T
/ tB?dt — —B% = —— — / t*BydB,
’ 2 6
0 0

and so
Uy = —tQBt.

T, p2 2 p2| _ _ 18
Note that E | [ tB2dt — 5 B3| = ~%.
The integration by parts formula for a general case is given next.

Theorem 5.12 (integration by parts) Suppose f (s) is a deterministic func-
tion of class C'. Then,

[ ram=swn - [ 5 nas

Proof. To prove this formula, one just has to apply Ito’s formula to ¢ (¢, z) =
f (t) z, obtaining

r0B= [ r6 st [ 768



Chapter 6

Stochastic Differential Equations

6.1 Motivation and Examples

A deterministic ordinary differential equation (ODE) of order n has the gen-
eral form

flta@), 2 @),2"@),....2"() =0, 0<t<T,
where f:[0,7] x R" — R is a function and x(¢) is the unknown function. A
differential equation of order 1 may be represented by
dzx (t)

== =b(ta ()

or

dzr (t) =0b(t,z (t))dt
The discrete version is the difference equation
Ax(t)=a(t+At)—x(t)=b(t,z(t)) At
Example 6.1 The first order linear ODE:
dx (t)
dt

where ¢ is constant, has the solution:

z(t) =z (0) e

= e (),

A stochastic differential equation (SDE) may be generally written in dif-
ferential form as

dX, = b(t, X,)dt + o (t, X,) dB,, (6.1)
XO = X07

52
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where b (¢, X;) is the drift coefficient and o (¢, X;) is the diffusion coeffi-
cient. The same SDE may be expressed in integral form as

t t
X=Xy + / b(s,Xs)ds +/ o (s, Xs)dBs. (6.2)
0 0

A “naive” interpretation of the SDE may be done by considering the discrete
version AX; ~ b (t, X;) At + o (t, X;) AB, and so the random variable AX,
has a distribution “close” to a normal distribution N (b (¢, X;) At, (o (¢, X;))* At) .

A more rigorous definition of the solution of a stochastic differential equa-
tion is presented next.

Definition 6.2 A solution of the SDE (6.1) or (6.2) is a stochastic process
{X:} that satisfies:

1. {X,} is adapted to the Brownian motion with continuous trajectories.
T 2

2. E [fo (0 (s, X,)) ds] < 0.

3. {X:} satisfies the SDE (6.1) or (6.2)

The solutions of a stochastic differential equation are also known as “dif-

fusions” or “diffusion processes”.

6.2 The SDE of the geometric Brownian mo-
tion and the Langevin equation

Consider the SDE:
dXt = [LXtdt + O'XtdBt, (63)

where both i and ¢ are constant, or

t t
X, = Xo+ p,/ X ds + (T/ X,dBs. (6.4)
0 0

How may this equation be solved? Suppose X; = f (¢, B;), where f is a C'1?
function. By 1t6’s formula,

¢ 2
Xy=f(t,B;) = Xo + /0 (Z—J; (s, Bs) + %% (s, BS)) ds+ (6.5)

taf
— (s, Bs) dBs.
+ [ B,
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Comparing (6.4) with (6.5) we have (because the representation as an Ito
process is unique)

0 102
(o) 4 55 L (5B =i (5B, (6.6
0
0_£ (s,Bs) =0f(s,DBs). (6.7)
Deriving eq. (6.7), we obtain
0*f af

@(s,x) =050 (s,2) = o”f (5, 2)

and substituting in (6.6), we have

(1= 57%) £ (5= 5L .

By separation of variables f (s,z) = g (s) h (z), we obtain

of

55 (5:2) =g () (2)

and
/6= (=50 95

that is a linear ODE with solution given by

g9(s)=g(0)exp Ku - %U2> 51

Using eq. (6.7), we get h' () = oh (z) and therefore

f(s,z) = f(0,0)exp Ku— %az) S+Jx} :

We hence conclude the solution of the SDE (6.3) is the process

1
X, = f(t,B;) = Xpexp {(,u - 502> t+ O’Bt:| : (6.8)
that is precisely the geometric Brownian motion. Note that this solution was
obtained by solving a deterministic partial differential (PDE).
In order to verify that (6.8) satisfies the SDE (6.3) or (6.4), it is sufficient
to apply 1to’s formula to X; = f (¢, B;), with

f(t,x) = Xogexp [(u— %02) t+crx] :
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We get

t 1 1 t
X, = X, +/ Kﬂ — —02) X, + —O'QXS:| ds +/ 0 X,dBy
0 2 2 0
t t
=Xy + ,u/ X.ds + cr/ X,dBy,
0 0

or
dXt = IMXtdt + O'XtdBt

and hence the SDE is satisfied by the geometric Brownian motion.
Let us now consider the Langevin equation

dXt = IUXtdt + O'dBt, (69)

where 1 and o are constant, or

t t
Xt:X0+u/ Xsds+a/ dBs;.
0 0
The discrete version of this SDE is

Xep1 =1+ p) Xs+0(Biy1 — By),

or
X1 = 0 Xy + Z4,

with ¢ = 14 p and Z; ~ N (0,0?), that is the equation for an autoregressive
time series of order 1.
Consider the process
Y, = e_utXt
or Y; = f(t, X;) with f (¢t,x2) = e #z. By 1t0’s formula,
! 1
Y, =Y, + / <—ce‘“sXs +ce M X, + 502 X 0) ds
0
t
+ / oe " dBs.
0

Therefore the solution of the equation (6.9) is the process
t
X; = e X+ et / oe " dB,. (6.10)
0

If Xy is constant, the process (6.10) is called an Ornstein-Uhlenbeck process.
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Example 6.3 The geometric Brownian motion (again). Consider the SDE
dXt = ,uXtdt + O'XtdBt (611)

or

t t
X, = Xo+ u/ X ds + a/ X, dBs. (6.12)
0 0

Let us start by supposing that the solution to this equation may be expressed

as
A
Xt =€,

where Z; 1s a stochastic process. Equivalently,
Zt = ln (Xt) .

By applying 1to’s formula to f(X;) = In(X;), we obtain

1 1 /1 )
dZ, = —dX;+ - | —= | (dX
t X, ¢+ 5 (XtQ) (dXy)

1
= (/J — 50’2> dt+0'dBt

that s,

1
Zt:Z0+ (M_502>t+O’Bt

and

1
X; = Xpexp |:(/L — 502> t+ O'Bt:| )

So we once more obtain the geometric Brownian motion as a solution of the
SDE (6.11).

The solution of the linear homogeneous SDE
dXt =b (t) Xtdt +o0o (t) XtdBt

is given by

X, = Xoexp M <b(s) —%a(sf) ds—l—/ota(s)st] |

To obtain this solution, the same technique used in Example 6.3 may be
applied.
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Exercise 6.4 Determine the solution of the SDE
dX; =a(m— X;)dt + odB;y,
Xo =1,
where a,0 > 0 and m € R. Compute the mean and variance of X; and

determine the distribution of X, when t — oo (invariant or stationary dis-
tribution).

Exercise 6.5 Consider the SDE
dXt = MXtdt + O'XtdBt,
Xo = X(].

a)Supposing Xy = f(t, B;), where f is a CY? function, apply Ité’s formula
and determine the partial differential equation (PDE) satisfied by function f.
b) Using the method of separation of variables (f(s,z) = g(s)h(x)), and
considering the PDE obtained in a), determine the ordinary differential equa-

tions (ODE’s) satisfied by g and h.

¢) Determine the process X;.

6.3 Existence and Uniqueness Theorem for SDE’s

Theorem 6.6 (existence and uniqueness of solutions) Let T > 0, b(-,-) :
0, 7] x R" = R™ and o(-,-) : [0,T] x R® — R"™™ measurable functions such
that the following conditions are satisfied.

1. Linear growth property:
b(t,z)|+|o(t,x)| <CA+|z|), VeeR",Vte|0,T].
2. Lipschitz property:
b(t,x) —b(t,y)|+|o (t,x) — o (t,y)| < D|x—y|, Ve,y € R*, Vt €[0,T].
Also, assume Z 1s a random variable independent from the Brownian

motion B and E [|Z]2] < co. Then, the SDE

t t
thz+/ b(s,Xs)ds+/ o (s, X.) dB. (6.13)
0 0

has a unique solution. This means that there is an unique stochas-
tic process X = {X;,0 <t < T} that is continuous, adapted, satisfies

(6.13) and
T
E {/ |X8|2ds} < 0.
0
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Proof. Consider the space L?L’T of the processes adapted to the filtration
FZ = 0 (Z)U F; such that E [fOT |Xs|2ds} < oo. On this space, consider

the norm:
T 3
x| = ( | el ds) ,
0

where A\ > 2D? (T +1).
Define the operator £ : L2, — L2 . by:

¢ ¢
(LX), =2 —|—/ b (s, Xs)ds +/ o (s, Xs) dBy
0 0

The linear growth property on b and o ensures the operator £ is well defined.
Using Cauchy-Schwarz inequality and [t6’s isometry,

([ sx) = v as) ]
([ wex)-o6m) stf

< 2TE Uot (b(s, X,) — b(s,Ys))zds] +

E[|(£X), — (LY),[’] <2E

+2F

t
+2E U (0(s,X,) — o (s,Ys))zds]
0
By the Lipschitz property,

E[|(£X), - (LY),]’] <2D*(T+1)E Uot (X, - Y,)? ds} .

t

Define K = 2D*(T +1). Multiplying the above inequality by e~* and

integrating in [0, 7], we get

/0 eNE [[(£X), — (LY, dt

T t
< K/ eME [/ (X, — YS)st} dt.
0 0

Changing the integration order,

:K/T [/Te_’\tdt} E[(X,—Y,)?] ds
K i

o —)As o 2
< e E[(X,—Y,)7] ds.
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Therefore:
K
[(£X) = (LY)]| < Vo X =Y.

As A > K, we have that ,/% < 1, hence the operator £ is a contraction

on the space LZ’T. Then, by Banach’s Fixed Point Theorem, there exists a
unique fixed point for £, which is precisely the solution of the SDE:

(LX), = X;.

|
|10] provides a different approach to this same proof, based on Picard
approximations and Grownwall’s inequality.

6.4 Examples

Example 6.7 The geometric Brownian motion

o2
Sy = Spexp [(u - 7) t+aBt}

is the solution of the SDE

dSt = [,LStdt —|— O'StdBt,
S() - So.

This SDE describes the evolution of the price of a risky financial asset on
the Black-Scholes model. Consider the Black-Scholes model with coefficients
i (t) and o (t) > 0 time dependent.

dS; = Sy (n(t) dt + o (t)dBy),
S() = So.

Let Sy = exp (Z;) and Zy = In (S;). By Ité’s formula taking f(x) = In(x),

dZ, = Sit(st (u(t)dt + o (t)dB;)) — QLS?

_ (M (1)~ 50° (t)) dt + o (1) dB,.

thzo+/ot <,u(s)—%c72(s)) ds+/0ta(s)st

(S7o* (t)dt)

So,
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and therefore

S, = Soexp (/Ot (u<s>_%a2(s)> ds—i—/ota(s)st).

Example 6.8 (Orsntein-Uhlenbeck process with mean-reversion). Consider
the SDE with mean reversion

dXt = a (m — Xt) dt + O_dBt,
XO =,
where a,0 >0 and m € R.
The solution of the corresponding homogeneous ODE dx, = —ax.dt is

x, = xe~%. Consider the change of variables X; = Yie™ or Y, = X,e®.
Applying Ito’s formula to f (t,z) = xe™,

t
Y}:x—l—m(eat—l)—l—a/ e**dB;.
0

Hence,

t
X;=m+(xr—m)e "+ ae_“t/ e"*dB;. (6.14)
0

This process is known as an Orsntein- Uhlenbeck process with mean reversion.
It 1s a Gaussian process, as a stochastic integral of the form fotf(s) dBs,
where [ is a deterministic function, is a Gaussian process. It’s expected

value s
EX)=m+ (x —m)e

and the covariance function is obtained by applying Itd’s isometry:

t s
cony il =ote+s | ( [lema, ) ([ evam )
0 0
tAs
— 0_2€a(t+s)/ €2ardr
0

2
g —alt—s —a(t+s
:%(e =l _ gmalt+))
Note that

2
X, ~N {m + (z —m)e ™, g_a (1 — 6_2‘”)] .

When t — oo, the distribution of X; converges to

2
v:i=N {m, U—] ,
2a
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which s it’s invariant or stationary distribution. If Xy has distribution v
then the distribution of X, will be v for all t.

Some financial applications of the Ornstein-Uhlenbeck process with mean
reversion are shown below:

o Vasicek’s model for interest rates:
dry =a(b—ry)dt + odBy,

with a,b,o constants. The solution of the SDE is
t
re=0b+ (ro —b)e " + ae_“t/ e dBs.
0

e Black-Scholes model with stochastic volatility: assume o (t) = f(Y3) is
a function of an Ornstein-Uhlenbeck process with mean reversion

dY; = a(m —=Y,)dt + BdW,,

with a,m, B constants and where {W;,0 <t < T} is a Brownian mo-
tion. The SDE that models the evolution of the price of a risky asset
18

dS; = uSidt + f (V) SidBy

where { By, 0 < t < T} is a Brownian motion. These Brownian motions
Wy e By may be correlated, i.e.,

E[BW,]=p(sNt).

6.5 Linear SDE’s

Consider the SDE
t t
X, =z +/ f (s, Xs)ds +/ c(s) XsdBs,
0 0

where f and c are continuous, deterministic functions. Suppose f satisfies
the Lipschitz and linear growth conditions on x. Then, by the existence and
uniqueness of solutions theorem, there is a unique solution for the SDE. In
order to obtain this solution, consider the “integrating factor”

F, = exp (/Otc(s)st—%/otc(s)st).
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Clearly, F; is a solution for the SDE if f =0 and z = 1. Suppose X; = F;Y;
orY;, = (Ft)_1 X;. Then, by Ito’s formula,

dY, = (E)"" f(t, BY,) dt

and Yy = 2. This equation for Y is an ODE with random coefficients (it is a
deterministic differential equation parameterized by w € Q).

Example 6.9 As an example, if we take f(t,x) = f(t)x, we get the ODE

v,
dt

t
Y, = xexp (/ f(s)ds) .
0
and therefore,

X, = zexp </Otf(s)ds+/0tc(s)st—%/Otc(s)st).

Let us now consider a linear SDE of the form

= [()Y,

hence

Xo ==,
where a, b, ¢, d are continuous, deterministic functions. Suppose the solution

may be expressed as
X, = UV, (6.15)

where
AV, = o (t) dt + 3 (t) dB.

and Uy = 1, Vo = x. From the previous example, we already know that

U, = exp </Otb(s)ds+/0td(s)st—%/Otd(s)2d3> (6.16)

On the other hand, by computing the differential of (6.15) and using Itd’s
formula with f (u,v) = uv, we obtain

1 1
dX, = V,dU, + U,dV, + 5 (dUy) (dVy) + 5 (dV;) (dU)

— (b(1) X, + o (1) Uy + B (1) d(H)U) dt + (d(t)X; + B (t) Uy) dB:.



CHAPTER 6. STOCHASTIC DIFFERENTIAL EQUATIONS 63

Comparing with the initial SDE for X, we have that
So,

Therefore:
=0 (w4 a6 = e d) U s+ [ el0rtam,)

where U, is given by (6.16).

In the one-dimensional case (n = 1), the Lipschitz condition for the coeffi-
cient ¢ in the existence and uniqueness of solutions theorem may be weakened
if o (t,z) = o () (coefficient of diffusion is independent from time). Suppose
the coeflicient b satisfies the Lipschitz condition and o satisfies

|0—<t7$) _O(tay)| < D‘x_y‘aa x)QERv te [07T]

with o > % Then, there exists a unique solution for the SDE. Further

reading on this case may be found on [5].
Example 6.10 The SDE of the Cozx-Igersoll-Ross interest rate model:

dri =a(b—ry)dt + o+/ridB;

To = T,

has a unique solution.

6.6 Strong and weak solutions

The problem of obtaining a solution of an SDE may be defined in a different
way. Suppose the only given data is the coefficients b(¢, ) and o (¢, x), so
that we are to find a pair of stochastic processes, {X;} and {B;}, defined
on a probability space (2, F, P), and a filtration {#,;} such that {B;} is a
{H;}-Brownian motion, and such that {X;} and {B;} satisfy the SDE

t t
Xt:XOJr/ b(s,Xs)der/ o (s, X,)dB, (6.17)
0 0
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in that probability space.

In this case, it is said that (Q, F, P, {H.:},{X:},{B:}) is a weak solution
of (6.17).

The proofs of the following results are of no interest for us and therefore
omitted. The interested reader may find them in [5].

e Every strong solution is also a weak solution.

e It is said that a SDE satisfies the weak uniqueness property if two weak
solutions have the same distribution (the same finite dimension distri-
butions, or fidis). If the coefficients satisfy the existence and uniqueness

theorem conditions, then the weak uniqueness property is hold for the
SDE.

e The existence of weak solutions is guaranteed if the coefficients b(¢, x)
and o (t,x) are continuous and bounded functions.

Example 6.11 Consider the Tanaka’s SDE

dXt = Sign (Xt) dBt,
XO = 07

where
+1 sex >0

sign (I) = { -1 sex<O.

Note that sign () does not satisfy the Lipschitz condition (it is not continuous
0). Hence, we may not apply the existence and uniqueness theorem in this
case. It can be shown that there is no solution (in the strong sense) for this
SDE, but there is a weak (unique) solution - this example is explained in
detail in [10].

Exercise 6.12 Consider the following system of stochastic differential equa-
tions:

dX(t) = 4e* dt +tdW(t), X(0) = 10.

dZ(t) = (£ + 3sint) dt + 4tdW(t), Z(0) =5.

a) Write the equation in integral form.
b) Deduce the respective solution.
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Figure 6.1: Particao

Exercise 6.13 The Coz-Ingersoll-Ross (CIR) interest rates model R(t) is

dR(t) = (a — BR () dt + o/R (1) dW (t),

where a, B and o are positive constants. This equation does not have a closed
form solution. However, the expectation and variance of R (t) may be deter-
mined.

a) Compute the expected value of R(t). (Hint: Let X(t) = e’ R(t). Use
the function f(t,z) = ez, apply It6’s formula in differential form, integrate
and apply the expectancy operator.)

b) Compule the variance of R(t). (Hint: Compule d (X*(t)) by applying
Ito’s formula in differential form, integrate and apply the expectancy opera-
tor.)

¢) Compute lim Var (R(t)).

t—-+o0

6.7 Numerical approximations

Like deterministic differential equations, many SDE’s cannot be solved ex-
plicitly, so numerical methods are necessary to approximate these solutions.
Consider the SDE

dX; =b(X;)dt + o (X;) dBy,

with initial condition Xy = x. Let us consider a sequence of partitions of
the interval [0,7], where each partition is defined by the points t; = %7
1=0,1,...,n and the length of each subinterval of the partition is 9, = %

We'll now see, in a summary way, the Euler’s finite differences method.
The exact values of the solution are:

X () :X(ti1)+/ti b(Xs)der/ti o (X,) dB,. (6.18)
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Euler approximated is defined by:
t;
/ b(X.)ds ~ b(X (t:1))on,
ti—1

t;
/ o (X.)dB, ~ o (X (1)) AB,
ti—1

where AB; := B (t;) — B (t;_1) . Finally, the Euler scheme is defined by

i =1,2,...,n. In each interval (¢;_1,t;), the value of X is obtained by
linear interpolation.
The approximation error is defined by

ey = \/E [(XT - X;”))Z] . (6.20)

It may be shown, for this scheme, that

ef“l < c\/oy,,

where ¢ is a constant.
To simulate a trajectory of the solution using this method, one just needs
to follow the procedure:

1. Simulate the values of n random variables with normal distribution

N(O? 1) 517527 s a€n~

2. Substitute AB; in (6.19) by £1/0, and determine the values of X ™ (t,)
using the recurrence scheme (6.19).

3. In each interval (;_1,t;) determine X ™ by linear interpolation between
X(n) (tz—l) and X(n) (tz)

We’ll now discuss one other finite differences method - the Milsein method.
In order to do so, it is necessary to apply the Ito formula to b (X;) and o (X;),
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considering t;_; <t <t;. We obtain

/:1 b(X.)ds /tt b (X (t1)) +

S 1 S
—I—/ (bb' - 51)”02) (X,)dr —|—/ (ob") (X,) dBT] ds,
ti—1 ti—1

/:la(Xs)dBS:/t;; 0 (X (t) +
+/:_1 (ba' + %a”oj) (X;) dr +/; (00") (Xr)dBrl dB..

Exercise 6.14 Prove this equality.

From eq. (6.18), we get
XM () = XM (t,_1) = b(X (tie1)) 0 + 0 (X (tiiy)) AB; + R;.

It can be shown that the dominant term of R; is the double stochastic integral

ti S
/ (/ (o0’ (X,) dBr) dB;,
ti—1 ti—1
being all the lower order terms insignificant. The Milstein approximation is
t; S
R, ~ / </ (o0") (X,) dBr> dB,
ti—1 ti—1
t; s
~ (00') (X (t:1)) / ( / dBT> dB,
ti—1 ti—1

t; S t;
/ </ dB,) B, = / (B, — B (ti_1)) dB,
ti—1 ti—1 ti—1

_ / BB — B (1) (B (1) — B (1))

ti—1

and

{Bg - B2 - 54 ~B(ti1) (B(t) — B (ti))

N =N =

[(AB’L>2 - 571] ;

where, to compute fttil BydBs, one can apply It6’s formula to f(B;) = B?.
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Milstein’s scheme is
1 !
+3 (00") (X (tic1)) [(AB:)? = 6] -

It can be shown that Milstein’s approximation error is given by

Mil
e, " < cop.

6.8 The Markov property

The solutions of SDE’s are called diffusion processes. Let X = {X;,t > 0}
be a (n-dimensional) diffusion process that satisfies the SDE:

dXt =b (t, Xt) dt +0o (t, Xt) dBt, (621)

where B is an m-dimensional Brownian motion and both b and o satisfy the
existence and uniqueness of solutions theorem conditions.

Definition 6.15 A stochastic process X = {X;,t > 0} is called a Markov
process if Vs < t,

E[f (X)) | Xy r < 5] = E[f (Xy) |X].
for any bounded and measurable function f defined in R".
In particular, if C' C R™ and it is measurable,
P[X, € C|X,,r<s]=P[X, € C|XJ].

Essentially, the Markov property states that “the future values of a process
only depend from its present value and not from the past values (given that
the present value is known)”. The probability law of Markov processes is
described by the transition probabilities

P(Ct,x,s) =P (X, €C|Xs=2), 0<s<t.

P (-,t,z,s) is the probability law of X; conditional to X; = z. If this
conditional probability has a density, we represent it by:

p(y,t,x,s).



CHAPTER 6. STOCHASTIC DIFFERENTIAL EQUATIONS 69

Example 6.16 The Brownian motion is a Markov process with transition
probabilities:

p <y7 t,ZL’, 8) = ;) €xXp <_M> . (622)

27 (t — s 2(t—s)

In fact, using the conditional expectation properties, B, — By is independent
from Fg and the fact that B, is Fs-measurable,

P[B; € C|Fs] = P[B;, — B; + Bs € C|F]
:P[Bt—Bs+x€C] |I:Bs
:P[BtGC‘Bs:(L’],

As By — By + x is normally distributed with mean x and variance t — s,
the transition probability density function may be expressed by (6.22).

We shall now introduce some useful notation. We will represent by
{X;",t > s} the solution of the SDE (6.21) defined in [s,+00) and with
initial condition X* = x. If s = 0, we simplify the notation to Xf’x = X7.

Proposition 6.17 The following properties hold:

e 1. There exists a continuous version (with respect to all the param-
eters s,t, ) of the process {X;"*,0 < s <t,x € R"}.

2. For all t > s, we have
X7 = X (6.23)

Proof. Proof of (2): X[ satisfies the SDE
t t
X7 :st—l—/ b(u,Xﬁ)du—i—/ o (u, X)) dB,.
On the other hand, X;"Y satisfies
t t
XY = y-|-/ b(u,Xi’y)du—k/ o (u, X;Y) dB,.

Substituting y by X¥ we obtain that X and X, X5 are solutions of the same
SDE in [s, +00) with the same initial condition X?. Hence, by the existence
and uniqueness theorem, X7 = X7 m
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Theorem 6.18 (Markov property of diffusion processes) Let f be a bounded
and measurable function in R™. Then, for any 0 < s <,

Ef (Xo) |F] = E[f (X)) a=x, (6.24)
Proof. By (6.23) and using the properties of the conditional expectation,
Ef (Xo) |F] = E[f (X9) [F] = E[f (X)) [o=x.

because X" is independent from F; and X is known form the “information”
Fs (ie., X, is Fs-measurable). Property 7. of the conditional expectation is
used. m

Diffusion processes are Markov process. The transition probabilities of a
diffusion process are given by

P(C,t,z,s) = P(X" € C).

If a diffusion process is homogeneous with respect to time (the coefficients
b and ¢ do not depend from time) then the Markov property (6.24) may be
written as:

Ef (X)) |F] = E[f (X{,)] la=x..

Exercise 6.19 Compute the transition probabilities for the Ornstein- Uhlenbeck
process with mean reversion.

Solution 6.20 The mean-reverted Langevin equation is
dXt = Qa (m — Xt) dt —|— UdBt

The solution in [s, +00), with initial condition X = x, is given by

t
X" =m+ (x—m)e ) 4 Je“t/ e dB,.

t . . . .
Thus, as {fs e”dB,,t > s} 18 a Gausstan process with mean 0 and variance

i (62at _

2a ¢

2as) we have that

EX"=m+ (x —m) e—alt=s)
V [XS x] 02 (1 —2a(t—s))
ar Hl=—(1l—e .
t 2a

The transition probability s
P (-,t,x,s) = Distribution of X;".

Therefore it is a normal distribution with mean and variance given above.
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6.9 Stratovonich Calculus and Stratonovich PDE’s

When we defined the Ito integral fot usdBs for continuous processes using
Riemann-Stieltjes-like sums, we have always considered the values of the
process u at the point ¢;_; and assumed the process is constant in [t;_1, ;).
As a consequence of this, the expected value of the It integral is null and it’s
variance may be calculated using Itd’s isometry property. Moreover, the Ito
integral is a martingale. The downside of the It6 integral is that the “chain
rule” (Ito’s formula) has now a term of order 2 (which does not appear in
classic calculus).

The Stratonovich integral fOT us 0 dBy is defined as the limit (in probabil-
ity) of the sequence:

n

1
Z 5 (u’ti,1 + uti) ABZ)

=1

with ¢; = % We can now impose the question: what is the relationship
between the Stratonovich integral and the It6 integral?
If u is an It6 process of the form

t t
Uy = Uy + / Beds + / asdB;. (6.25)
0 0

then it is possible to prove that

T T 1 (7
/ us 0 dBy = / usdBs + —/ vgds.
0 0 2 Jo

The “It6 formula” for the Stratonovich stochastic integral coincides with
the classic calculus chain rule. In fact, if u is a process of the form (6.25) and

t t
Xt:Xo—i—/ vsds—l—/ ug 0 dB,
0 0

it can be shown that
df (Xt) = f/ (Xt) (@] dXt

An SDE in the 1t6 sense may be transformed in a SDE in the Stratonovich
sense, by using the formula that relates both integrals:

e [t06 form SDE:

t t
X = Xo +/ b (s, Xs)ds +/ o (s, Xs) dBs.
0 0
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e Equivalent Stratonovich form SDE:
t 1 t t
X, = X, +/ b(s, X.)ds — 5/ (00') (5, X.) ds +/ o (s, X.) o dB..
0 0 0
e This is because the Tt6 decomposition of o (¢, X;) is

t 1 t
o(t,X;)=o0 (O,XO)—I—/ (U’b — 50”(72> (s, Xs) ds+/ (cc”) (s, X,) dBs.
0 0



Chapter 7

Relationship between PDE’s and
SDE’s

7.1 Infinitesimal operator of a diffusion
Counsider an n-dimensional diffusion X that satisfies the SDE

dXt = b (t, Xt) dt + ag (t, Xt) dBt,
Xo = 29

where B is an m-dimensional Brownian motion. Assume that both b and o
satisfy the conditions of the existence and uniqueness theorem for solutions
of SDE’s. Consider that b: RT x R® - R", 0 : Rt x R" — M (n,m), where
M (n,m) is the set of n x m matrices and z, € R".

Definition 7.1 The generator or infinitesimal operator associated to the dif-
fusion X is the second order differential operator A defined by

n oh 1 <& 0%h
Ah(t,x) ==Y b (t,w) 5+ 5 (00%);; (t:2) Ox;0x;’
7 J

i=1 ij=1
where h is a class CY? function defined in RT x R™.

The infinitesimal operator is also known as Dynkin’s operator, Itd’s op-
erator or “Kolmogorov backward operator”. We will now see the relationship
between the diffusion X and the operator A. By Itd’s formula, if f (¢,2) is a
class C1? function, then f (¢, X;) is an It6 process with “differential:

af (1, X,) = {g—{ (LX) + Af (, X»} 0t + [V, f (4. X))o (1, X)) dB,. (7.1)

73
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where the gradient is defined as:

_ | 9f of
w20
Note that if
t af 2
E / (— (t, X)) o1, (t,Xt)> ds < oo, (7.2)
0 \0;

for all t > 0 and every 4,7, then the stochastic integrals in (7.1) are well
defined and are martingales, so that

M, = f(t, X)) _/Ot (% (s, X,) + Af (S,Xs)> ds

is a martingale. A sufficient condition for (7.2) to be satisfied is for the partial
derivatives % (s, Xs) to show linear growth, i.e.

of

<C(1+]a)).

7.2 Feynman-Kac formulae

The partial differential equation

OF

S (t2) + AF (t.2) = 0, (7.3)
F(T,z) = ®(x)

is a parabolic PDE with terminal condition (in 7"). The previous PDE may
also be written as (supposing n = 1, to simplify the notation)

OF OF 1,  O°F
F(T,z) = ®(x).

Instead of solving the PDE analitically we will try to obtain a solution
using a “stochastic representation formula”. Suppose there exists a solution
F. Fix t and x and define the process X in [t, T as the solution of the SDE

dX, = b(s, X,)ds + o (s, X,) dBs,
Xt =XT.
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The infinitesimal operator associated to X is
1 0?

o)
A:b(t,x)%—l—gaz(t,x)@,

which is exactly the operator present in the PDE (7.3) or (7.4). By applying
[t6’s formula to F', we have (see (7.1))

T
F(T, Xp) = F (£, X)) + / (Z—Z (5, X.) + AF (S,XS)) ds
t
T OF
+/t 7 (5, X,) O (5, X.) B,

But 25 (s, X,) + AF (s, X,) = 0 and applying expectation (considering the
initial value X; = x), we obtain

Eyo [F (T, X7)] = By [F (8, X4)]

supposing that the stochastic integral is well defined, it’s expected value is
zero. The boundary values ensure that E, , [F (T, X7)| = E;, [@(Xfpx)} and
By, [F(t,X;")] = F(t,z), so

F(t,z) = By, [®(X3)],
being this the stochastic representation of the PDE (7.4).

Proposition 7.2 (Feynman-Kac formula) Suppose that F is a solution of
the boundary value problem (7.4). Also, suppose o (s, X ) L (s, X,) is a pro-

cess in L* (i.e. Efo ( (t,Xy) o5 (¢, Xt)> ds < o0). Then

F(t,z) = By, [9(X39)],
where X'* satisfies
dXs=0(s,Xs)ds + o (s, Xs)dBs,
X, ==x.
Proposition 7.3 (Feynman-Kac formula) Suppose that F is a solution of

2
the problem (7.3). Also, suppose Efo ( (t, X¢) oij (2, Xt)) ds < oo, for
all t > 0 and every i,7. Then,

F(t,x)=FE, [(I)(Xth)} ;

.Z’

where X* satisfies

dXs =b(s,Xs)ds+ o (s, X,)dBs,
Xt = XT.
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Consider now a continuous and lower bounded function ¢(x) and the
partial differential equation

OF

F(T,x)=®(x)
with terminal condition (in 7). The previous PDE may also be written as
(supposing n = 1 to simplify notation)

%JZ (t,z)+b(t, ) oF + 10 2 (t, ) CF (x)F(t,x) =0, (7.6)

ox 0x?
F(T,x) = ®(x).
Again, instead of solving the PDE analytically, we are going to try to solve
this problem using a stochastic representation formula. Suppose that there

exists a solution [, fix ¢t and z, and define the process X in [t,T] as the
solution of the SDE

dXs =b(s,Xs)ds+ o (s, X,)dBs,
Xt =X.

The infinitesimal operator associated to X is

g 1 0?
A= b(t,l‘)&‘i‘ 50'2 (t,l’) @,

which is exactly the same operator present in the PDE (7.5) or (7.6). By
applying Itd’s formula to g (¢, X;) = exp ( fo > F (t, X;) and inte-
grating between ¢ and T,

exp (— / (X ds) F (T, Xr) = exp (— / (x) ds) Fit, )+

+/tT€ Xy (%Z( ,XS)+AF(3,XS)—q(XS)F(s,Xs)> ds

+/tTeXp <_ /Osq(x,.)dr> o (s, X) Z—Z(S,Xs)st-

But 2E (s, X,) + AF (s, X,) — q (X,) F(s,X,) = 0 and applying the expected
value (conditional to the initial condition X; = x), we obtain

e e (= [ 00 ds) P 50| = Bt 0.0,
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supposing that the stochastic integral is well defined and so it’s expected
value is zero. As

e e (= [ a0 as) P 060)] = B fenn (= [ a5 0t

and E,, [F (t, Xt”)] = F (t, ), we have that

Flta) = E, [exp (_ / L (x) ds) @(X;%} |

being this the stochastic representation for the solution of the PDE (7.5) or
(7.6).

Proposition 7.4 (Feynman-Kac formula 2) Let F be a solution of the prob-
lem (7.5) or (7.6). Consider that o (s, X;) 25 (s, X,) is a process in L2 r (e
EfOT [2E (s, X,) 0 (s,Xs)fds < o0). Then,

T
¢
where X* satisfies

dXs=0b(s,Xs)ds+ o (s,Xs)dBs,
Xt =2x.

Remark: Considering ¢(x) as a lower bounded continuous function, a

sufficient condition for EfT lexp (=[5 q(X,)dr) %E (s, X,) o (Sva)]2dS <
P

oo is that the derivative 5 (s, ) has linear growth, i.e.

OF

%(S,ZE) <C(1+|z)).

7.3 Relationship between the heat equation and
the Brownian motion

Let f be a continuous function with polynomial growth. The function
u(t,z) = E[f (B; + )]
satisfies the heat equation

ou 10%u

P 20
u(0,2) = f (x).
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In fact, as By has distribution N (0,¢), we have that

+oo 1

Bl Birn)= [ ) e T,

T—1 2 . .
and the function ﬁe_( 2 , for each fixed y, satisfies the heat equation

du _ 19%u
ot~ 20z . . . .
The function = — w (t,z) represents the temperature distribution on a

bar of infinite length, supposing that the initial temperature profile is given
by the function f(x).

7.4 Kolmogorov’s Backward Equation

Consider a diffusion that is homogeneous in time X that satisfies the SDE

dXt = b (Xt) dt ‘l— g (Xt) dBt,
X() =x.

The infinitesimal generator associated to X does not depend on time and is
given by

ST WCANED = I

7,]—

Applying 1t6’s formula to f (X), we obtain
df (Xs) = Af (Xs)ds + [V.f (Xs)] o (Xs) dBs.
and applying the expected value,
t
EIf (X)) = f(e)+ [ BlAF(X)ds (78)
0

Consider the function

u(t,z) = E[f (X])].
By (7.8), u is differentiable with respect to ¢t and satisfies the equation:

ou -
= BIAf (X))

The expression E [Af (X])] may be represented as a function of u. In order
to do so, we need to introduce the domain of the infinitesimal operator.
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Definition 7.5 The domain D4 of the infinitesimal generator A is the set
of functions f : R™ — R such that the following limit exists for all x € R™:

_ i B~ (@)
Af(m)—lltl\r‘rol " :

(7.9)

By (7.8), we have that C2 (R") C D4 and if f € CZ (R"), the limit (7.9)
is equal to Af given by (7.7). The function u (¢, z) satisfies the PDE known
as Kolmogorov “backward” equation:

Theorem 7.6 Let f € CZ (R™).
a) Let u(t,x) = E[f(X}F)]. Then u(t,-) € Da and satisfies the PDE
(Kolmogorov “backward” PDFE)
ou
ou _ 4 1

u(0,2) = f(x).

b) If w € CH2([0,00) X R™) is a bounded function that satisfies the PDE
(7.10), then
w(t,z) = E[f (X])].

Proof. a) One just needs to compute the limit

r™\0 r

By the Markov property, we have that
Elu(t, X7)] = E[E[f (X!)]ly=x:]
=E[f(X},)] =u(t+rz).
Then, as t — u (¢, z) is differentiable,

Elu(t,X")] —ul(t,z) u(t+mrx)—ut )

lim = lim

N0 r ™\0 r
_ Ou
ot

b) Counsider the n + 1-dimensional process:

Yt:(S—@th)-
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[t6’s formula applied to w (Y;), yields
t
w(Y) = w(s,z) + / (Aw _ 8—“)) (s — 1. X dr
0 aT
+/tzn:§m: O (v XY oy, (X7) dBI
0 = axl ) T 2y} T T

As Aw = %12;’ we obtain

w(Y;) =w(s,x) / 8 —r, X" o, (XF)dB!
mz

=1 j=1

We are now interested in applying the expected value. However, as no
condition on the growth of the partial derivatives of w was imposed, we are
not certain wether the expectation of the stochastic integrals is null.

To resolve this issue, we need to introduce a stopping time 7 for R > 0,
given by

r:=1inf{t > 0:|X}| > R}.

If r < g, the process gw (s —r,X7?)o;; (XF) is bounded, so the stochas-

tic integrals are well defined and their expectation is zero. Thus,
Ew (Yinry)] = w (s, )
and taking R — oo, we have, for all t > 0:
Elw ()] =w(s,x).
Finally, with s = ¢ and using w (0,z) = f(x), we obtain
w(s,x) = E[w(Y,)] = E[w(0,X2)] = B[f (X)].

]
The following theorem may be proven in a similar fashion (see [10]).

Theorem 7.7 Let f € CZ (R") and g € C (R™), with q lower bounded.

o) Let t
o(t) = E [exp (_ /0 ¢ (X?) ds) f (Xé’“")}

. Then v (t,-) € Dy for every t and it satisfies the PDE

ov
5 = Av- (7.11)

v (0, 2) —f(m).
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b) If w € C*2([0,00) x R") is a bounded function in [0,T] x R™ that
satisfies the PDE (7.11), then

w(t,z) =v(t, ).

In the proof of the previous theorem it was necessary to use te concept of
stopping time relative to a filtration {F;,t > 0}, which is a random variable

7:Q — [0, +o0]

such that, for all t > 0, we have that {w: 7 (w) <t} € F. Intuitively, this
means that we may decide if we should or shouldn’t “stop” before an instant
t, from the information contained in F;.

Example 7.8 The arrival time of a continuous and adapted process X =
{Xt,t > 0} at a certain level a, i.e.

T, :=inf{t >0: X; =a}

s a stopping time. In fact, we have that

{Tgt}:{supXSZa}:{ sup XSZa}E]:t

0<s<t 0<s<t,s€Q

We may associate to a stopping time 7 the g-algebra F, formed by the
sets GG such that
Gn{r<tleF

Stopping times satisfy the following properties (see [9]):

1. If {M;,t € [0,T]} is a continuous martingale and 7 is a stopping time
bounded by T, then
E[Mr|F;] = M,.

2. lfue LiT and 7 is a stopping time bounded by T', the process uljg
also belongs to L7 ;.. Moreover,

T T
/ U]-[O,T] (t) dBt = / u (t) dBt
0 0
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7.5 Kolmogorov’s Forward Equation

The Kolmogorov equations are partial differential equations for the transition
probabilities of the solution of a stochastic differential equation (diffusion).
The forward Kolmogorov equation, that we’ll discuss throughout this section,
is also known as the Fokker—Planck equation, or “master equation” (in natural
sciences).

Assume that the process X is a solution of the stochastic differential
equation

dXt = b(t, Xt)dt +o0 (t, Xt) dBt, (712)
with associated infinitesimal generator
i=1 !
1 & - 0 f
+ 5 ”Z:1 [U (37 y) o (37 y)]i,j 8%81/]' (57 y) ) (7'14)
or, in the one-dimensional case:
1 2
A ) =) )+ gt s 5h ) ()
Consider the boundary value problem :
ou .
s + Au ) (s,y) =0 if (s,y) €]0,T] x R", (7.16)

u(T,y) =1c (y) ify € R™
By the Feynman-Kac formula, we know that
u(s,y) =Esy [l (X7)] =P[Xr € C|X, =y] = P(C,T,y,s),
where

Xs:y

and P (C,T,y,s) are the transition probabilities associated to the Markov
process X from time s to time 7.

{ dXt = b (t, Xt) dt + g (t7 Xt) dBt

Theorem 7.9 (Kolmogorov Backward Equation) Let X be a solution of (7.12).
Then, the transition probabilities P (C,t,y,s) = P[X; € C|Xs = y| are solu-
tions of

{ (22 + AP) (C,t,s,y) =0 if (s,y) €]0,¢[ x R", (7.17)

P(C.ty,t)=1c(y) ifycR"
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If the transition measure P (dx,t,y, s) has a probability density function
f(z,t,y,s)dz, then f(x,t,y,s) is a solution of

{ (F+a7) @ tsy) =0 i Gy €0t xRy oo

f(z,t,y,s) — d, when s 7t

These equations are called “backward” because the differential operator
A applies to the “backward” variables (s,y) and not to the forward variables

(x,t).

Consider the one dimensional case in order to have a simple notation. Let
s < T and let h(t,z) € C°(]s, T[ x R) be a smooth function (test function)
of compact support in |s, T[ x R.

By the Ito6 formula, we have

T 7 on T on
h(T, X7) = h(s, X,) + a7 + AR ) (t, X}) dt + o (t, X,) dB,.

Applying the conditional expectation E,,[-] = E[-|X; =y|, and using
the fact that h (T, x) = h(s,x) = 0 (because h(t,z) has compact support in
]s, T x R) and the zero mean property of the stochastic integral, we obtain

[ (2 rstn s b 22)

xh (t,z) f (z,t,y, s) dtdz = 0.

If we integrate by parts with respect to ¢ (for the % part) and by parts
with respect to x (for the ~ and 82 parts), we obtain:

/+OO/ (t, ) (—gf(xty, )—ag[b(t o) @ty )]

+§W[ (t,z) f (z,t,y, s )])dtdw—()

This equation must hold for all test functions h(t,z) € C° (]s, T[ x R),
and therefore:

0 ~ 0 7
= gpf @) = 5o [blen) oty
82

+§W o? (t,x) f(az,t,y, s)} = 0.
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Theorem 7.10 (Kolmogorov Forward Equation): Let X be a solution of
(7.12) with transition probability density function f (x,t,y,s). Then f satis-
fies the equation

U (w,t,5,y) = Af (x,t,y,5) if (t,2) €]s, T[ xR, (7.19)
f (I7t7y78) — 63/ when t \‘ 5

where the operator A* is the adjoint operator of A and is defined by
2

. 0 10
In the multidimensional case, the Kolmogorov forward equation is

?)_{ (x,t,8,y) = A*f(x,t,y, s) if (t,z) € s, T[ x R",

where the adjoint operator A* is defined by

() (1) = =3 o b (00) £ (8.0)

|[lo t.2) 0" (t.0)],,) £ (2.2

Note that in the forward equation, the adjoint operator applies to the
“forward” variables (z,1).
Consider the stochastic differential equation
dXt = O'dBt7
XS = yu

where o is a constant. The Fokker-Planck equation for this process is

af (2, 5,y) = 1028_2 [f(x,t,S,y)} :

ot 27 Oa?
and the solution is given by the Gaussian probability density function
r 1 (r —y) }
T, t,8,Y) = ———=exp | ————| .
A v) o/2m (t — s) p[ 202 (t — s)

Consider the stochastic differential equation for the geometric Brownian
motion
dXt = OéXtdt + O'XtdBt,
Xs=y.
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The Fokker-Planck equation for this process is

of (z,t,8,y) = 1028—2 [fo(a:,t,s,y)} — 042 [g:f(t,x)} ;

ot 2 Ox? ox
or - _ _
8f _ 1 2 282f 2 af 2 r
at—20x6x2+(20 a)zax~l—(0 a)f.
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Chapter 8

The Girsanov Theorem

The Girsanov theorem states, in it’s simpler version, that the Brownian mo-
tion with drift: B, = B, + At, may be seen as a standard Brownian motion
if we change the probability measure. In a broader way, the theorem states
that if we change the drift coefficient of an It6 process then the law of the
process does not radically change. The law of the new It6 process will be
absolutely continuous with respect to the law of the original process, and we
may explicitly compute the Radon-Nikodym derivative.

8.1 Changing the probability measure

Suppose that L > 0 is a random variable of mean 1 defined in the probability
space. (2, F, P). Then
Q(A) = E[14L]

defines a new probability measure. Clearly, Q(2) = E[L] = 1. Moreover,
Q(A) = E[14L] is equivalent to

/ 1,dQ = / 1,LdP.
Q Q

L is called the density of () with respect to P and is written as
aqQ
dP

L is also said to be the Radon-Nikodym derivative of () with respect to P.

The expected value of a r.v. X defined in the probability space (X2, F, P)
is calculated by the formula

L.

Eo[X]=E[XL].

86
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The probability measure () is absolutely continuous with respect to P, which

means that
P(A)=0= Q(A)=0.

If the random variable L is strictly prositive (L > 0), the probabilities P and
() are equivalent (that is, they’re mutually absolutely continuous), which
means that

P(A) = 0 <= Q(A) = 0.

8.2 Girsanov Theorem

Let X be a r.v. with distribution N (m,c?). Is there a probability measure
Q with respect to which X has distribution N (0, 0?)?
Consider the r.v.

It is easily verified that E'[L] = 1. It is enough to consider the density of the
normal distribution N (m, 0?) and it follows that

Hoo m m? 1 (x —m)?

1 +oo xQ
oV 2r /_OO P ( 202)
Suppose that the probability measure () has density L with respect to P.

Then, in the probability space (2, F,Q), the r.v. X has the characteristic
function:

EQ [eitX] — R [eitXL}

1 /+°° M m? (z —m)? J
= exp |itr — 2+ — |exp | ————— | dx
oV2T J_s P o2 202 P 202

1 Foo 1‘2 (72152
= / exp(itx——z) der=e 2 .
oV2T J_x 20

Conclusion: X has distribution N (0, o?).
The more general form for the characteristic function of a normal distri-
bution may be found in the appendix of [10]| on normal distributions.
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Let {B;,t € [0,7]} be a Brownian motion. Fix a real number A and
consider the martingale:

)\2
Lt = exXp (_)\Bt - ?t> . (81)
Example 8.1 Prove that the stochastic process {L,t € [0,T]} is a positive
martingale with expected value 1 and that satisfies the SDE:
st - —)\[/tCl.Bt7
Lo=1.

The random variable Ly = exp (—ABT — ’\72T) is a density in the prob-
ability space (2, Fr, P), for which the new probability measure is defined:

Q(A) = E[1aLr],
for every A € Fr.

e As{L;,t €[0,T]}is amartingale, then the r.v. L, = exp (—)\Bt - ’\72 )

is a density in the probability space (€2, F;, P) and in this space the
probability measure () has precisely the density L.

e In fact, if A € F;, we have:

Q(A) = E[14Lr] = E[E [14Lr|F]]
= E[14E[Lr|F]] = E[14L],

where the conditional expectation properties and the martingale prop-
erty of {L;,t € [0,T]} were applied.

Theorem 8.2 (Girsanov Theorem I): On the probability space (0, Fr,Q),
where @ is defined by Q (A) = E[LaLy], the stochastic process

B, = B, + Mt
15 a Brownian motion
Before proving this theorem, we need the following lemma:
Lema 8.3 Suppose X is a real r.v. and that G is a o-algebra such that:

E[ei“X|Q} =e 2 .

Then the random variable X 1is independent from the o-algebra G and has
normal distribution N (0,02).
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The proof of the above lemma may be found in [9], pgs. 63-64.
Proof. (Girsanov theorem) It suffices to show that in (2, Fr, @), the in-
crement ét - ES, with s <t < T, is independent from F, and has normal
distribution N (0,¢ — s). Taking into account the previous lemma, the result
follows from the relation:

EQ [1Aeiu(§t—§s)] — Q (A) e—%(t—s% (8.2)

for all s < t, A € Fs and u € R. In fact, if (8.2) is verified, then, from the
definition of conditional expectation and the previous lemma, Et — ES) is

independent from F; and has normal distribution N (0, — s).
Proof of the equality (8.2):

EQ |:1Aeiu(§t—§5):| = F |:1Aeiu(§t—§5)Lt]
= F [1A€iu(Bt—Bs)+iU/\(t—8)_/\(Bt—Bs)—/\;(t—s)Ls]

=F [].ALS} E [e(iu—/\)(Bt—BS)} €iu>\(t_s)_§(t—s)

(iu—x)2
2

_ Q(A)ei(t—s)-l—iu)\(t—s)—g(t—s)
1/.2
= Q(A)e (),
Where the definition of Eg and L, independence of (B, — B;) from Ly and
A, and the definition of () were used. =
8.3 Girsanov Theorem - general version

Theorem 8.4 (Girsanov Theorem II): Let {0,,t € [0, T|} be an adapted stochas-
tic process that satisfies the Nowvikov condition:

E {exp (% /OT Hfdt)] < o0. (8.3)

Then, the stochastic process
. t
Bt = Bt + / Qsds
0

is a Brownian motion with respect to the measure @ defined by Q(A) =

E[14Ly], where
t 1 t
L; =exp (—/ 0,dB, — —/ 6’3d$> .
0 2 Jo
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Note that L, satisfies the linear SDE
t
L,=1- / 0,L.dB,.
0

It is necessary, for the process L; to be a density, that E'[L,;] = 1. However,
condition (8.3) is sufficient to guarantee that it is in fact verified. The second
version of the Girsanov theorem generalizes the first: note that, taking 6, = A,
we obtain the previous version.



Chapter 9

Models for Financial Markets

9.1 The Black-Scholes model

The differential equations that define the Black-Scholes model are

dB (t) = rB (t) dt, (9.1)
dSt = Cl{Stdt + UStth,

where 7, and o are constant. Represent by B (¢) the deterministic price
of a riskless asset (a bond or a bank deposit), and by S; the (stochastic)
process of the price of a risky asset (a stock or an index). Consider W, as a
standard Brownian motion with respect to the original probability measure
P, the risk-free interest rate r, the mean appreciation rate and the volatility
of the risky asset a and o, respectively.

We already know that the solution of (9.2) is the geometric Brownian

motion: .
Sy = Spexp ((a — 502) t+ aWt) )

Consider a contingent claim (e.g.: a financial derivative), with payoff
given by

Y= ®(S(T)). (9.3)

Assume that this derivative may be traded in the market and that it’s
price process is given by

() = F(t,S), telo,T], (9.4)

91
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where F is a differentiable function of class C*2. Applying 1td’s formula to
(9.17) and considering (9.2), we get

oF oF
dF(t, St) = (at (t St) + OéSt O

OF —
+ (aSta_[E (t, St)) th

1, 00°F
(t,50) + 50°Sp o (¢ St)> dt

That is,
e
F(L,S)) = F (0, 5) + / (15, + AF (r,5,) ) dr
0
t
+/ (05 or (r,S )> dW,.,
0 oz
where of ) o
_ —J - 2,27 J
Af (t,x) = avo (t,x) + 508 5 (t,x)

is the infinitesimal operator associated to the diffusion S; that has the dy-
namics (9.2). We may also write

dIl (t) = ag (t) Idt + oy (t) LdWy, (9.5)
where

(% (1.8 + S %5 (1, 8) + 3o?SPEE (1. 9)))
an (1) = ’ )

F(t,S;)
O'Staa—i (t, St)
F (t,S)

O11 (t) =

Consider a portfolio (ay, b;), where:

e a; is the number of stocks (or units of the risky asset) in the portfolio
at instant ¢.

e b, is the number of bonds (or units of the riskless asset) in the portfolio
at instant ¢.

Both a; and b; can be negative. If so, it means we are taking a short
position on the respective asset in that instant.
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The value of the portfolio at instant ¢ is given by
Vv (t) = CLtSt + stt-

It is supposed that the portfolio is self-financed, that is, any variation on
the value of the portfolio is only due to price changes of the assets, so cash
infusion or withdrawal is not allowed. Mathematically, this can be written
as

d‘/t = atdSt + btdBt.

We can also consider a portfolio with two other assets: the risky asset and
the derivative with the same underlying asset. Let ug (t) and wug (t) be the
relative quantities of each of these assets in the portfolio, so that ug (¢) +
urr (t) = 1. The dynamics for the value of the portfolio (which is also assumed
self-financed) are described by

ds dIl
dV; = ug (t) Vi + uy () Vi ——.
S, 11,

Substituting (9.2) and (9.5), we obtain

dV, = Vi [us (t) oo + ur (¢) o ()] dt
+ V [us (t) o + un (t) o ()] AW,

9.2 No-arbitrage principle and the Black-Scholes
equation

We shall define the portfolio (ug (t),ur (t)) in such a way so that the stochas-
tic part of dV} is zero. Let ug (t),ur (t) be solutions of the system of linear

equations
{ us () +urn (t) =1,
us (t) o + un (t) o (£) = 0.

This system has as solution:
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Substituting (9.7) on the expressions above, we get:

B Sy 2E (8, Sy)

OS24, 8) — F(t,S)
—F (t,5)

T SZE(1,S) — F(t,5)

ug (1) (9.8)

ur (1) (9.9)
With this portfolio we have (value of the portfolio without a stochastic dif-

ferential):
dVy = Vi Jus (t) a + ur (t) ap (t)] dt. (9.10)

An arbitrage opportunity on a financial market is defined as a self-financed
portfolio h such that:

V' (0) =0,
VH(T) >0 q.c
This means that an arbitrage opportunity is the possibility of obtaining
a positive profit from no investment, with probability 1, i.e., with no risk
involved.
The no-arbitrage principle simply states that, given a derivative with price

IT(t), we consider that IT (¢) is such that there are no arbitrage opportunities
in the market.

Proposition 9.1 If a self-financed portfolio h is such that the portfolio value
has the dynamics

AV (t) =k (t) V" (t)dt,

where k (t) is an adapted process, then we must have k (t) = r for all t, or
otherwise arbitrage opportunities exist.

More details on the no-arbitrage principle may be found in [1].
By the no-arbitrage principle we have, from (9.10), that

us (t)a+un (t) o (t) =r (9.11)

Substituting (9.6), (9.8) and (9.9) in the no arbitrage condition (9.11), we
get

OF OF 1 O*F

2 @2 _
E (t, St) + TSta—x (t, St) + 50’ St W (t, St> —rF (t, St) =0.
Furthermore, it is clear that in the maturity date of the derivative we have
II(T)=F(T,Sr)=®(S(1T)) (9.12)

So we may state the following theorem.
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Theorem 9.2 (Black-Scholes eq.) Assume that the market is specified by
eqs. (9.1)-(9.2) and we want to price a derivative with payoff given by (9.3).
Then, the only price function of the form (9.17) that is consistent with the
principle of no arbitrage is the solution I of the following boundary values
problem, defined in the domain [0, T] x R*:

2
%_]; (t,z) + rxg—i (t,z) + %UQIQ(Z)TZ (t,x) —rF(t,x) =0, (9.13)

Note that, in order to determine the Black-Scholes equation (9.13), we
need to assume that the derivative price takes the form II (t) = F' (¢, S;) and
that there exists a market for the derivative to be traded. However it is not
unusual for derivatives to be traded “over the counter” (OTC), so it is not
always the case. To solve this problem, we shall se how may we obtain the
same equation (9.13) without those hypothesis.

Consider the portfolio (h° (¢), h* (t)) where hY (¢) is the number of bonds
(or riskless asset units) and h* (f) is the number of shares at instant ¢. The
value of the portfolio at instant ¢ is

VR (t) = h°(t) By + h* (t) S,.
It is supposed that the portfolio is self-financed, that is,
dV" = h° (t)dB; + h* (t) dS;.

In integral form,

t t
v;h—vo+/ h*(s)dSSJr/ 1o (s) dB,
0 0

t t
=V, + / (ah* (s) Ss 4+ rh° (s) By) ds + a/ h* (5) SedW,.  (9.14)
0 0
Assume that the contingent claim (or financial derivative) has the payoff
x=o(5(7)). (9.15)

and it is replicated by the portfolio h = (h° (t), h* (t)), that is, assume that
Vh=x=®(S(T)) a.s. Then, the unique price process that is compatible
with the no-arbitrage principle is

It =Vv telo,T]. (9.16)
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Moreover, suppose that
Mt =Vr=F(tS). (9.17)

where I is a differentiable function of class C12. By applying It6’s formula
to (9.17) and considering (9.2), we obtain

2
gF (S + 12528 (t,St))dt

OF
dF(t, St) == < (t St) + OéSt t a 2

(as ?9 (t, St)) dW,.

That is,

LrOF

F(t,S;) = F(0,S) + / e (s,Ss) + AF (s,55) | ds
0
t oF —
+/O <0558_x (s, SS)) AW, (9.18)
where o
of 522 i

Af(t,x):ozxa—x(t,x)—l—— e 5 (t,7)

is the infinitesimal generator associated to the diffusion S; that has the dy-
namics (9.2). Comparing (9.14) and (9.18), we have that

OF
Ox

ah* (s) Sy +rh® (s) B, = %—f (s,85) + AF (s, S5).

oh* (s) Ss = 0Ss— (s,S;),

Hence
OF .
% (3755) =h (5)7
OF OF 1, ,0*F
P Z z - —rF _
e (s,Ss) + rSs e (s,Ss) + 57 S 92 (s,Ss) —rF(s,5) =0

Therefore we have:

e A portfolio h with value V;* = F (t,5;), composed of risky assets with
price S; and riskless assets of price B;.

e Portfolio h replicates the contingent claim y in each instant ¢, and

() =V} = F (£, S)).
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e In particular:

F(T,Sy) = ® (S (T)) = Payoff.

The portfolio should be continuously updated by acquiring (or selling)
h* (t) shares of the risky asset and h° () units of the riskless asset, where

oF

W) = 5 (4.5,
W Vo 0S _ F.8) -1 05,

By B,

The derivative price function satisfies the partial differential equation
(Black-Scholes eq.)

%—JZ (t,S;) + rSté;—Z (t,Sy) + 253(2 Ij
Theorem 9.3 (Black-Scholes eq.) Suppose that the markel is specified by
eqs. (9.1)-(9.2) and we want to price a derivative with payoff (9.3). Then,
the only pricing function that is consistent with the no-arbitrage principle is
the solution I of the following boundary value problem, defined in the domain
[0,7] x R*:

2
88]; (t,x) + m:@—F (t,x) + 102x28—F (t,z) —rF(t,x) =0, (9.19)

ox 2 0x?
F(T,z)=®(x).

(t,S;) —rF(t,5;) =0

The Black-Scholes equation may be solved analytically or with proba-
bilistic methods. By applying Feynman-Kac formula, we have the following
result.

Proposition 9.4 (Feynman-Kac formula) Let ' be a solution of the bound-
ary values problem

(t,2) + 20? (t, ) ‘2275 (t2) = rF (t,2) = 0, (9.20)

A RN LA
F(T,z)=®(x).

ot ox

Assume that o (s, X,) % (s, X,) is a process in L? (i.e. Efo (& XS>O'(S,XS))2CZS <

o0). Then,

ox

F(t,z) =e"TIE, , [®(X7)],
where X satisfies

dXs = p (s, Xs)ds + o (s, Xs) dBs,
Xt = X.
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Applying the Feynman-Kac formula from the previous proposition to the
eq. (9.19), we obtain:

F(t,z)=e TR, [®(X7)], (9.21)
where X is a stochastic process with dynamics:

dX, = rX.ds + o X dW g, (9.22)
Xt = XT.

Note that the process X is not the same as the process .S, as the drift of
X is r X and not aX. This means that S has an mean appreciation rate «,
while X has the appreciation rate the risk-free interest rate r. To pass from
process X to the process S, we’ll apply the Girsanov theorem.

9.3 The martingale measure and risk-neutral
valuation
Denote by P the original probability measure (“objective” or “real” probabil-

ity measure). The P-dynamics of the process S is given in (9.2). Note that
(9.2) is equivalent to

dSt = T'Stdt + O'St (ﬂdt + th)
g

= TStdt + O'Std<ut + Wt) .
g

J/

W
By the Girsanov Theorem, there exists a probability measure () such that,

in the probability space (2, Fr, @), the process

a—7T

Wt = t+Wt

o

is a Brownian motion, and S has the ()-dynamics:
dSt = TStdt + O'Stth. (923)

Now consider the following notation: E denotes the expected value with
respect to the original measure P, while E¥ denotes the expected value with
respect to the new probability measure ) (that comes from the application
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of the Girsanov theorem). Also, let W, denote the original Brownian mo-
tion (under the measure P) and W; denote the Brownian motion under the
measure ().

Getting back to (9.21) and (9.22), and taking into account that under the
measure () the equations (9.22) and (9.23) are the same, we may represent
the solution of the Black-Scholes equation by

F(t,s) = e " T VEL [0(Sr)],
where the dynamics of S under the measure @ is
dSt = TStdt + O'Stth.

We may finally state the theorem that provides us a pricing formula for
the contingent claim in terms of the new measure Q).

Theorem 9.5 The price (absent of arbitrage) of the contingent claim ®(St)
s given by the formula

F(t,S) =e T DEZ [®(Sr)], (9.24)
where the dynamics of S under the measure Q) is
dSt = rStdt + O'Stth.

In the Black-Scholes, the diffusion coefficient ¢ may depend on ¢ and S
- be a function o(t,S;) - and in this case, the calculations needed would be
analogous to the ones we’ve done.

The measure @ is called equivalent martingale measure. The reason for
this nomenclature has to do with the fact that the discounted process

~._St

is a @-martingale (martingale under the measure Q). In fact,

~ S 1 —
St _ Pt _ e—rtSt _ 6—rtSO exp <(OK — 50‘2> t+UWt)
1 2
= Spexp —§Jt+0Wt

is a martingale.
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9.4 The Black-Scholes formula

Computing explicitly the price of the derivative, we have

T (t,5) = Ef [(Sr)]

(T

= E9 [<I> (sez)] ,

where Z = (r — 16?) (T — t)+0 (Wr — W) ~ N ((r — 0%) (T —t),0* (T — 1)) .
Therefore, o
Fits) =m0 [ 0 (se) s o) ay (9.25)

where f is the density of the gaussian random variable Z. The integral for-
mula (9.25), for a given function ®, should be, in the general case, computed
using numerical methods. However, there are some particular cases where
(9.25) may be obtained analytically. For example, for a European “call”
option with payoff

®(r) = (z — K)" = max (z — K,0),

we have

+oo
F(t,s) = e / max (se! — K,0) f (y) dy

— 00

+0o0
_ ,—r(T-1) Y _ K d
0 [ e = K) S ) dy

n(K/s)

= 7T (8 /1 - e f(y)dy — K ” f () dy) (9.26)

n(K/s) In(K/s)
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and the first integral may be computed in the following way:

+oo
/ eV f (y) dy =
In(K/s)
<y<r;az><ﬂ>2)

+oo  OXP (y - 202(T—1)
A(K/s) o/ 2m (T —t)

oo EXD <202(T_t)y_(y‘(”—%UQ)(T—U)Q)
d

202(T—t)
= Y
/1;1(K/5) o/ 2m (T —t)

y—(r+ia2)(T—-1) 2
+oo  OXP <_< <203(th) )

_ e1”(T7t) / dy
In(K /) o\ 2m (T —1)

—(r+1s2 (T—t))2 . . .
But ———exp | — (v=( +§ ) is the density function of a random
o/ 2m(T—t) ( 202(T—1)

variable Z* with distribution N ((r + 302) (I' —t),0* (T — t)) and so

+o00
[ f (y)dy = rTQ (Z* > In (K/s))

n(K/s)
_ g (7 > I (#/s) - (Z;_%j) (T - t))
e

=" TN [du (¢, )],

where N [z] is the cumulative distribution function of the distribution NV (0, 1)
and

In(s/K)+ (r+10?) (T —t)
o/ (T —t) '
The second integral may be calculated as follows.

d1 (t, S) =

/1 T fW)dy=Q(Z > n(Kk/s)

n(K/s)

i (7 , In(&/s) = (r — 50%) (T—t>>
o/ (T —1)
B — ln(s/K)—l—(T—%cﬂ)(T—t) B



CHAPTER 9. MODELS FOR FINANCIAL MARKETS 102

where N [z] is the cumulative distribution function of the distribution N (0, 1)

and
In(s/K)+ (r—30%) (T —1t)

o/ (T —1t)

dg (t, S) =

Returning to eq. (9.26), we obtain

F(t,s)=e T (seT(T_t)N [di (t,s)] — KN [ds (2, 5)])
=sNdy (t,5)] — e " T VKN [dy (t, )]

and this is the well known Black-Scholes Formula:
F(t,s)=sN|[dy (t,s)] —e " TVKN [dy (t,5)].

Exercise 9.6 Deduce the Black-Scholes Formula form (9.24) for an Euro-
pean put option (with payoff ® (St) = max (K — Sr,0)).
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