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Households and firms

Instead of a social planner making all decisions, a more realistic model
involves households and firms making their own decisions with different
objectives.
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Consumption

@ Consumption makes up for around 60 percent of total aggregate
spending

@ Important to understand its determinants

@ Fortunately, there is lots of data on consumption

o Aggregate data
e Household level data

@ Tests based on Euler equations and tests based on consumption
functions



Intertemporal utility maximization problem

@ The representative household’s problem is

oo
a *U(cCtts), 4.1
Ct—l—Tat—)i-(s—l—l sz:% 5 ( H—S) ( )

subject to the budget constraints

Aatisi1 + Crps = Xpts + esarrs, s=0,1,..., (4.2)

where at, X¢, and ry are exogenous asset, income, and interest rate
respectively in period t. The choice variables are ¢; and a; 1.

@ Once ¢; is chosen, a;11 is determined by the budget constraint.
Therefore the household is effectively choosing the consumption path

{Ct7 Ct+1, Ct+42, - - }



Optimization

The Lagrangian is

L = Z {BSU(ct+s) + Args[Xers + (1 + regs)aess — Ceqs — at+s+1]}
s=0
(4.3)
The first-order conditions are
oL
— = ﬁsU,(Ct—f—s) —Atys =0, s2>0,
0Ct—|—s
0L
~ = )\t—l—s(]- =+ rt—i—s) — At4s—1 =0, s>1,
Datys
and the budget constraint (4.2). The Euler equation is
U'(c
pUT t+1)(1 ¥ reyq) = 1. (4.4)

U'(ct)



Two-period budget (another way of expressing the
households problem)

@ Consider the budget constraints in periods t and t + 1:

at+1+ ¢ = x¢+ (14 re)as,

at+2 + Cev1 = Xeqg1 + (1 + reg1)acss.

@ The two equations can be combined to eliminate a;; 1 to give

dt42 Ct+1 Xt+1
—+ + C = + x¢ + (1 + r¢)as. 4.5
l+r41 14+ r4a ; L+ reqq A t)ar (4:5)

@ The left-hand side is the present value of total expenditure in
consumption and investment.

@ The right-hand side is the present value of total incomes.



Extension to n-1 periods

@ By successive substitution, the present value of total expenditure is

n—1

dt+n Ct+s
Wt — — —+ —+ Ct. (47)
[Te=i (1 + reqs) ; [Lea (T4 requ)

@ Similarly, the present value of total income is

Z H Tt + x¢ + (1 + r¢)a:. (4.8)

u=1 ]‘—'_rt-*-u)

@ The infinite horizon budget constraint, assuming that interest rate is
constant at r, is obtained as n — o0o:

— Ct+s — Xt+s
W; = 1 . 4.9
: SZ(Hr ; Aty " T (4:9)



Permanent Income

@ W; is the present value of life-time income of the household and is
often called permanent income.

e Equation (4.9) can be used a the alternative single budget constraint
In the optimization problem.

@ One more necessary condition called the transversality condition:

lim B°a; sU'(crs) = 0. (4.10)
S—00
This ensures that the terminal value of the asset has no utility. In
particular, the household cannot finance extra consumption
indefinitely by borrowing (a; < 0). Therefore it is sometimes called
“no-Ponzi-scheme”. See Kamihigashi (2006) for details.



Intertemporal substitution

The Euler equation has the usual meaning that it prescribes the
Intertemporal substitution of consumption between to consecutive periods.

Ct+1

*
t+1[~~""""""~""-- !

V.= Ul(c) +pU(c,, )

¢ t C

1+r[+1

Figure 4.1. Two-period solution.



An increase in the interest rate (assuming a, =0)

t+1

b3
t+ 1.1

Cr 4 1.0

\
c

Ci1 1 +r, €0 1+r, t

Figure 4.2. The effect of an increase in the interest rate.



Optimal consumption path

@ Using a first-order Taylor approximation of U’(c;+1) about ¢, we have

U'(cev1) _ Uller) + U"(c)(ceq1 — )

Ulc) U'(ct)
U”(Ct) ACt—l—l
—1 A =1— 4.15
+ U’(Ct) Ct+1 g c, ; ( )
where o = —cU"” /U’ is the coefficient of relative risk aversion (see

Jehle and Reny, 2011, p. 123).
@ Putting (4.15) into the Euler equation (4.4) gives

Acti1 B 1 [1 1 ] 41 — 0
Ct o B(1+ ret1) o(1+ ret1)

@ If r =60, consumption growth is zero.

(4.16)



Consumption function

From (4.9) with constant interest rate and the steady-state consumption

ct, we have
©.@)
Ct+s L+ r
W p— p—
t Z (]_ + I’)S r Ct

s=0

- Xt+s

— 1
2 w0

r Xt
Ct = Wt =r E s + rag.

(4.17)

This means that in steady state consumption in each period is a fixed

portion of total wealth.



Empirical evidence

Figure 1: Consumption Growth and Wealth Growth 1994-2002
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Note: Consumption growth and rescaled wealth growth between
1994Q4 and 2002Q4; wealth growth is rescaled by multiplying with
the wealth—consumption ratio of 1994Q4. Slope of the regression
line, MPCLR = 0.032, t-statistic: 2.36, p-value: 0.018.

Source: Jiri Slacalek (2009) “What Drives Personal Consumption? The Role of Housing and Financial Wealth,” The B.E.

Journal of Macroeconomics, 9(1), Article 37.



Permanent and temporary income shocks

@ Suppose income x; is constant in every period. Then (4.17) becomes
Ct = Xt —+ rag. (418)

A permanent shock in income will therefore have the same effect on
consumption, which is the Keynesian idea of marginal propensity to
consume (MPC) equals to 1.

@ To see the effect of a temporary shock, rewrite (4.17) as

r LT
— X
14" " (14 r)?

A temporary income shock in period t, therefore only have a MPC

equals to r/(1 + r).

@ Therefore the effects of a permanent tax cut and a temporary tax cut
are very different.

Ct Xt_|_]_+"'—|—rat.



Permanent and temporary interest rate shocks

@ Permanent shocks — Recall equation (4.18):
Ct = X¢ + rag.

Consumption therefore changes depending on the household has asset
(at > O) or debt (at < O) MPC = 1.
@ Temporary shocks — Recall equation (4.8):

Xt+s

) e AR
The effect of a temporary change in period t again depends on
whether a; is positive or negative. The effect on consumption,
however, is small due to intertemporary substitution. MPC
=r/(1+r).

© In practice, consumption depends of expectations of future asset
returns. See Shiller (2009).



Anticipated and unanticipated income shocks

@ Confusion about (4.16) and (4.17):

Actyq _ req1 — 0
Ct 0'(1 + I’t+1) ’
= X
L t+s
e e

@ The first equation does not contain information on income. If
Fre4+1 = (9, then Ct+1 = Ct.

@ But if income change is anticipated, the information is embedded in
ct. Thatis,

Ct+1 = Ct + €t+1,
where e;;1 is a random shock (E;[e;11] = 0).

@ In this case consumption is called a martingale process
(Et[ce+1] = ).



Saving

For constant interest rate, saving is

S¢ = X¢ + ray — Ct.

Substitute ra; — ¢; from (4.17),

This means that saving is

Income.

used to offset anticipated future change in



Life-Cycle Theory

Up to now we assumed that households are identical and live forever.

@ Our models so far do not address the problem of consumer
heterogenelty.

@ Young households need to borrow, middle-age households want to
save, and mature households just spend.

@ Our consumption function smooth expenditure throughout the life
cycle.

@ Assumptions:

@ Life is infinite and predictable
@ No borrowing constraint

@ What are the empirical evidences?



Income and consumption in the US
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Durables and non-durables

Table 4.1. Standard deviations in growth rates.

%
Disposable income 1.12
Total consumption 0.74
Nondurables and services 1.22
Nondurables 0.60
Durables 17.13
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Model of Perpetual Youth

@ The probability of death in each period is p (independent of age).
@ The probability of staying alive is 1 — p.
@ The probability of having a life of s periods long is

f(s)=p(l—p)st s=1,2,...

@ Life expectancy is

Els] =) sp(1—p)*t=p"

@ E[s] > 0 if p— 0.



The power of posterity

@ Under uncertainty, a household in period t plans ahead with the
probability of being alive in period t 4 s equals to (1 — p)°.

@ Life time expected utility is therefore

E ZBSU(CHs) = Zﬁs(l—P)SU(CHs)
| s=0 _ s=0

— Z BS U(Ct+5)7
s=0

where 3 = (1 — p).
@ Our models still work, with a different interpretation of S.

@ See Brooks (2009) for an alternative explanation.



Durable consumption

@ Durable goods are similar to capital, providing consumption services
over time with depreciation (6).

@ Let D; be stock of durables, d; new investment in durables, and ¢
consumption of nondurables.

@ Durable accumulation equation:
Dt_|_]_ — dt + (1 — 5)Dt (421)
@ The household budget constraint is
Dy _
ary1 + ¢t + prde = x¢ + (1 + re)ay,

where pP is the price of durables relative to nondurables.



Utility maximization problem

The household’s problem is

max Z B°U(cCt s, Dits)
s=0

subject to  arysi1+ Crqs + P?+S[Dt+s+1 — (1 —0)Dr s}
— Xt+s + (1 + I’t_|_5)3t+5. (422)

Notes:
@ U(c, D) is assumed to be differentiable, increasing, and concave.

@ The control variables are ¢;yg, Di1si1, and azis41.



First order conditions
The Lagrangian is

©.@)

Li = Z {ﬁs U(Ct+s, Ditrs) + Aits [Xt—l—s + (1 + regs)atss
s=0

— Ct4s — P?+5[Dt+s+1 — (1= 0)Dtys] — aryst1) }

First-Order Conditions:

oL
8Ct—:s — BS Uc,t+s — )\t—i-s =0, s>0,
a‘ct . s D D L
oD — B UD,H-S -+ )‘t-l-spt—l—s(l o 5) T )‘t-l-s—lpt-l-s—l — Ov S > 17
t+s
0L+

— /\t+s(1 + rt—l—s) — Atys—1 =0, s>1

Oat4s



Euler equation

@ The first and the third FOCs give the Euler equation

5Uc(Ct+1> Dt+1)
UC(Ct7 Dt)

(1 + rt-i-l) =1,

which relates the intertemporal marginal rate of time preference in
nondurable consumption to 3 and r.

@ Notice that it depends on the levels of the durable stock.

@ Examples are ice cream and refrigerators, gasoline and cars, Internet
services and computers, data plans and smart phones, cable services
and HDTVs, fire insurance and houses, gym memberships and degrees
etc. (These are all complements, can you think of some substitutes?)



Substitution between durables and non-durables

@ Combining all three FOCs gives

UC(Ct, Dt) D 1 — 5 D
— . 4.23
3 Pt 1+ rees Pt+1 ( )

UD(Ct+1> Dt+1) —

e Equation (4.23) can be written as

BUp(ct+1,De41)  p  1—-0 p
= Pt — Pt+1-
UC(CtaDt) 1+rt_|_]_

@ The left hand side defines the marginal rate of substitution between
durable in period t + 1 and nondurable in period t.

@ The right hand side is the relative price. The first term is the
purchasing price of durable. The second term is resale value in the
next period net of depreciation and interest cost.



Parametric analysis

@ Let U(Ct, Dt) = CtOzDg-—Oé.

@ The Euler equation is

t D; ~(1me)
3 (C th“) (1+ rep1) = 1. (4.24)

e Equation (4.23) becomes

6" a—1
Ct+1 (87 Ct D 1—9 D
_ _ . (4.25
(Dt—|—1> B(1 — «) (Dt> [pt 1+ reqa s ( )

Therefore an increase in interest rate ry11 reduces the purchases of
durables D;,1 relative to nondurables ¢;y1.




Steady-state solution

@ In the steady state,

Ct_|_1 — C,
Dt-l—l — D7
D D D
Pt+1 =Pt — P,
re+1 — 0.
Hence (4.25) becomes
c o
= 0+ 9).
pPD 11— a( +9)
@ In terms of investment of durables,

C o 0+90

dezl—a )




Short-run dynamics

In the short-run the stock of durables is fixed. Multiply equation (4.21) by
p?/ct, we get

py dy _ pY Dii1 (11— 5)P?Dt
Ct Ct Ct
Gt ( Ct/Dt ) <PPDt) B (1 B 5)PPDt
B Ct Ct+1/Dt+1 Ct Ct
[Ct—|-1 ( Ct/Dt ) 1 _|_5] PPDt
Ct Ct+1/Dt+1 Ct

From the Euler equation (4.24) we have

Ct/Dt
Ct—|—1/Dt+1

1+ Fein —1/(1—«)
1+6 '

— 501+ re) ) =



Short-run dynamics

In the short-run the stock of durables is fixed. Multiply equation (4.21) by
p?/ct, we get

prde _ pDrr 1 _5)p?Dt
Ct Ct Ct
_ Ct+1 ( Ct/Dt ) (PtDDt> B (1 B 5)PtDDt
¢t \ Ct+1/Drs1 Ct Ct
D
[Ct-l-l ( Ct/Dt ) 1 _|_5] py D¢
¢t \ Cet1/Det1 Ct

From the Euler equation (4.24) we have

Ct/Dt
Ct+1/Dt+1

L+ resa —1/(1=a)
1+6 '

B+ rean)] Y00 = (



Empirical evidence

@ Under the permanent income hypothesis consumption is a martingale.

@ Using the above framework, Mankiw (1982) shows that durable
consumption follows an ARMA(1, 1) process.

@ He tests the model with U.S. post-war data using an additively
separably utility function in ¢ and D, the model was rejected. In
particular, the estimated depreciation rate o0 is 1.038.

@ Other economists suggest that consumers do not constantly adjust
their stock of durable goods. For example, we buy houses, cars,
computers, etc. only occasionally.

@ Purchases of these items follow what is called an (S, s) rule.



(S,s) Policy

Operation of an (S, s) Policy with Upper and Lower Barriers

Source: Caplin and Leahy (2010)



Mechanics of the (S,s) model

@ A household has an optimal level of durable goods within an interval
(s,S). But it does not buy new goods until the stock falls below the
lower bound s.

@ This is due to the presence of a fixed cost when buying new durable
goods.

@ Some writers argue that the aggregate demand may smooth out the
individual household cycles. But the effect of a large aggregate
income shock depends on the distribution of existing stock and may
create complicated dynamic pattern such as coupled oscillations.

@ The (S, s) model has been applied to other problems such as
inventory control, money demand, capital investment, marketing,
household finance, and monetary policy analysis.

@ See Caplin and Leahy (2010) for a survey.



Evidence from the Great Recession

Changes from the Second Quarter of 2008 in Four Components of Real GDP

during the Crisis
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Car sales

Change in industrial production and car sales*
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