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Stochastic integrals

@ Motivation : Consider a “differential equation” with “noise” of type:

dX dB;
— = b(t, X))+ 0o (t, Xe) " —".
dt (. Xe) +0 (8, X) dt

" %” is a stochastic “noise”. Does not exist in classical sense since
B is not differentiable.

e “Stochastic differential equation” (SDE) in integral form :

t

t
X = Xo+ / b(s, Xs)ds +" | (s, Xs) dBs" (1)
0 0

@ How to define the integral:

-
/ u.dB, ? (2)
0

where B is a Brownian motion and v is an appropriate adapted
process.
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@ Note: the SDE’s that we deal with are the continuous time versions

of the equations used to define time series (processes in discrete
time). Example: a zero-mean random walk can be defined by:

Xe = Xt—1+ 02,

where Z; is a standard normal r.v. (the Z; variables are called “white
noise” ). This equation is a stochastic difference equation and is
equivalent to AX; = 0Z;. lts solution is X; = Xp + (72221 Zs.

@ In continuous time, the analog of a zero-mean random walk is a
zero-mean Brownian motion B;.
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o First strategy: Consider the integral (2)

o Consider a sequence of partitions of [0, T| and a sequence of points:

T O=1tg <ty <t3 <--- <ty =T
sn: tf <sf <ty i=0,....,k(n—1,

i n_n) —
such that nll_)mOOSL;p (th,—t") =0.
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Riemann-Stieltjes (R-S) integral:

T n—1
fdg := lim f (s Ag;,
/0 g Hooi;) (s') Ag

where Agj := g(tf'.;) — g(t]"), if the limit exists and is independent of the
sequences T, and s,.
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e If g is a differentiable function and f is continuous the (R-S) integral
is well defined: fOT f(t) fo t) dt.

@ In the Bm case B, it is cIear that B'(t ) does not exist, so we cannot
define the path integral:

/OT (@) dB: (@ #/ ut (w) Bl (w) dt

@ Problem: The integral fOT B (w) dB; (w) does not exist as a R-S
integral. How to define the integral (2)?
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@ We will construct the stochastic integral fOT uydBy using a
probabilistic approach.

Definition

Consider processes u of class La . which is defined as the class of
processes u = {u, t € [0, T|}, such that:

© u is adapted and measurable.

Q@ E [fOT u?dt} < 00,
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@ Condition 2. allows us to show that u as a map of two variables t and
w belongs to the space L2 ([0, T] x Q) and that:

E[/OTufdt] :/OTE[uﬂ dt.

@ idea: we will define fOT u:dB; for u € Lg,T as a limit in mean-square
(i.e., a limit in L2 (Q))) of integrals of simple processes.
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Stochastic It6 integral for simple processes

u € S (set of simple processes in [0, T]) is called a simple process if
ue =) ¢l 45 (1), (3)
j=1

where 0 = tg < t; <--- <t, =T, and the r.v. ¢; are square-integrables
(E [452} < o) and Fy;_,-measurable

Definition

| \

If uis a simple process of form (3) (u € S) then the stochastic It integral
of u with respect to Bm B is:

T n
/ UtdBt = Z (PJ (Btj - Btj—l) .
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L S

Consider the simple process

n
ue =) By 11(t1.1 (1)
j=1

Then

T n
/ UtdBt = Z Btj71 (Btj — Btj—l) .
0 j=1

Then (why?)

E { /0 ! utdBt]

[EBE 1 (£3§ £;§71)]

t' - Bt.

J J—

J=o.

i

10/20
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Proposition: (Isometry property or norm preservation property). Let

ueS. Then:
T 2 T T
(/ utdBt) - [/ ufdt] ~ [ El#]d @
0 0 0

With AB; := By, — By,_,, we have (Exercise (homework): justify all the
steps in this proof):

E[(/OTutdBt>2

E

2
=E (Z; (ijBj>

—ZE{% (AB)) }+2ZE[¢¢,ABAB]

1<J
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EEE———————

(cont.) Note that since ¢;¢;AB; is Fj_1-measurable and AB; is
indepedent of F;_1 then

Y El¢i¢jABAB)] = ) E [9ig;ABi] E [AB;] = 0.
i<j 1<J

On the other hand, since ([JJ2 is Fj_1-measurable and AB; is independent
of Fj-1,

ZE[% AB)| 2 E|(8B)°]

Lele
i[] ~ 1) =

E[/()Tufdt].
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o Other properties of fOT updB; for u € S:
@ Linearity: If u,v € S:

T T T
/ (aue + bve) dB; = a/ uedB; + b/ vidB;. (5)
0 0 0

-
E [/ utdBt} —0. (6)
0
Exercise: Prove the property 2.

Exercise: Compute f05 f(s)dBs with f(s) =1if0<s<2and f(s) =4
if 2 < s <5 and what is the distribution of the resulting r.v.?

@ Zero mean:
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Ito integral

Ifue LiT then exists a sequence of simple processes {u(”)} such that

.
lim £ [/
n—oo 0

Proof: see the book of Oksendal or the Nualart lecture notes:
http://www.math.ku.edu/~nualart/StochasticCalculus.pdf

up — ul” ’2 dt] =0 (7)
t — U :
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Definition

The It6 stochastic integral of u € L 1 is defined as the limit (in the
L2 (Q)) sense):

N .
M |

-
/0 uedB, = lim (L) /0 " dB,, 8)
where {u(”)} is a sequence of simple processes satisfying (7).
15 /20
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Properties of the It6 integral

@ Properties of the Itd integral foT udB; for u € 12 ;.
@ Isometry (or norm preservation):

E l(/OT utdBt>2] —E UOT u?dt} - /OTE 2] de. ()
@ feromen E UOT utdBt] —0 (10)

© Linearity:
T T T
A (aut + th) dBt = a/o UtdBt + bA thBt. (11)

© The process {fot usdBs, t > 0} is a martingale.
@ The sample paths of {fot usdBs, t > O} are continuous.
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Let us show that
/TBdB—le—lT
0 tdbe = 5bT — 5 1

Since u; = B, let us consider the sequence of simple processes

n
ot = Y By L ) (9
J:

. n._ J
with tf = ;T.
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(cont.)

T T ()
/ Bl = lim (L2)/ W7 dB, =
0 0

n—o0

n
_ 2
X NCELY
= lim (L?) li <32 — B2 )—(Bn—Bn )2
T h—oo 2j:1 & ty G ti1

1
:E(BZT—T),

<2}71 <ABtjn>2 — T> 2] =0 and

1 n 2 2 _ 1p2
§Zj:1 (Bt;’ - Btfll> - iBT'

where we used: E
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2 2
@ Let us prove that E [(21’-’_1 (ABtjn) - T) ] = 0. Using the

2
independence of increments and E [(ABgr) ] = Atj”, then

E[ i(ABt;)QT)QI E[ i[(ABt;)QAt,.nDQI
- e[ (a8y) -]

Using the fact that E [(Bt — Bs)zk} _ (2K)!

2k k!

(t —s), then
E Kzl (ABtjn)z— T) ] :Ji [3 (A1) —2 (ner)? + (Atj")z]

n
=2Y (Atf)? =2Tsup|At!| — o.
_j:l _I n—oo
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e Note: By formula E [(Bt - BS)Zk} = g(kz: (t — 5)* we have that

Var |(8B)’| = E |(aB)"| - (E {(AB)ZD2
= 3(At)? — (At)® = 2 (A1),

We also know that
E [(AB)ﬂ = At.

Therefore, if At is small, the variance of (AB)2 is very small when
compared with its expected value =therefore when At — 0 or
“"At = dt"”, we have:

(dB:)? ~ dt. (12)

Jodo Guerra (ISEG) Models in Finance - Lecture 3 20/20



