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Parameter estimation and exotic option pricing

Assume that the underlying asset follows the exponential of a particular

Lévy process

In order to estimate the parameters of the mode, we use market data, for

example the prices of european calls on some index at some fixed date.

We use present values to estimate the parameter and not past or

historical data.
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As an example, in order to calibrate the pricing model on the data, we

choose parameters of the Variance Gamma model in order to minimize

the quadratic error between the market prices of the call options and the

call options prices given by the model.

After estimating the parameters, if we want to price path-dependent

options or exotic options (for example, barrier options), we can use Monte

Carlo techniques to simulate a large number of paths of the Variance

Gammma process with the optimized parameters previously estimates

and we can calculate the exotic options by Monte-Carlo method from the

formula:

V (t) = e−r(T−t)EQ [X |Ft ] .
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Model calibration

Data for model calibration: for example the 77 call option prices on S&P

500 Index at the close of the market on 18 April 2002 (see [3], page 155)

Characteristic function of the Variance-Gamma distribution with

parameters (σ, ν, θ):

ΦVG (u;σ, ν, θ) =

(
1− iuθν +

1

2
σ2νu2

)−1/ν

.

We can define the Variance-gamma process as a Lévy Process X
(VG)
t

such that the distribution of the increment Xt+s − Xs follows the

Variance-Gamma law with parameters
(
σ
√

t , ν/t , tθ
)

and

E
[
eiuX

(VG)
t

]
=

(
1− iuθν +

1

2
σ2νu2

)−t/ν

.
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Model calibration

The Variance-Gamma process has the following properties:

(1) no diffusion component and it is a pure-jump process.

(2) it has infinite activity (infinitely many (small) jumps in any finite time

interval)

(3) it has paths of finite variation:
∫ 1

−1
|x | νVG (dx) <∞.

(4) it has Lévy measure

νVG (dx) =

{
C exp(Gx) |x |−1

dx if x < 0,
C exp(−Mx)x−1dx if x > 0,

where C = 1/v > 0, G =

(√
1
4
θ2ν2 + 1

2
σ2ν − 1

2
θν

)−1

> 0,

M =

(√
1
4
θ2ν2 + 1

2
σ2ν + 1

2
θν

)−1

> 0.
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Model calibration

Under the historical probability measure P, assume that the price of the

risly asset is

St = S0 exp
(

mH t + X VG
t (σH , νH , θH) + wH t

)
,

where by the subscripts H we mean that these parameters are the ones

under the historical probability measure P. The parameter wH is chosen

such that it cancels the drift of the process X VG
t (σH , νH , θH) and therefore

wH =
1

νH

ln

(
1− θHνH −

σ2
HνH

2

)
and mH is the expected rate of return under P.
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In order to price, we choose to estimate the parameters not under P but

under Q (the risk neutral (RN) measure or equivalent martingale

measure). Under Q, the price process is

St = S0 exp
(

rt + X VG
t (σRN , νRN , θRN) + wRN t

)
.

The parameter wRN is chosen such that the discounted price process

S̃t = e−rtSt is a Q martingale (mean correcting equivalent martingale

measure) and this results in

wRN =
1

νRN

ln

(
1− θRNνRN −

σ2
RNνRN

2

)
.

In practice, we need to calculate the characteristic function at the point

1/i .
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Algorithm

For a set of market prices of N calls, we choose the risk neutral

parameters such that the quadratic error between market prices and the

prices given by the model of the call options is minimum, and is given by

the root-mean-square error

RMSE = min
σRN ,νRN ,θRN

√√√√ 1

N

N∑
i=1

[(market price)i − (calculated price)i ]
2
.

Calls prices are calculated by the Fourier Transform method with the FFT

algorithm

The grid of the logarithm of the strike is such that allows to interpolate

with an acceptable error the prices of options for the strikes which are

really traded on the market.
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Some results

We now present some results obtained by Schoutens and described in

[3] (page 81), for the calibration procedure whith the CGMY model:
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Comparison results

From [3], page 83,
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Pricing exotic options by the Monte-Carlo method

The payoff of an "Up and In call option" (barrier option) with strike K and

barrier H is equal to the payoff of the european call, if the underlying

reached or crossed the barrier H between time 0 and T . If the barrier has

not been reached, then the payoff is 0.

After estimating the parameters, assume that we want to price an exotic

option (for example, a barrier option of the type "Up and in"). We can use

the Monte-Carlo method from the formula:

V (0) = e−rTEQ

[
(ST − K )+ 1{max(St ;0≤t≤T )≥H} (ω)

]
,

where H is the barrier level.

Note that if H ≤ K , the up and in call and the european call with strike K

and maturity T have the same value, because if ST > K then ST > H

also.
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Monte Carlo algorithm

Monte Carlo algorithm:

(1) We assume that the parameters of the risk neutral process were

previously calibrated on the market prices of european calls by the

method previously described

(2) A large number N of trajectories of the risk neutral process is

simulated on a regular time grid.

(3) For each trajectory i (i = 1,2, ...,N) we calculate the payoff of the

option by formula:

Ci =
[
(ST − K )+ 1{max(St ;0≤t≤T )≥H} (ωi )

]
(4) The final price of the option can be estimated by the discounted mean

of the payoff for the N trajectories:

V̂ (0) = e−rT 1

N

N∑
i=1

Ci .
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