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One-dimensional [to's formula or Ito's lemma

@ t6's formula or 1td's lemma is a stochastic version of the chain rule.

@ Suppose we have a function of a function f (b;) and we consider f is
a C2 class function. We want to find £ (b).
Then by Taylor’s theorem (2nd order expansion):

1
6F (be) = f' (be) 6be + 5" (br) (8b)* +

Dividing by dt and letting dt — 0, we obtain the classical chain rule:

d dbt db

() =F(6) S+

1 1! !

or
df (bt> - f/ (bt) dbt
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One-dimensional [to's formula or Ito's lemma

e What if we replace b; (deterministic) by the sBm B;?
Then, the 2nd order term 1f" (B;) (6B;)? cannot be ignored because

(6B;)* ~ (dB;)? ~ dt is not of the order (dt)?
, that is (Itd formula):

df (By) = f' (B:) dB; + %f” (By) dt. (1)

e Example: Compute the stochastic differential of B? and represent this

process using a stochastic integral.
e We have B2 = f (B;) with f (x) = x2.
Therefore, by (1)

1
d (B2) = 2B:dB; + 52 (dB)?

(Taylor expansion of B2 as a function of B; and assuming that

2
dB,)? = dt).
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[t6 process

e If fis a C2 function then

f (B:) = stochastic integral+process with differentiable paths

= It6 process

@ An adapted and continuous process X = {X;,0 <t < T} is called
an It6 process if it satisfies the decomposition:

t t
X, =X0+/ usst+/ veds, 2)
0 0

where u and v are adapted and measurable stochastic processes such
that the integrals are well defined.

@ In differential form, X is an It6 process if
dXt = UtdBt + tht, (3)
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One-dimensional [to's formula or Ito's lemma

Theorem

(One-dimensional It6's formula or t6's lemma): Let X = {X;, 0 <t < T}
a Ité process of type (2). Let f(t,x) be a C1'? function. Then
Y: = f(t, X¢) is an Ité process and we have:

t
f(t,Xt):f(O,X0)+/ o (5. X,) ds +/ ) usdBs
cor t 92f ,
+/ vsds+2 £ (5.X) ulds. |
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@ In the differential form, the 1t formula is:

of of
df(t, Xt) — g (t, Xt) dt + 87 (t, Xt) dXt
10%f 2

+ 5@ (t, Xt) (dXt) .

where (dX,f)2 can be computed using (3) and the table of products

X dB; dt
dB: dt 0
d 0 O

Jodo Guerra (ISEG) Models in Finance - Part 4 6/17



e Itd's formula for f(t, x) and Xy = By, or Yy = f(t, By).

£ of ¢ of
£(t, B,) = £(0,0) +/0 E(S,Bs)ds—k/o £ (s.B,)dB

t 9°f
2 v (s, Bs) ds.
of of
df (t, Br) = = (t, Be) dt + = (t, Br) dB:
10°f
+2a 5 (t, Be) dt.
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e Itd's formula for f(x) and X; = By, or Yy = f(B:).

192f

2 0x a2 (Be) dt.

of
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Multidimensional [to’s formula or Ito’s lemma

@ Assume that B; := (B,ﬂil B?,..., B{") is an m-dimensional standard
Brownian motion, that is, components Bk, k=1,..., mare
one-dimensional independent sBm.

@ Consider a Ito process of dimension n, defined by
t t t
X} :X01+/ uslld351+---+/ uslmdB;"+/ vids,
0 0 0

t t t
XE:X§+/ u§1d551+---+/ ugmdBy+/ V2ds,
0 0 0
t t t
X{’:Xé’+/ u21d851+--~+/ ugmdB;"Jr/ vlds.
0 0 0
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Multidimensional [td’s formula

@ In differential form:

dX; =Y u{dBl+ v/dt,
j=1
with i =1,2,...,n.

@ Or, in compact form:
dXt = UtdBt + tht,

where v; is n-dimensional, u; is a n X m matrix of processes.

@ We assume that the components of u and the components of v are
adapted and measurable stochastic processes such that all the
integrals are well defined.
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Multidimensional [td’s formula

e If f:[0, T] x R” — RP is a C12 function, then Y; = f(t, X;) is a Itd
process and we have the It6 formula or It6 lemma:

f f
Y ak(tXt)dt—i—Zak t, X;) dX]

1 & 0%y

>, Z 55 (£, Xt) dX{aX].
127
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Multidimensional [td’s formula

@ The product of the differentials dXt"dX{ is computed following the
product rules:

P o) 0 sei#j
i B) —
dBtdBt_{ gt seim

dBldt =0,
(dt)* = 0.
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Multidimensional [td’s formula

e If B; is a n-dimensional sBm and 7 : R” — R is a C? function with
Y: = f(Bt) then:

f(B:) = f(Bo) +Z/t of (By) dBL + 2/; (Z g; (Bt)> ds
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Integration by parts formula

o Integration by parts formula: If X} and X? are It6 processes and
Y = X X2, then by Itd's formula applied to
f(x) = f(x1,x2) = x1x2, we get

d (XEX2) = X2dX} + XLdX2 + dX}dXZ.
That is:

t t t
X2X2 :X01X02+/ dexsl+/ XsldX52+/ dXtdx2.
0 0 0
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Example

o Consider the process
2 2
Y= (B}) +(B?) +---+(B}).

Represent this process in terms of It stochastic integrals with respect
to n-dimensional sBm.

e By n-dimens. 1t6 formula applied to
f(X) = f(Xl,Xz,...,Xn) :X12+"'+X3
, we obtain
dY: = 2BdB} + - - +2B{dB]
+ ndt.

That is: . .
Yt:2/ 351st1+---+2/ BI'dB! + nt.
0 0
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Exercise

o Exercise: Let B, := (B}, B?) be a two dimensional Bm
Represent the following process as an an It6 process:

Y, = (Btlt, (B2)® - B}BE) .
@ By the multidimensional 1t6's formula applied to

f(t,x) = f(t,x1,x2) = (x1t,x3 — x1x2) , we obtain: (homework)

dy}! = Bldt + tdB},
dY? = —B2dB} + (2B — B}) dB? + dt

t t
:/ leds—l—/ sdBl,

/B2d81+/ (282 — BY) dB2 + t.

that is
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o Exercise: Assume that a process X; satisfies the SDE

Compute the stochastic differential of the process Y; = X3 and
represent this process as an It6 process.
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