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Processes of Finite Variation

o letP={a=t <b<- - <t, <ty = b} be apartition of [a, b] C R.
@ Variation Varp [g] of a function g over partition P:

Varp [g] :== > 19 (ti1) — 9 (8)] -
i—

@ If V[g] := supVarp [g] < oo, we say g has finite variation on [a, b].
P

@ Every monotone function g has finite variation.

@ A stochastic process (X(t),t > 0) is of finite variation if the paths
(X(t)(w), t > 0) are of finite variation for almost all w € Q.
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Processes of finite variation

@ For A bounded below,

/xN(z‘, ax) = > AX(s)1a(AX(s)).
A 0<s<t
is the sum of all the jumps taking values in A, up to time ¢.

@ The sum is a finite random sum. In particular, le|21 xN (t, dx) is finite
("big jumps"). It is a compound Poisson process, has finite variation but
may have no finite moments.

@ If X is a Lévy process with bounded jumps then we have E(|X(1)|™) < oo
for all m € N. (proof: pages 118-119 of Applebaum).

@ Necessary and sulfficient condition for a Lévy process to be of finite

variation: there is no Brownian part (A = 0 or o = 0 in the Lévy-Khinchine
formula), and

/ IX| v (dx) < o
|x]<1
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4.3 The Lévy-Ité decomposition

Lévy-1td6 decomposition

@ For small jumps, let us consider compensated Poisson integrals (which
are martingales): (A bounded below)

M(t,A) = /AxN(t, dx) .

@ Consider the "ring-sets":

1 1
— a. < —
B, : {xeR .m+1<|xm},

@ We can define

/ xN (t, dx) := (L2 limit) lim M(t,Ap).
Ix|<1 n—oo

Therefore |, xN(t, dx) is a martingale (the L2 limit of a sequence of

) x| <1
martingales) .
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4.3 The Lévy-Ité decomposition

Lévy-1td6 decomposition

Theorem

(Lévy-Ité decomposition): If X is a Lévy process, then exists b € R?, a
Brownian motion B with covariance matrix A and an independent Poisson
random measure N on R* x (R — {0}) such that

X(t):bt+BA(t)+/

|x|<1

xN (t, dx) +/ xN (t, dx) . (1)

[x|=1

4

@ Lévy-Ité decomposition in dimension 1:

X(f) = bt+oB(t)+/

[x|<1

xK/(t,dx)+/ N(td). (2

Ix|=1

@ The 3 processes in (1) or (2) are independent. For a rigorous proof of the
Lévy-1td decomposition, see for example Applebaum (pages 121-126).
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Lévy-1td6 decomposition

@ The Lévy-Khintchine formula is a corollary of the Lévy-1t6 decomposition.

Corollary

(Lévy-Khintchine formula): If X is a Lévy process then

E {ei(u,X(t))} — exp {t [,’(Q u) — % (u, Au) +

/Rd{o} (609 =1 = i (u, ) 11 (0)] y(dx)] }

@ The intensity measure p is equal to the Lévy measure v for X.

® Jixj< xN(t, dx) is the compensated sum of small jumps (it is an
L?-martingale).
® Jii>1 xN (t, dx) is the sum of large jumps (may have no finite moments).
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Lévy-1td6 decomposition

@ A Lévy process has finite variation if its Lévy-1t6 decomposition is

X(t):7t+/ xN (t, dx)
x#0
=qt+ Y AX(s),

0<s<t

where v = b — [, 4 xv (aX).
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4.3 The Lévy-Ité decomposition

Lévy-1td6 decomposition

Financial interpretation for the jump terms in the Lévy-1t6 decomposition:

@ if the intensity measure (1 or v) is infinite: the stock price has "infinite
activity" = flutuations and jumpy movements arising from the interaction
of pure supply shocks and pure demand shocks.

@ if the intensity measure (u or v) is finite, we have "finite activity" ~ sudden
shocks that can cause unexpected movements in the market, such as a
major earthquake.

@ If a pure jump Lévy process (no Brownian part) has finite activity = then
it has finite variation. The converse is false.

@ The first 3 terms on the rhs of (1) have finite moments to all orders —> if
a Lévy process fails to have a moment, this is due to the "large
jumps"/"finite activity" part f|x|>1 xN (t, dx).

® E[|X(1)|"] <ocoifandonlyif [ ., [x|"v(dx) < co.
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4.4 Stochastic integrals with respect to semimartingles

Stochastic integration

@ By the Lévy-1té decomposition, a Lévy process X can be decomposed
into X(t) = M(t) + C(t), where

M (t) = Ba(t) + /X<1 xN (t, dx),

c(t) :bt+/ XN (t, dx)

[x1>1

@ M(t) is a martingale and C(t) is an adapted process of finite variation.
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4.4 Stochastic integrals with respect to semimartingles

Stochastic integration

@ Stochastic integral w.r.t. X:

T T T
/ F () dX, / F (t) dM, +/ F (t) dC.. 3)
0 0 0
° fo t) dC; defined by the usual Lebesgue-Stieltjes integral.
@ In general fo t) dM; requires a stochastic definition similar to 1té

integral (in general M has infinite variation).
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4.5 Stochastic integrals of Lévy type

@ Let P be the smallest o-algebra with respect to which all the processes
(or mappings) F : [0, T] x E x Q — R satisfying (1) and (2) below are
measurable:

@ Foreacht, (x,w) — F(t,x,w) is B(E) x F measurable.
@ Foreach x and w, t — F (t, x,w) is left continuous.

@ P is called the predictable o-algebra. A P-measurable mapping (or
process) is said predictable (predictable process)

@ Let #H, be the linear space of mappings (or processes)

F [0, T] x E x Q — R which are predictable and

)
/ / E [IF (6] v (o) ot < o, (4)
0o JE—{0}

)
/ E[1F (,0)7] ot < oc. (5)
0
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4.5 Lévy-Type stochastic integrals

Poisson stochastic integrals

@ The integral of a predictable process K(t, x) with respect to the
compound Poisson process P; = [, xN (t, dx) is defined by (A bounded
below)

//Ktx (at,dx) = > K(s,APs)14(APs). (6)

0<s<T

@ We can also define

/OT/AH(t,X)N(dt,dX):/OT/AH(LX)N(dt7dX)_/OT/AH(t,x)y(d:;))dt

if H is predictable and satisfies (4).
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Lévy type stochastic integrals

@ We say Y is a Lévy type stochastic integral if
t t t _
Y,:Yo+/ G(s)ds+/ F(s)st+// H (s, x) N (ds, dx)
0 0 0 Jixl<1

t
+/O /|X|>1 K (s,x) N (ds,dx), (8)

where we assume that the processes G, F, H and K are predictable and
satisfy the appropriate integrability conditions (F satisfies (5), H satisfies

(4))

@ Eqg. (8) can be written as

dY: = G (1) dt+F (1) dBH‘/

[x|<1

H(t,x)N(dt,dx)+/ K (t,x) N (dt, dx)

Ix|>1
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4.5 Lévy-Type stochastic integrals

[4 Applebaum, D. (2004). Lévy Processes and Stochastic Caculus.
Cambridge University Press. - (Sections 2.3, 2.4, 4.1, 4.2 and 4.3)

3 Applebaum, D. (2005). Lectures on Lévy Processes, Stochastic Calculus
and Financial Applications, Ovronnaz September 2005, Lecture 2 in
http://www.applebaum.staff.shef.ac.uk/ovron2.pdf

[@ Cont, R. and Tankov, P. (2003). Financial modelling with jump processes.
Chapman and Hall/CRC Press - sections 3.4., 3.5. and 2.6
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