Advanced Mathematical Economics — Part 11

Some exercises correction
Nuno M. Brites

1.1.
(a) T=RS, Q=RJ.
(b) T=R{, Q= {position i, position ii, position iii}.
(¢) T=N, = {Printer On, Printer Off}.
1.3
(a)
Regarding X;:
e E[Xi]=E[g]=0.
o E[X?]=Var(X:)+ (E[Xt])2 < Var(X;) =0? < +oo, VteN.
e As Cov(Xy, X;) = 0 by the definition of white noise, the process X; is weakly stationary.
Regarding Y;:
e E[Y)] = E[(~1)')] = (~1) B[] = 0.
e EY? =Var(Y;) + (E[Yt])Q =Var((-1)'e) = (-1)*Var(g,) = 02 < +o0.
e The covariance is Cov(Yy, Ys) = Cov((—1)'ey, (—1)%e,) = (—1)""*Cov(ey,e5) =0, for t #s.

e Therefore, Y; is a weakly stationary process.

(b)
o E[Z;] = Ele; + (—1)te;] = Ele¢] + (—1)! E[e¢] = 0.
e Moreover,
(Z) = (e¢ + (=1)"er)

= (e¢) + ((—1)e;) + 2 Cov (1, (—1)'ey)
=0"+ (—1)*0” +2(—1)" Cov(es,ey)
=202 4+ 2(—1)'0?.

e Hence,

402, if t is even,
(Ze) = -
0, if t is odd.

Since the variance depends on ¢ and is not constant, the process is not weakly stationary.

1.4

(a) By definition, white noises indexed at different times have zero covariance, i.e. they are independent. It is also
well known that any linear combination of independent Gaussian random variables is Gaussian. Thus Y; is always
a Gaussian process.

(b)



e ElV{] = E[Et - Gst,l] = FEley] — 0 E[e;—1] = 0.

o Var(V;) = Var(e, —0ei—1) = Var(e,) + Var(@e,—1) — 2Cov(eq, Ogi-1) = 02 + 6202 — 2 x 0 = o2(1 + 62).

e Therefore, Y; ~ N(0, o%(1+6?)), VteN.

(c)

’7(1) = OO’U(Y;,}/t_A,_l) = OO’U(Et — 95t—17 Et+1 — 9€t) = —000’0(6},6}) = —00’2.

Hence,
(1 —0o? —0
=20 = e
v(0)  (14+62)o 146
For |h| > 1, because the ; are independent, p(h) = 0. Thus,
1, ith=0,
—0
ph)=¢ — =
(h) T o2 if |h| =1,
0, otherwise.

(d) The process Y; is weakly stationary since:
e The mean is constant in time: E[Y;] = 0;

e The variance is constant: Var(Y;) = o%(1 + 62);

The second moment is finite: E[Y,?] = Var(Y;) + (E[Y,g])2 =02(1+ 6?) < +oo;

The covariance depends only on the lag h and not on the time t.
e Moreover, since Y; is a linear combination of Gaussian white noise &;, it is Gaussian.

stationary processes enjoy the property of strict stationarity.

1.7
(a) A process is Gaussian if, for all n € N and all ¢4, ...,t, € T, the vector

(Y;N}/tza"'ayzn) NNn(ﬂaE)

Gaussian weakly

Hence, Y; is Gaussian because it is a linear combination of independent Gaussian random variables.

(b) We consider three relevant cases.

1. Ifh=0:
Var(Y;) = Var(ey — 0ep—q — gst,g)
=Var(e) + (=0)*Var(e,_1) + (—g)2 Var(gi_2)
—o 1+ 30)
2. If h=1:
7(1) = Cov(Yy, Yig1)
= Cov(es — g1 — gst_g, €rr1 — Oey — gft—1)

= Cov(et, —0e¢) + Cov(—0es_1, —gst,l)

62 02
. p.2 2 _ 2 _
= —fo +—2U U<0+2>.

Therefore,
o(-0+%) _ —0+%
o) = e — Ty Te
3. If h=2:
¥(2) = Cov(Yy, Yigs) = —&(e)) = — 40>,




_0,2 _
27 _

o2(1+2602) 1+ 3262

NI

p(2) =

For all other |h| > 2, the independence of the white noises implies the autocorrelation is zero. Hence,

1, if h=0,

1 b t) %2, if h = 41,
phy =4 1147

1+§02’ if h =42,

0, otherwise.

1.10 From the exercise statement we have:
e F[X;]=1, VieN,
o E[|X;]] < +o0.

Thus,
E[Z.)|=E ||][] X ] =[1 E[X:] < +oc.
i=1 i=1
Moreover,
n+1
ElZns1 | Zn,.... 21 = E | ][ X
i=1
=E X,L+1HXi
i=1
=FE[Xnt1 | Zny-.-, Z1) ElZn | Zn, ..., Z1)
=1xZ,=2,.
Therefore, (Z,) is a martingale.
1.11
(a) A process X is said to have independent increments if for every n € N and indices ¢; < - -+ < t,,, the increments
Xy — Xty Xy — Xy ooy Xpy, — Xy,

are mutually independent random variables.
(b) From the exercise statement we have E[X,] =1 for all n. Also,
1 = B[X,] = |BIX,]| < B[[Xa]] < +.

In addition,
EXpi1 | Xny. o, X1 = B X + (Xnt1 — X)) | X,y oo, X1

=X, +E[X,411— X, | X0, ..., X4]

=X, + E[X11] — E[X,] = X,
Hence, (X,, n=0,1,2,...) is a martingale.
(c) We are given Var(X,) = 1, hence E[X?2] = Var(X,,) + E[X,]? =1+ 1=2 < +o0.
Compute the covariance for A > 0:
Cov(Xpn, Xntn) = B[ XnXntn] — E[Xn] E[Xn+n)
E[X(Xnth — Xn + Xn)] —
Blx < win = X))+ EIX2] —1
E[X,(Xpin — Xpn)]+2—1.
Using independence of the increments and the given expectations we obtain

EXn(Xnsn — Xn)] = E[Xa] E[Xnyn — Xn] =1 (E[Xnyn] - E[X,]) = 0.



Therefore Cov(X,,, X, +r) = 1 for all n, h, so the process is weakly stationary.

2.1
1.
W(2.7) — 0 1.5—0) W(2.7)
P(W (2. 15)=1—-P(W(R2.7)<15)=1-P < ~ 1).
(W(27) > 1.5) (W(27) < 1.5) (mm’mm’)
£N091 = 1—(1)(091)—1—08186—01814
2 O1) = 1— 0.8186 = 01814
2.
P(—1.5 < W(2.7) < 1.5) = IP(—O o1 < V2D _ 91> = $(0.91) — ®(—0.91) = 26(0.91) — 1 = 0.6372
. neim=2(0m < V2D Lo50) —a 91) = 25(0.91) — 1 = 0.6372.

3.

W(2.7) - W(L8) _ 05
V0.9 V0.9

4. P(—=1.5 < W(2.7) < 1.5 | W(1.8) = 1) = P(=2.5 < W(2.7) — W(1.8) < 0.5) = P(=2.64 < Z < 0.52) =

®(0.52) — ®(—2.64) = B(0.52) + B(2.64) — 1 = 0.6985 + 0.9959 — 1 = 0.6944.

5.

E[W(t) | W(s), W(u)] = E[W(t) | W(s)] = W(s),

P(W(2.7) < 1.5 | W(1.8) = 1) = P(W(2.7) — W(1.8) < 0.5) = IP( ) = ©(0.52) = 0.6985.

by the Markov property of Brownian motion and the fact that it is a martingale.
6.
Var(W(t) | W(s), W(u)) = Var(W(t) | W(s)) =t — s.

7.
P(W(2.7) > 1.5 | W(1.8) = 1) = P(W(2.7) — W(1.8) > 0.5) = 1 — $(0.52) = 1 — 0.6985 = 0.3015.

8.
E[W(2.7) | W(1.8) = 1, W(0.5) = —2] = E[W(2.7) | W(1.8) = 1] = 1.

9. We know that for jointelly normally distributed variables X,Y":

Cov(X,Y Cov(X,Y)?
X|YyNN<Mx+(2)(yMY)7U§< (1(22)>)
Y 0x0y
Thus:
1.8 1.8
W(1.8) | W(2.7) = 1.5 ~ N(o +5=(15-0), 1.8 (1 - 27)) = N(1, 0.6).
Therefore:

P(W(1.8) <1|W(2.7) = 1.5) = P(W/(\l/‘%_l < 0) = ®(0) = 0.5.

10.

P(W(1.8) =1, W(2.7) < 1.5)
P(W(2.7) < 1.5)

P(W(1.8) =1, W(2.7) < 1.5) = <

11.
P(W(2.7) = 1.5, W(1.8) = 1) < P(W(2.7) = 1) = 0.

12.
P(W(2.7) < 1.5, W(1.8) = 1) < P(W(1.8) = 1) = 0.



13.
P(—1 < W(2.7) —W(1.8) <14, 0.5 < W(1.6) — W(0.9) < 1.5)
Using the independence of increments:

( 1 <7< 1.4>P<0.5 <7< 1.5
v0.9 /0.9 V0.7 V0.7

= (®(1.47) — ®(—1.05))(P(1.79) — ®(0.60)) = (0.9292 — 0.1469)(0.9633 — 0.7257) = 0.7823 x 0.2376 = 0.1859.

), Z ~ N(0,1).

14.
P(—1 < W(2.7) — W(1.8) < 1.4 | W(1.6) — W(0.9) < 1.5) = P(—1 < W(2.7) — W(1.8) < 1.4) = 0.7823.

2.2

We need to write the process in terms of increments of the Wiener process, so that we can take advantage of the
fact that these increments are independent.

Thus, let:
X = B(u),
Y = B(u+v) — B(u),

Z=B(u+v+w)— Blu+wv).
Here X,Y, Z are independent by definition.
Therefore:
E[B(u) Blu+v)Blu+v+w)] =E[X (X +Y)(X+Y + Z)].
Expanding the product:
XX+Y)X+Y+2)=(X’+ X)X +Y+2)=X*+ XY + X’ Z + XY? + XY Z.
Hence:
EX(X +Y)(X +Y + Z)] = E[X?] + E[X?Y] + E[X?Z] + E[XY?] + E[XY Z].
Since X, Y, Z are independent and have mean zero:
EX? =0, E[X?Y]=E[X?|E[Y]=0, E[X?Z]=E[X?*E[Z]=0,
E[XY?] =E[X]|E[Y? =0, E[XYZ]=E[X]E]Y]E[Z]=0.
Therefore:

E[B(u) B(u +v) B(u+v +w)| = 0.

2.3

According to the properties of Brownian motion and the normal distribution, one way to formalise the process is
B(t) =3+ oW,

where W; is a standard Brownian motion.

Then,

Cov(B(t), B(s)) = Cov(3 4+ ocWi, 3+ oW,) = 0% Cov(W;, W,) = o min(t, s).

2.4

a)
Cov(U(t),U(s)) = Cov(e " B(e*), e *B(e**)) = e~ (t+9) Cov(B(e*), B(e*")) .



Since Cov(B(t), B(s)) = min(¢, s), we have

Cov(U(t),U(s)) = e~ min(e?, e2%) = e~ (t+9)e2min(t:s) — o—lt=s|,
b)

Cov(V (), V(s)) = Cov((l —t)B(lit> (11— s)B<1 - S)) =(1—t)(1—s) COV(B(l i t) 7B<1 - S)) .
Since Cov(B(t), B(s)) = min(t, 5), it follows that

Cov(V(t),V(s))(lt)(ls)min< s )

1—t'1-s

Noting that

t 1 . N
= TEE = an increasing function on t € (0, 1),

1—1¢
Thus,
Cov(V (1), V(s)) = (1—t)(1 — s)m — min(t, s) [1 — max(t, s)].

c)

contr(, ) - o151 s8(2) ) = sscon (1) (1))

Since Cov(B(t), B(s)) = min(t, s), we obtain

Cov(W (t),W(s)) =ts min(i, i) = ﬁ‘as) = min(¢, s).

2.5 (hard exercise!)

Let B;(t) and Bs(t) be two independent Brownian motions such that
By (t), Ba(t) ~ N(0,t).

Since they are independent, the joint density is

2mt

332 + y2
2t '

1
fBl7BQ(‘T7y) = 5 eXp(

We wish to compute
BRW) = [ VaTHF fam (o) do dy
R2

Using polar coordinates:
x = rcos(h), y = rsin(0), J=r,
we obtain

0 ot
Integrating with respect to 6:

L[t >
E[R(t)]:f/o r2e /2 g = T



2.7

To compute the differential of the product tW;, we introduce the auxiliary process
}/t = h(t7Xt) = tXt, where Xt = Wt.

We now apply 1t6’s formula to the function h(t,z) = tx. Its partial derivatives are:

oh_ o, o
ot — v ox 7 92
Since X; = W, satisfies

dXt = th,

1t6’s formula yields:

oh  Oh .. 16%h oh

In our case we have F; = 0 and G; = 1, so the expression becomes:
d(tXy) = (Xe4+t-0+5-0-1)dt +t-1LdW,,

and therefore,

d(tX;) = Xedt + tdWy, d(tWy) = Wy dt + t dW;.

Integrating from 0 to ¢, we obtain:

t t t
/ d(sWy) :/ Wsds—i—/ sdWs,
0 0 0

and hence,

t t
tWt:/ Wsds—i—/ sdWs.
0 0

Rearranging the identity leads to the classical relationship:

t t
/ sdWy = tW,; — / W ds.
0 0

2.8

Consider the stochastic differential equation
dY; =Y, dWy, Yo =1.

To solve it, we apply Itd’s formula to the transformation

\ X, = h(t,Y;) =InY, \

The derivatives of h(t,y) = Iny are
oh oh 1 9?h 1
—0 =2, o =-.

a7 dy vy o2y
Since the diffusion satisfies dY; = 0 - dt + Y; dWy, 1td’s formula yields

Oh  0Oh 1 0%h oh
dX; = = + —F + - =—G7 | dt + — G dW,.
t <6t + oy t+ 28y2Gt> + 8yGt Wy
Here F; = 0 and G; =Y}, giving
1

1 1 1
mY,) = S D N I Ve — Y. dW,.
d(InYy) (O+Y} 0+2< Yt2> t)dt—ky;: r AW,y

Thus,

1
d(InY;) =~ dt +dW; |




Integrating from 0 to ¢,

InY; —InY, = —%t + Wy — Wh.

Since Yy = 1 and Wy = 0, we obtain the explicit solution
InY; = —%t + Ws.

Consequently,

1
Y = exp(—Qt + Wt> .

2.9

dY (t) = pdt + o dW (t), Yo = yo.
Integrating from 0 to ¢ yields:

/tdYs :/tuds+/tadW3 e Y() = Y(0) = plt — 0) + o (W(2) — W(0).
0 0 0

Hence,

Y(t) =yo+ pt + ocW(t).
2.10

To solve this SDE, we apply the transformation:
Y, = h(t, X;) = ' X;.

The derivatives needed for Itd’s formula are:
oh oh 4 9%h

a:@eetx, %—6, i

Applying 1t6’s formula gives

dY; = (68? + %(—HXQ + ;g:;ﬁ) dt + % o dW, (1)
= (0" X, — 0" X; +0) dt + € o AW, (2)
= aem‘th. (3)

Thus,

d (e X,) = oe”dW.
Integrating from 0 to ¢,

t t
/ d(e”X,) = / oe?* dW,

0 0
which yields

t

X, —zg = a/ e aw,.
0

Hence,

t
X, = xo+ 0/ P aw,
0

and multiplying through by e~ gives the explicit solution:

t
Xy =x0e 40 /0 e 0= qw, | (4)




2.11

Define
X, =h(t,Y;) =Y, — A, = Xo=1yo — A

Since

Oh oh 0%h
e _— = 1 _— =
ot 0, Oy ’ Oy? 0

1t6’s formula yields

dX, = (ZL + %Z b(A—-Y;) + ;fy’;ﬁ) dt + g—zath.
Replacing Y; = Xy + A,

dX; = —bX,dt + o dW,.

The SDE

dX; = —bX, dt + o dW;

is linear. Its solution is
t
X, =Xoe % +0 / e g,
0

Returning to the original process:
Since Y; = X; + A,

t
Vi=A+(yo— Ae " + a/ e P(t=3%) qw,.
0

Final expression:

t
V= A+ (yo— A)e " + 0/ e~ q,
0

2.12

Introduce the transformation
Y; = h(t, X;) := " In X;.
Derivatives of h:
oh . oh e 9%h et
— =re"InX —_—= —_— = ——.
ot ¢ A Ox x’ Ox? x?
Applying 1t6’s formula:
oh  0Oh 10%h oh
dY; = [ — + — ———g? | dt + —g; dW,
' <8t+8xft+28x2gt> ooy
where f; = rX;1In(k/X;) and g; = 0 X;. Substituting,
k 1emt

, ert
dYt = <T€ tlnXt + ZTthIl(Z) - iXitz

02X3> dt +e"'o dW,

= {r Ink — %02} dt + e"to dW;.
Thus
o2
dY, = et (7‘ Ink — ?) dt + e"to dW,.

Integrating from 0 to ¢,

t t
Y}—YO:/ e”(rlnk—"—;)ds—&—a/ e’ dWs.
0 0



Since,

et —1

t
Yy = Inxg, e"’ds = ,
0 r

we obtain

rt 1 2 t ]
Y, =Inzg + (rlnk—a—)—i—a/ ers AW,
r 2 0
Recalling that Y; = e In X;, we divide by e"*:
2 t
In X, = e~ nwo+ (1— ™) (Ink = 2-) + a/ e="(t=9) dyy,.
r 0

Exponentiating yields the explicit strong solution:

2

t
X = exp{e_’"t Inzg + (1 — e_”) (lnkz — Z—T) + a/ e Tt dWS} .
0

2.13

Introduce the transformation

Y, =h(t, X;) := ln<Xt> .
0

Derivatives of h:

oo 1 en_ 1
ot ’ or Xy’ Dz Xz
1to’s formula gives

oh Oh , 10°h 2) oh

av, = (2 P 290 2 g O aw,
t <6t+axft+28x2.gt +81:gt ty

where f; = rX; and g; = 0X;. Substituting,
V= (04 2rx,+ 2 (L) o2x2) dt + —oX, aw,
t- X, tTa\Txz)7 X, e
2
= <r ”2> dt + o dW.
Thus,
o2
dyY; = <1" 2> dt + o dW;.
Integrating from 0 to ¢:

t 0_2 t
}Q—YOZ/ (T—2)ds+0'/ dWs
0 0

Since Yy = 0 (because Yy = In(Xy/z¢) = 0),
2
Y, = (r— "2) t+ oW,

Recalling that Y; = In(X;/xo), we obtain

X 2
ln(t> = (r — G) t+oW,.
i) 2

Exponentiating,

X 2
tzexp{(r—a>t—|—0Wt},
o 2

10



and therefore

o2
X = xg exp{ (7" — 2) t—i—aWt}.

2.14

2
4y, = —%Yth oY, dW,,  Yo=uwo, Z(t)=htY,) =hY,

oh

oh oh 1 9h 1
ot 2

07 a T a9 —
dy y 0y? Y

Oh  Oh 10%h oh
dZ; = — + —F + -=—-G? | dt + —G,d
t (6t + ay t + 28y2Gt> + 8yGt Wy

1 o2 1 1 1
=04 — (-2 (== ) ?V? ) dt + — oY, dW,
(ﬂg( 2 t>+2( YE)” ) Tyt
2 2
_ (sz g >dt+ath

2

dZ, = —c? dt + o dW,;
t t t
/dZs:/ —U2ds+/ o dW,
0 0 0
Z, — Zy = —c’t + oW, S Zy = Zy — ot + oW,
InY; =Inyy — ot + oW,

Y: =0 exp(fazt + O'Wt)

2.15
dXe = (B —7)(Xt —7) (@ = BIn(Xy — 7)) dt + o(Xy —7)dW;,  Xo =1

}/t = h(t,Xt) = hl(Xt — "}/)

P S U S
ot or  X;—7’ or2  (X;—7)?
oh  Oh . 10%h oh
d¥: = <8t+6x t+2ax2Gt)dt+ascthWt

o (X — ) dWy

~ [ - amx )+ g (- ) o -2 e

2
= (a — BY;)dt — %dt + odW,

11



2
dY; = (a = BY, = 5 )dt + odV,

2

ePtdy, = Pt (a — % — ﬁY}) dt + oePtdw,

2
d (”1y;) = &P <a - ‘;) dt + oePtdw,

t 52 t
eBtY}—YO:/ ePs <a—2> ds—i—a/ P AW
0 0

2 t ¢
Y, = e Py, + (a — J2> e_Bt/ ePsds + ae_'gt/ ePsdw,
0 0

1—e Pt k
) (e) —i—ae‘ﬁt/ ePsdw,
B 0

o2\ 1—e Pt ¢
In(X; — ) = e Pn(zo — ) + (a - 2) T + ae_’gt/ P AW
0

1—e Pt !
) = 4 Ue_Bt/ eﬂdeS]
B 0

1—e P t
> i +0’€_ﬁt/ eﬂSdWs]
B 0

w‘qw

}/t = e_BtYO + (a —

w‘qw

X —vy=exp [e‘ﬁt In(zg —7v)+ | @ —

w‘qw

Xi=7v+exp {e‘ﬁt In(zo — ) + (a —

12



