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The Simplex Method




Extreme points of an LP



Matricial Form

Consider the following LP

max z=cuz
S. t.: Az =
x>0

with
» z € R", n variables in total (decision variables plus slack variables)
» m constraints (technological)
» ceR", beR™
» A, xn matrix such that n > m and rank(A,b) = rank(A) =m

The non-empty set X = {x € R" : Ax < b, = > 0} of feasible solutions of a linear
programming problem is a polyhedron, and has a finite number of extreme points and
extreme rays. -
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Example of the RM model

The standard form of the RM model is

max z = 4x1 + bz,

s. t.. 4z + 6o + 23 = 24,
2r1 + o + 24 = 6,
Ty — To + x5 = 1,
T +xg = 2

X1,%2, 13, T4, 25,26 > 0

> 2 € R% 6 variables in total (decision variables plus slack variables)
» 4 constraints (technological)
» cc RS beR*
» A4y matrix such that 6 > 4 and rank(A,b) = rank(A) =4
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Extreme points

A non-empty bounded feasible region has a finite number of extreme points.

Consider the RM example. There are:
m = 4 technological constraints (— 4 slack variables)
n = 6 variables (2 decision plus 4 slack)
n =mn —m = 2 decision variables

m

n—m €Xtreme points

There are at most

The RM model has at most C_, = C$ = (6%'),2, = 0%5 — 15 extreme points

Property

An extreme point is a feasible solution at which at least n — m constraints are binding.
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Extreme points of the RM model

Extreme points are: (0,0); (1,0); (2,1); (2,2); (1.5,3);(0,4)

x1 —x2 =1

1

: >
% > DN 4z + 62 = 24
2 2x1 +x2 =6 Q
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How to find extreme points? for the RM model

solutions at which there are 2 binding constraints:

x1 =0

1 =0

1 =0

{ nZp e 0.0 { AP () { D=0 g e 00
{ zi igz =1 < ©.-1) { if:lz—koﬁxg —ou < (6,0) { giliom —g = (3,0)
{ Zf;:l < (1,0) { 2 (2) & (2,0) { 3212?5624 (3,3)
{ iﬂf1_+x§:ci T 24 (3,2) { iﬂlc1:+26xz =24 2.9 { igfl_+m:2::16 o (4
(3220w ({8227 s | d=glm=%=15
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How to find extreme points? for the RM model

equivalently we have:

{228 & (0,0) {;;_8 & (0,4) {Efg & (0,6)
{020 co-n | {22) «60 | {22) <60
{228 eo0 [ {220 sen | {n2) w0
{520 =02 {020 ~en {220 <6
{xz g © 22 {izzg ®21) | Cf=mra=%"=15

a
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Extreme points

solutions at which there are 2 binding constraints:

(O 0)7 (0 4)7 (0> 6)’ (07 _1)7 (670)7 (3>O)a (1* 0)7
3 8, 7 4
2,0),(=,3),(3,2),(2,2),(5,2),(2,2),(2,1
(2,0, (5.9), (3,2), (2, 2): (5, 3): (2:2), (2,1)
the feasible solutions at which there are 2 binding constraints, which are the extreme
points, are

(0,0, (0,4),(1,0),(3,3), 2,2), 2.1)

the unfeasible solutions at which there are 2 binding constraints:

8, ,7 4

(07 6)7 (07 _1)7 (670)7 (3,0), (27 0)7 (37 2)7 (27 §>7 (7 7)7
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Example 2:

Identify the extreme points of the following LP.

max z = x1 + 3x9

s.to  x1—312 <3
—2x1 + 22 <2
—3x1 +4xre < 12
3r1+22<9
I, xQZO
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Example 2: LP in the standard form

max z = x1 + 319

S. a

Let

r] — 3x9t+1x3 =3

—2x1 + oty =2

—3x1 + dxotus =12
3x1 + z2t+26 =9
T1, T2,T3,T4,T5,T6 >0

o O O

o O = O

O = O O

_ o O O

1
T2
T3
T4
L5
L6
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Example 2: the matrix of the linear equations system

The matrix of the linear equations system

1 -3 1000

A -2 1 01 00
-3 4 0010

3 1 0001

» is 4 x 6 (m x n, with m equations and n variable)
» has rank(A) = m = 4 (matrix A has the identity matrix I,,, as submatrix)

» has C§ = %!2! possible square submatrix 4 x 4

The BASIS is the square submatrix B of A such that rank(B) = rank(A) = m;
hence, it is an invertible matrix whose rows and columns are linearly independent. -
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Example 2: extreme points are A, B,C, D, E

1 =221 + 32 =2
1 —3z1 + 4a2

—'\3x1+x2=9

v

10

a
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extreme point — solution — associated basis

1 0 0 0

01 0 0

E=(0,00 — 2=(0,032129) — 001 0

00 0 1

-3 1 0 0

1 0 0O

D=(0,2) — 2=1(0,2,9047 — L0010
1 0 01
1 -3 10
-2 1 00

_ (4 18 4 18

C—(g,?) — Xr = (5,5,13003) — _3 40 0
3 1 01
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associated basis

extreme point — solution —
1 -3 10
—2 1 0 1

_ (8 21 _ (8 21

B=(5%) — v=(5%,14100) — 3 4.0 0
3 100
1 -3 00
-2 1 1 0
A= (3,0) - x=(3,0,0,8,21,0) — 3 40 1
3 100

&
o O O
O O = O
o = O O

N\

—_
o~ oo
— o oo
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Example 3

Consider the following LP

max z = 8x1 + dxy
S. a 1 + 220 <8

—3z1 42 <0
T Z 1

xT9 Z 2
1, z9 >0

in the standard form

max 4 = 8x1 + bxy

S. a Tr1 +T9 +I3
—3r1  +@2 +4
—1
— X9
I, T2, X3, L4,
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Example 3

1
1 11000 - 8
|3 10100 | | oo
LetA=1 0 o001 0] || 1
0 -1 000 1 s )
L 26 |

andcT=85oooo}

The matrix A has dimension 4 x 6.
The system has 4 equations and 6 variables, of which 4 are slack variables.

18 / 71



Example 3: Feasible region

NO

v

a
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Points and solutions

points solutions classification
A(1,2) (1,2,5,1,0,0) BFS
B(6,2) (6,2,0,16,5,0) BFS
C(2,6) (2,6,0,0,1,4) BFS
D(1,3) (1,3,4,0,0,1) BFS
E(3,3) (3.3.2,6,2,1) NBFS
F(3,1) (3,1,4,8,2,-1) NBIS
G(0,0) | (0,0,8,0,-1,-2) | BIS degenerada
H(1,0) (1,0,7,3,0,-2) BIS
J(8,0) | (8,0,0,24,7,-2) BIS
K(1,7) (1,7,0,-4,0,5) BIS
M(2.2) | (3,2,4,0,—1,0) SBNA

BFS = basic feasible solution;

NBFS = nonbasic feasible solution;

NBIS = nonbasic and infeasible solution;

BIS = basic, infeasible solution.
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Basic Feasible Solutions

max z=clx Anxn (n > m)
s. tu Az = rank(A4,b) = rank(4A) =m
x>0 74— num. var.

m <— num. constr.

We call BASIS to a square submatrix B of A such that rank(B) = rank(A) = m;

B it is therefore an invertible matrix whose rows and columns are linearly independent

A=[B N]

B, xm < basis Az =b < [B N][xB }b
TN

me(nfm) & Brgp+ Nxy =0

v=[rp an]T S rp=B"1b— B 'Nzxy
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Basic Feasible Solutions

B is the basic matrix (formed by the basic columns of A)
N is the non-basic matrix (formed by the non-basic columns of A)

the components of xp are the basic variables
the components of x are the non-basic variables

The solution x = [z xn]7 of the system Az = b is called
rp = B~ 1b

N = 0

a basic feasible solution when additionally x5 > 0

a basic solution when

if at least one component of z g is equal to zero, then x is a degenerate basic solution
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Extreme points = Basic Feasible Solutions

The basic feasible solutions correspond to extreme points.

A solution x of an LP is basic feasible
if and only if
it is an extreme point of the feasible region.
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Solutions of the LP in standard form

The solutions of the LP in standard form are the solutions of the system of linear
equations Ax = b to which we can associate the points in the space of decision
variables, in the example in the plane R? of the variables z1 and z»

The solutions can be classified as

> feasible solutions
corresponding to all points in the feasible region

> infeasible solutions

The solutions can also be classified as

> basic solutions
to which we can associate a basis and which are the unique solution of the system
whose matrix is that basis (Bx = b)

» non-basic solutions (no basis can be associated)

a

24 /71



Basic Feasible Solutions and Optimality

When an optimal solution of an LP exists,
an optimal extreme point also exists.
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Properties of LP models



Properties

Property 1

The feasible region of an LP problem is either an empty set or a convex set.

Property 2

If the feasible region of an LP problem is nonempty and bounded, then there exists an optimal
solution.

Property 3

If an LP problem has an optimal solution, then at least one of the extreme points of the
feasible region is an optimal solution.

Property 4

Given an LP problem with an optimal solution, if an extreme point of the feasible region has no
adjacent extreme points with a better value for the objective function, then that extreme point 4#
v

is an optimal solution.
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The Simplex method



The Simplex method

The key to the Simplex method lies in recognizing the optimality of a given
extreme-point solution through local optimality conditions, without the need to
globally enumerate all extreme points.

Let = be a BFS, x5 the set of basic variables, and x the set of non-basic variables for

—1
the given associated basis B, hence = = [ . ] = [ Bb ]
TN 0

B

Then zg = Tz =T [ 0

‘| = [CBCN] = CBBflb.

Feasibility requires that Az = b, xp > 0 and xny > 0.
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The Simplex method

We have

Ar=b < zp=B Y%W—B 'Nzy < ZI?B:B_lb—ZB_IAj:L'j
jeJ

where J is the current set of the indices of nonbasic variables, and A; is the column in
matrix A corresponding to variable z;,

z2=cx=cgB 'b— Z(CBBflAj —¢j)xj =20 — Z(CBBflAj —¢j)xj
jeJ jeJ
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The Simplex method: optimality condition

max z=clx < max z=zp— ZjeJ(cBB_lAj —¢j)xj
st. Az =1 st. Y esB 'Ajzj+xp =B
x>0 x>0

reduced cost coefficient:  (z; — ¢j) = (cgB™1A; — ¢;)

if (z;j —¢;) >0 forall j € J, then the current basic feasible solution is optimal:

zny =0 and .CL'BZBflb.
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The Simplex method

if (2; —c¢j) <0 for k € J then fix the remaining nonbasic variables to zero
we have z = 29 — (cg B™1 Ay, — c)xp = 20 — (21 — Cr) Tk

b aik
and zp =B Y- B Az, = | : | — : Lk

bm Amk
if a; <0 then (xp); increases as xy increases and so contiues to be non-negative,
(zp)i >0

if a; >0 then (x3); decreases as xj increases and so to satisfy non-negativity,
(xp)i > 0, zy is increased until the first point at which some basic variable (), drops
to zero
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The Simplex method: feasibility condition

if a; >0 then (x3); decreases as xj increases and so to satisfy non-negativity,
(xp)i > 0, zy is increased until the first point at which some basic variable (z}), drops
to zero

bi for positive
(€273

the first basic variable dropping to zero corresponds to the minimum of
ik
we can increase xj until

[_77" . {l_)z — }
T = — =  min {— : ;x>0

Ark i=1,...m | Q;k

a
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The Simplex method

in the absence of degeneracy, b, > 0, and so

b
Qrl

therefore from z = zp — (2 — cx)zk, and (2 —cx) <0 and x>0

it follows that z > zg and the objective function strictly improves

T

as xy, increases from 0 to abk a new feasible solution is obtained
N
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The Simplex method: new basic feasible solution

a new feasible solution is obtained:

at most m variables are positive

the corresponding columns in A are linearly independent since a,; # 0

a

therefore we obtain a new basic feasible solution
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The Simplex method

The simplex algorithm examines the extreme points until it finds the one that
optimises the total value of the objective function or until it determines that the
optimal solution occurs along an extreme direction

1. Consider an initial feasible solution corresponding to an extreme point: identify its
non-binding constraints (basic variables) and build the Simplex table

2. Evaluate its adjacent extreme points and determine if there is one with a better
objective function value.

3. If there is none: STOP the current extreme point is an optimal solution

4. Otherwise, identify a basic variable and a non-basic variable to exchange: obtain
the new extreme point and go to Step 2.
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Simplex method: algebraic form

The Simplex Algorithm in its algebraic form, for a minimization problem:

0. Choose an initial basic feasible solution and let B be the associated basis.

1. Solve the system Bzxp =b and let zy =0, rtp=B"'b=0 be its unique
solution, with Z = CBIR.

2. Solve the system ypB =cp and let yg = cgB~' be its unique solution.
Compute z; —c¢; =ypA; —¢; for all nonbasic variables.

Let =z, —cy = maxjer, {2, —¢;}, where Iy denotes the set of indices of the nonbasic
variables.

If zp —ci < 0, STOP, the current feasible basic solution is an optimal solution.

If zx —ci = 0, the current feasible basic solution is an optimal solution, but it is not
unique. Continue to Step 3, considering variable x; as the entering variable in the basis,
in order to find an alternative optimal solution.

Otherwise, continue to Step 3 considering variable z; as the entering variable in the basis. @
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Simplex method: algebraic form (cont.)

3. Solve the system BA, = A; and let A, = B~'A; be its unique solution.
If A, < 0, STOP, the optimal solution is unbounded along the ray

o fra] 0] a0
0 (S

where ey, is a vector of dimension |Iy|.

Otherwise, continue to Step 4.

4. Let xp be the entering variable in the basis.

The index 7 of the variable z_ leaving the basis is determined by the following ratio

by b,

— :min{l :aik>0},

Ayl i€lp | Gk

where Ig denotes the set of indices of the basic variables.

Update the basis B by replacing column Ap,_ with column Ag.

Update the index sets Ig and In. -

Return to Step 1.
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The Simplex method: the table of the simplex

» x € R", Ay xpn such that n > m and rank(A,b) = rank(A) =m

» Biuxm invertible submatrix of matrix A (rank(B) = m)

The Simplex table is always associated to an extreme point and is

z and basic var. xp T RHS
TR B7'A B~
z cgB'A—c|cgB b
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The Simplex method: initial table

Step 0. Obtain an initial extreme point (basic solution) and build the Simplex table

Step 1. Use as an initial feasible basic solution (extreme point) the one obtained by
setting the decision variables to zero: x = (0,0, 24,6, 1,2), with value z = 0, at which
corresponds the identity basis B =7

Z and basicvar || 1 x9 wx3 x4 x5 w6 | RHS
x3 4 6 1 0 0 0] 24
T4 2 1 0 1 0 0 6
Ts5 1 -1 0 0 1 O 1
6 1 0 0 0 0 1 2
z -4 -5 0 0 0 O 0
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is the optimality condition satisfied?

Evaluate the current solution: if all values in the row z satisfy the optimality condition,

this is the optimal solution:
for a maximization problem, the optimality condition is z; > 0 for all j
for a minimization problem, the optimality condition is z; < 0 for all j

Otherwise, there are adjacent extreme points with a better objective function value

Zand basicvar || z1 a2 x3 x4 w5 x| RHS
T3 4 6 1 0 0 O 24
T4 2 1 0 1 0 0 6
Ts5 1 -1 0 0 1 O 1
Tg 1 0 0 0 0 1 2
Z -4 -5 0 0 0 O 0
In this example, the current solution does not satisfy the optimality condition. el
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identify an entering variable in the basis

» Select, from the reduced cost row Z, a variable (column) that violates the
optimality condition, namely the one farthest from optimality:
> for a maximization problem: choose the most negative reduced cost, min;{Z;};
> for a minimization problem: choose the most positive reduced cost, max;{Zz;}.

in this example, select column of xo, thus j =2

Z and basicvar | 1 29 x3 x4 x5 x4 | RHS
T3 4 1 0 0 0] 24
Ty 2 1 0 1 0 O 6
T5 1 -1 0 0 1 0 1
Tg 1 0 0 0 0 1 2
z -4 -5 0 0 0 O 0
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identify a leaving variable from the basis

> Select, from the column associated with the entering variable z; (in this example,
the column of x2), the variable that leaves the basis by applying the minimum

ratio test: min; {a% Doag; > 0}.

Z and basicvar || x1 a2 w3 x4 x5 x| RHS
T3 4 (&) 1 0 0 0] 24
Ty 2 1 0 1 0 O 6
T5 1 -1 0 0 1 0 1
Tg 1 0 0 0 0 1 2
z -4 -5 0 0 0 O 0

24 6

in this example min{ %, 7} = min{4,6} = 4 associate to the row of x3
thus, basic variable x3 will leave the basis
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The Simplex method: elementary row operations

Use elementary row operations (Gaussian elimination) to update the Simplex table and
replace the leaving variable x5 with the entering variable zs.

Z and basicvar || x1 22 w3 x4 x5 x| RHS
T3 4 6 1 0 0 0] 24
T4 2 1 0 1 0 O 6
T5 1 -1 0 0 1 0O 1
Tg 1 0 0 0 0 1 2
z -4 -5 0 0 0 O 0

The circled entry (in the row of x5 and the column of xz3) is the pivot element.

» Divide the pivot row by the pivot element.
P Use elementary row operations to make all other entries in the pivot column equal

to zero.
v
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The Simplex method: the updated Simplex table

The following table is obtained

z and basicvar || 1 z2 x3 w4 x5 zg| RHS
T3 1 ¢ 0 0 0] 4
4 0 —¢ 1 0 0] 2
5 20 2 0 1 0] 5
6 1 0 0 0 0 1] 2
z -2 0 2 0 0 0] 20

This table corresponds to the extreme point / basic solution = = (0,4,0,2,5,2) with

value z = 20

Evaluate this solution and repeat!

45 / 71



The Simplex method: optimal table

x1 enters the base and x4 leaves the base
Obtain the table

Z and basicvar || 1 22 x3 x4 w5 x| RHS
o 0 1 & -3 0 0] 3
2} 1 0 -5 2 0 0] 3
5 o 0 2 -2 1 0] 3
6 0 0 z —§ 0 1 2
z 0 0 2 3 0 021

This table corresponds to the extreme point / basic solution = = (%, 3,0,0, %, %) with
value z = 21

Evaluate this solution! This is the optimal solution. -

46 / 71



Path of the Simplex method

the Simplex method evaluates the extreme points (0,0); (0,4); (1.5.3);

Ty —x2 =1

+

N
< 4xq + 620 = 24

21 +22 =6
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Example: unique optimal solution

max z = —2x1 + 4x9 — 623
s. t.: 3r1 — 2x0 — 43 < 4
2z1 + 22+ 23 <10
T, 4+ 30 — 223 <5
T1,T2,T3 Z 0
rB X1 i) I3 Ty T5 Te B
T4 11/3 0 -16/3 1 0 2/3 | 22/3
T5 5/3 0 5/3 0 1 -1/3|25/3
T 1/3 1 -2/3 0 0 1/3 5/3
2j — ¢ 10/3 0 10/3 0 0 4/3 | 20/3

Unique optimal solution!
x* =1(0,5/3,0,22/3,25/3,0), z* =20/3
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Example: alternative optimal solutions

Case of convex combination of two extreme points

max
s. t.:

z=x1— 213 + T3
T1 + 2w9 +x3 < 12
201+ a9 — 23 <6
—x1+ 312 <9
x1,T2,23 > 0

after some iterations we obtain the following optimal table

rB il i) I3 g Is Te B

I3 0 1 1 2/3 —-1/3 0] 6

T 1 1 0 1/3 016

T 0 4 0 1/3 1/3 1 |15

zi—c |0 4 0 1 0 0 |12
1%

X

= (6,0,6,0,0,15), z* = 12

however, there is an indication of an alternative optimum
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Example: alternative optimal solutions

one more iteration

rB X1 X9 r3 T4 xT5 Te l_)
T3 1 2 1 1 0 0|12
Ts5 3 0 1 1 0|18
6 -1 3 0 0 0 119
Z5 — C4 0 4 0 1 0 0 12

r?* = (0,0,12,0,18,9), z* = 12

z* = a(6,0,6,0,0,15) + (1 — @)(0,0,12,0,18,9),a € [0,1], z* = 12
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Example: alternative optimal solutions

Case of optimal solutions along an extreme direction

max
s. t.:

after some iterations we obtain the optimal table

z = —4x1 + 1022
—3x1 4+ 222 <3
—2x1 4+ bzxe < 20
z1,%2 >0

B T To T3 Ty b

o 0 1 —4/22 3/11 | 108/22

T 1 0 -—5/11 2/11 | 25/11
zj —¢j 0 0 0 2 40

T = (25/11,108/22,0,0), z* = 40

however, there is an indication of an alternative optimum, but this time it's along the direction
d* = (5/11,4/22,1,0)

2% = (25/11,108/22,0,0) + 3(5/11,4/22,1,0), 3 > 0, z* = 40
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Example: unbounded solution

max z = 2x1 + 319
S. t.: 2r1 4+ 219 > 6
—x1+22 <1
X9 S 3
x1,22 20

after some iterations we obtain the table

rB I i) I3 Ty xIs B
x1 1 0 0 -1 1] 2
Z2 0o 1 0 0 113
T3 0O 0 1 -2 4|4
zj—c¢ij | O 0 0 -2 5|13
problem unbounded along the direction -

d* =(1,0,2,1,0)
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The two-phases method



Determination of an Initial Basic Feasible Solution

max z = ZC]'I‘J'

jeJ

s.t. Zaij:cj <b;, 1€l
jed
Zaijxj >b;, i€l
jET
Zaij:vj = bi, 1€ I3
JjeJ B
T >0, jed
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Determination of an Initial Basic Feasible Solution

Auxiliary Problem

min 2% = E ai—I—Zxai

i€l 1€13
s.t. Zaijxj + y; = b;, 1€ 1y
jeJ
Z Qi — Yi + Tai = b;, 1€y
J€J
Z Qx5 + Tgi = b;, 1€ I3
jeT B
Z; >0, jed
yi > 0, 1€ iUl
Tgi > 0, 1€l Uls
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Determination of an Initial Basic Feasible Solution

The auxiliary problem is always a minimization problem.

If 2* > 0, the original problem has no feasible solutions.

If 2% =0, the optimal solution of the auxiliary problem is an initial basic feasible
solution of the original problem, and two cases may occur:

1. All artificial variables are nonbasic: we may proceed without any difficulty.

2. Some artificial variables are still in the basis.
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Determination of an Initial Basic Feasible Solution

2. Some artificial variables are still in the basis:

The first step is to remove these variables from the basis.

To do so, select as pivot a nonzero element (possibly negative) located at the
intersection of:

> a non-artificial column (corresponding to the entering variable), and
> a row associated with an artificial variable (the leaving variable).

If all the elements in the column of the entering non-artificial variable,
corresponding to rows of artificial variables, are zero, this means that the
corresponding constraint in the original problem is redundant and can therefore be
removed.
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Example 1

Determine an Initial Basic Feasible Solution of the LP:

min z=x1 — 2T9 + 33
s.t.
T+ a2 +23<7
—x1+To—x3 > 2
3r1+2x3=5
x1, 22,23 > 0
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Example 1

Auxiliary Problem

s.t.

2% = Ta2 + T3

T1+rotas+a4=7

—x1+ T2 — T3 — T+ Tl = 2
3x1 4+ 2234+ 02 =5

x1, 22,23 > 0

T4, T5,Tal, Ta2 = 0

a
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Example 1

initial table

1 Xo T3 Ty Ty Tql Taz | RHS
T4 1 1 1 1 0 0 0 7
Tal -1 1 -1 0 -1 1 0 2
Zer |3 0 2 0 0 0 1] 5
-l -1 2 3 0 0 0 0] 0
Z}I — C? 2 1 1 0 -1 0 0 7
.%':(1'1,1'2,.%'3,.%'4,.1'5) :(0707017a0)7 =
Tt = (:L‘la €X2,T3,T4,T5,Tql, ma2) = (O, 07 07 77 Oa 2a 5)7 24=17
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Example 1

1 Z2 T3 T4 Ty Tal )
4 0 1 1/3 1 0 0 -—1/3[16/3
Tal o 1 -1/3 0 -1 1 1/3 |11/3
3} 1 0 2/3 0 0 0 1/3 | 5/3
zi—¢ |0 2 -7/3 0 0 0 1/3 |5/3
Z—cd]o 1 -1/3 0 -1 0 -—2/3|11/3
T = (21,72,73,74,75) = (%,0,0, %, ), z= g
xa: (x17x27x37x47$57:ra1;xa2) :(%,0,0,?,0,%,0)7 Za:%
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Example 1

T X2 €3 Ty X5  Tal Ta2
T4 0 O 2/3 1 1 -1 -2/3 5/3
T 0 1 -1/3 0 -1 1 1/3 11/3
T 1 0 2/3 0 0 0 1/3 5/3
2j — Cj 0 0 -5/3 0 2 -2 -1/3|-17/3
z;-l — c;? 0 O 0 0 0o -1 -1 0
x:(x17x27x37x45$5):(gﬂ%707§70)7 Z:_%
= ($17$27$3,$4,$5,$a1,$a2) == (%7 L:gl?oa 2707070)7 2% = 0
2% = 0 and no artificial variables are in the base end of Phase |
the initial basic feasible solution is x = (%, 13—1,0, g, 0), z= —1—37 &=
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Example 1

continue to phase |l to obtain the optimal solution

r1 T2 XT3 T4 T5 Tal Ta2
T5 0 0 2/3 1 1 5/3
T2 0 1 1/3 1 0 16/3
T 1 0 2/3 0 0 5/3
Zj —Cj 0 0 -3 —2 0 -9
:1::(ml,xg,xg,x4,a:5):(g,%,o,o,g), z2=-9

optimal solution
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