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I - Linear Algebra

1. Complements of Linear Algebra

Exercise 1.

1 10
Determine which of the following vectors are eigenvectors of the matrix A = |1 1 0| and compute the
0 0 2
associated eigenvalue:
(a) u = (070,5)7 (b) U= (17273)a (C) u= (07034), (d) U= (2’7270)‘

Solution
(a) Au = (0,0,10) = 2u, hence u is an eigenvector with eigenvalue A = 2.
(b) Au = (3,3,6) is not a scalar multiple of u, hence w is not an eigenvector.
(¢) Au=(0,0,8) = 2u, hence u is an eigenvector with eigenvalue A = 2.

(d) Au=(0,0,0) = Ou, hence u is an eigenvector with eigenvalue A = 0.

Exercise 2.
Determine the real eigenvalues of each matrix and the corresponding eigenvectors, together with the algebraic

multiplicity (a.m.) and geometric multiplicity (g.m.):

2 =7 0 1 1 -1 -2 1 11
(a) (d)
3 -8 00 1o 3 o @ o 1 1
5 4 -2 5 1 0 0 1
o (2 )
0 0 1 1 1 1 1 0
© 2 1 (e) 30 (g) |1 1 1 (i) 0
c
1 0 0 4 1 11 0 0
Solution
(a) Ay = =5 (a.m.=1), eigenvectors u = (c,c), ¢ # 0, gm.=1; Ay = —1 (a.m.=1), eigenvectors u = (¢, c),
c# 0, gm.=1.
(b) The characteristic polynomial has no real roots (A = 4 + 2i).
(¢) A1 =142, Ay =1 —+/2, both with a.m.=g.m.=1, eigenvectors u = ((1 + v/2)c, ).
(d) A =0, am.=2, eigenvectors u = (¢,0), g.m.=1.
(e) Eigenvalues 2,3,4, each with a.m.=g.m.=1 and canonical basis eigenvectors.
(f) A1 =3 (a.m.=2), eigenvectors u = (—¢,0,¢), gm.=1; Ay = —1 (a.m.=1), eigenvectors u = (¢, 0, ¢).
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(g) A\ =0 (a.m.=2), eigenvectors u = (—c1 — c2,¢1,¢2), gmM.=2; Ay = 3 (a.m.=1), eigenvectors u = (¢, ¢, c).
(h) XA =1, a.m.=3, eigenvectors u = (¢, 0,0), g.m.=1.

(i) A\ =2 (a.m.=2), eigenvectors u = (c1, ¢1,¢2), gm.=2; Ay = 0 (a.m.=1), eigenvectors u = (—¢, ¢, 0).

Exercise 3.
Prove that:

(a) Every eigenvalue of A is also an eigenvalue of AT
(b) If X is an eigenvalue of A and det A # 0, then 1/) is an eigenvalue of A~1.

(c) If X is an eigenvalue of A, then A is an eigenvalue of A¥, k € N.

Solution
Each statement follows directly from the invariance of the characteristic polynomial under transposition, and

from applying the eigenvalue equation Az = Az to A~ and A*, respectively.

Exercise 4.

Let A= <1 4).
6 -1

(a) Determine the eigenvalues and eigenvectors of A.

(b) Determine the eigenvalues and eigenvectors of A0,

Solution

(a) Eigenvalues \; = —5, eigenvectors u = (—2

3C,¢); Aa = 5, eigenvectors u = (c, ¢).

(b) Eigenvalues (—5)1% and 5'%° with the same eigenvectors.

Exercise 5.

Consider

'S
I
o 8 o

0 T
0l, x=\|yl|, abelR
b z

(el SIS

(a) Write the characteristic polynomial.

(b) Determine the eigenvalues and eigenvectors of A.

(c) Compute xT Ax.

(d) Assume a,b > 0. Without performing calculations show that there exists x # 0 such that x” Ax = 0.

(e) Classify the quadratic form x” Ax for all possible values of a, b.
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Solution
(a) p(A) = (b= A)(=A)(2a = A).
(b) Eigenvalues b,0,2a with corresponding eigenspaces obtained by direct computation.
(c) xT Ax = ax? + 2axy + ay? + bz>.
(d) Since the form is positive semidefinite, there exists a non-zero vector in the kernel.

(e) PSD if a > 0 and b > 0; NSD if ¢ < 0 and b < 0; indefinite otherwise.

Exercise 6.

Classify the following quadratic forms:

(a) q(z,y) = 22 + 22y + y> (f) q(z,y) = 622 + 4y + 3y

(b) qz,y) =2 = 2zy + ¥ (&) q(z,y) = a® + 4wy + ¢

(©) qlz,y) =2? —y? (h) g(z,y) =227 + 6zy + 4y°

(d) q(z,y,2) = 2% + 4oy — 2z2 + Ty? — 322 (i) q(x,y,2) = 3y* + 4xz

(e) q(z,y,2) = 2% — 4oy + 4z — 22 () q(z,y) = 2® + day + ay®, a €R.
Solution

(a) PSD; (b) PSD; (c) IND; (d) IND; (e) IND; (f) PD; (g) IND; (h) IND; (i) IND; (j) IND if a < 4, PSD
if o =4, PD if a > 4.

Exercise 7.
Classify the following symmetric matrices (with respect to being PD, PSD, ND, NSD, IND):

(a)<31> 1 2 -1 3000
1 4 2 1
(e) 7 0 ) 0 a 0 . 4eR
-1 0 -3 0 a 2 0
-5 1 000 7
(b)
1 5 1 2 -1 .
2 7 -5
(i) 1 -3 0
-5 1 -1 -5 4
(c) 1 0 -2
1 -5
00 0 1 -1
1 2 4 ~1
() . acR (g) O 0 )
2 a 0 0 —4 0 0 -1
Solution

(a) PD; (b) Indefinite; (c) ND; (d) Indefinite if a < 4, PSD if a = 4, ND if a > 4; (e) IND; (f) PSD; (g)
IND: (1) IND (ja| > v3). PD (ja| < v3), PSD (Ja] = v2); (i) ND; (i) IND.
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II - Mathematical Analysis

2. Functions of Several Variables and Topology in R”

Exercise 8.

Determine the domain of the following functions and represent it graphically.

(a) fla,y) =V @) f@.9) = frorimey

(b) f(z,y) = ﬁ

(¢) f(z,y) =In(z —y)? (e) flz,y) =In(z —y)/(y —x)(z> +y2 - 1)
Solution

(a) {(z,y) eR?:z>0Az#eAa?+y? <9} (d) {(z,y) eR?®:z#£0Nz #3 Nz #3/2}

(b) {(z,y) eR* 1z <TA2?+y?> <4ANa?+y? #3}

—~

o) {(z,y) eR*:x £y} (e) {(zy) eR? 1z —y>0A2?+y*—1<0}

Exercise 9.

Determine the interior, exterior and boundary of the following subsets of R2. Classify them with respect to
being open, closed and bounded.

A={(zy) eR?:(z-1)*+ (y+2)? <4}
B = {(z,y) eR?: 2% +¢* > 9}
C :{(x7y)€R2:%+%§1}

Solution
Int(A) = A, Bdy(A) = {(z,y) e R?: (z — 1)® + (y + 2)? = 4}
Ext(A4) = {(z,y) € R*: (x — 1) + (y +2)? > 4}, A is open and bounded.
Int(B) = {(z,y) € R? : 22 +y? > 9}, Bdy(B) = {(z,y) € R? : 2% + 3> = 9}

Ext(B) = {(z,y) € R? : 22 + y? < 9}, B is closed and not bounded.

2 2

v <1}, de(C):{(x,y)€R2z%+?{—:1}

—
=
o+

—
Q
N~—
I
—
—
&
&
m
Ze)
[\~]
of?
Jr
‘@

Ext(C) = {(aﬁ,y) eR?: & 4 % > 1} , C'is closed and bounded.

Int(D) = 0, Bdy(D) = D, Ext(D) = {(m,y) eR?: @27 4 )" o 1} , D is closed and bounded.
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Exercise 10.

Represent graphically and analytically the domain Dy, as well as Int(Dy), Bdy(Dy) and D}. State in each case

if Dy is open, closed, bounded and compact.

(@) f(@,9) = sy (d) fla,y) = Vo —yl+V2—y?—=
(b) flr.y) = Va(l - o) + 2=y
(© flry)=vytae—T-m@d—(z+1)2—(y—1)%) (¢) f(z,y) =a\/y? =4+ V16— 22 —y?

Solution

(a) Dy = {(v,y) € R?: 22 + y? < 4 A a? +y? # 3}, Int(Dy) = Dy, Bdy(Dy) = {(z,y) € R? : 2% + 3% =
4V a?+y? =3}, Dy = {(z,y) € R? : 22 4+ y? < 4}. Dy is open, not closed, bounded, not compact.

() Df ={(z,y) eR*: 0< 2z <1A-z<y<z?}, nt(Dy) ={(z,y) eER*: 0<z < 1A—x<y<z?}
Bdy(Ds) = {(z,y) eR?: (y=2> AN0<z<1)V(y=-2 A0<z<1)V(z=1A —z<y<z?)}
D} ={(z,y) eR*: (0 <z < 1) A(—z <y < 2°)}. Dy is not open nor closed, bounded, not compact.

(¢c) D ={(z,y) eR?:y>1—azA(z+1)*+(y—1)? <4}, Int(Dy) ={(z,y) eR?:y >1—a A (z +
D2 4 (y— 1)? < 4}, Bdy(Dy) = {(r.y) € B2 sy = 1~z A (2 + 12+ (y — 1) <4} U {(n,9) € B2y >
l—zA(@+1)?+(y—1)2 =4}, D, ={(z,y) eR?*:y>1—a A (x+1)?2+ (y—1)? <4}. Dy is not open
nor closed, bounded, not compact.

(d) Dy ={(z,y) eR?:x—|y| >0A2—y?* —2 >0}, Int(Dy) = {(z,y) eR*: 2z — |y| > 0A2—y*> —z > 0},
Bdy(Ds) = {(z,y) eR?*:x— |y =0A2—y? =2 > 0} U{(z,y) e R? :z — |y| > 0A2—y*> — 2 = 0},
D} = Dy. Dy is not open, is closed, bounded, compact.

(e) Dy ={(z,y) e R?: (y > 2Vy < =2)Az*+y? <16}, Int(Dy) = {(z,y) e R? : (y > 2Vy < —2)Az?+y? <
16}, Bdy(Dy) = {(z,y) € R?: (y =2Vy = =2)Az?+y? < 16}U{(z,y) € R? : (y > 2Vy < —2)Az?+y? =
16}, D = Dy. Dy is not open, is closed, bounded, compact.

Exercise 11.

Determine the domain Dy of the function defined by

In(z? + y? — 4)

Represent Dy graphically and show that it is open and unbounded. Check if Ext(Dy) is also open and unboun-
ded.

Solution

Dy ={(z,y) e R* : 2® + y* —4 > 0 A |z| # 4}. Ext(Dys) = {(z,y) € R? : 22 + y? < 4} is open and bounded.

Exercise 12.

Determine the interior, the boundary and the limit points of the following subsets of R2.
A= {(070)’ (O’ 1)7 (17 0)7 (1’ 1)}
B = {(xay) € Rz : (xvy) = (%7%)a n e N}

C={(z,y) eR*:2>0, y=(-1)"L, ne N}

n?
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Solution
Int(A) =0, Bdy(A) = A, A" = 0.
Int(B) = 0, Bdy(B) = BU{(0,0)}, B = {(0,0)}.

B) =0, B
Int(C) = 0, Bdy(C) = CU{(x,y) e R?: 2 >0, y =0}, C' = Bdy(C).

3. Limits and Continuity

Exercise 13.

Compute the limits of the following sequences, or show that they do not exist.

n? TLJrl
@ i ((257) " (52)"")

: 3 o2 . _/n43
(b) lim (n +n—n*—=1, V/n (\/ﬁJrl)Q)

(c) lim (n (e% - 1) , sin ”—2”)
Solution

(a) (e,—3) (b) (+00,1)

Exercise 14.

Compute the following limits:

(a) lim®, where T, = [27;':_1, (1+%)n, In (1"‘%)”}

2

(b) limy, where T, = [f—\/n—l, (/e —1)n, nln =2, (1— n;grl)

Solution

(a) (3.¢%1) (b) (0,1,2,0)

Exercise 15.

(c¢) does not exist.

For each of the following functions, investigate the existence of the limit at the point (0, 0):

(@) f(z,9) = 7% (d) flz,y) =ryrls
3_.3 (e) f(xa y) = 352?3/2
(b) f(z,y) = St
(6) fy) = 722
_ m2+y 22(2
(C) f(x7y) - /I2+y2 (g) f(x’ y) = xg—:@;g)
Solution
(a) does not exist (d) 0
(b) 0 (e) does not exist
(¢) does not exist (f) does not exist
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(h) flz,y) = Lot

z21y2
g 2+ 2
() flay ==Y "7
07
(g) 0

(h) does not exist

(i) does not exist.

z>0Ay>0

r<0Vy<O0



Exercise 16.

Determine, if possible, a continuous extension of each function in the previous exercise to the point (0, 0).

Solution

When the limit does not exist it is not possible to define such an extension. In the other cases simply define

f(0,0) = lim  f(z,y).

(z,y)—(0,0)
Exercise 17.
Investigate the existence of the following limits:
. -2 -1 2,2 1
(a)  lim (@ - =1 ~ () lim Y~
@y =1 (£ =22+ (y—1) (@y)—(1,0) T —1
"Dy +3) +sin(z— 1)(y+3 2 + 22 4 y?
(b) lim (—1)(y+3) +sin(z —1)(y +3) (f b Tyt ty
(,9)—(1,-3) (x—1)(y +3) (z.9)—(0,0) 2+ y?
. 3(z—2)%(y—1 2 1|
(c) lim ( 2) ( )2 () lim Iy -1
(zy)—>21) (x —2)2+ (y—1) (z.y)—(0,1) 22 + (y — 1)?
24 .2
(d) lim 1Y (h)  lim Y
(z,9)=>(0,0) (z,,2)—(0,0,0) T2 + y2 + 22
Solution
(a) does not exist () 0 (e) does not exist (g) 0
(b) 1 (d) does not exist () 1 (h) 0
Exercise 18.
23—y
Consider the function f : R? — R defined by f(z,y) = .
r—=y
(a) Determine the domain Dy.
(b) Show that 23 — y® = (x — y)p(x,y), where p(z,y) is a polynomial.
(c) Can f be extended by continuity to the line y = x?
Solution
(a) Dy =R?\ {(z,z) : x € R}. (b) 23 —y® = (x—y)(@®>+2y+y?).  (c) Yes, just define f(x,z) = 322.
Exercise 19.
%y
Consider the function f(z,y) = —5——.
e =y
a) Compute lim z,y). What can you conclude about lim x,y)?
(a) pute ~lim fz,y) y oo fz,y)

y:m+12

(b) Compute lim  f(x,y), |m|# 1. What can you conclude about  lim  f(x,y)?
(@4)=(0.0) (2.)(0,0)

Solution
1
(a) —3 If (z,y%i—>m(0,0) f(x,y) exists, it must be —3.

(b) 0. The limit does not exist, since 0 # —1.
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4. Differential Calculus in R"

Exercise 20.

Determine the first order partial derivatives (in the largest possible domain) of the following functions:

(a) fz,y,2) = 3zy + 2% — 2y + 2% ) Flo.y) = ? —yz, y#u,

z, Y=z

Solution
(a) fo=3y+2x; f,=3v—2 f.=-y+2z Dy =Dy, =Dy, = R3.

b) fr=2z—-—yifz#Fyand f; =0ifx =y =0; f) = —zifx #yand f, =0ifz =y = 0
Dy, = Dy =R\ {(a,a) : a # 0}.

Exercise 21.

r—y+1, . .
Show that f(z,y) = 58 solution of the equation
rry

of of 2

or Oy x4y

in any of the sets defined by z +y > 0 or z +y < 0.

Exercise 22.
eV —(z—y+1)

, , ; TFY,
Consider the function f(z,y) = -y
0, T =1y.

(a) Discuss the continuity of f(z,y) at (1,1).

(b) Check that f;(a,a)+ f,(a,a) =0, Va € R.

Solution

(a) f is continuous at (1,1).

Exercise 23.

Let f : R? — R be defined by f(z,y) = x4y Y F
0, otherwise.

" Compute the directional derivatives at (0,0),

whenever they exist.

Solution

9 £(0,0) exists for ¥ = (o, ) and ¥ = (o, —a), @ € R\ {0}. In that case, 8- f(0,0) = 0.

Exercise 24.
x>

- 0,
Consider the function f : R> — R defined by f(z,y) = { 22 +y*’ 7
0, xz=0.

(a) Show that f admits a directional derivative at (0,0) along any direction and compute it.

(b) Show that f is not continuous at (0,0).

0 0
(¢) Without performing any calculations, state the value of a—i((), 0) and of a—]yc(O7 0).
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Solution

AN
@ daf0.0) =1 @ T’ (@, 8) € B2\ {(0,0)} .
of of
(b) %(070) = 87;(0’0) =0.

Exercise 25.
Study the differentiability of the following functions at the proposed points and obtain the expression of the

first order differentials (in case they are differentiable):

242
(&) f(z,y) =2*+y* at (0,0), © f(o.y) = xi/ ; 2y3+ 33:2, x f v (0,0),
) fo) cty, T4y, . (L1, Yt +ox — 2y, T =y,
z+1, z=y, (d) y=(z®+1,2), at z=1.
Solution
(a) f differentiable at (0,0); Df(0,0)(h) =0, (¢) f differentiable at (0,0); D f(0,0)(h) = 3hy —2hs,
(b) f not differentiable at (1,1), (d) y differentiable at = 1; Df(1)(h) = (2h, h).

Exercise 26.
Write down the expressions of the first order differentials of each given function, at the proposed points (admit
differentiability):

(a) f(z,y) = y*, at a generic point (a,b), with b > 0;

X1 — To + X3

(b) f(x1,22,23) = V7s — 1

,at (1,-3,2).

Solution
(a) Df(a,b)(h) =b%logh- hy + ab® ! - hy;

(b) Df(1,-3,2)(h) = hy — hy — 2hs.

Exercise 27.

Show that the following functions are continuous but not differentiable at the given points:

—3x(y —2)% + 23

, if (z,y) # (0,2),

(a) flz,y) = =+ (y—2)
0, if (z,y) = (0,2),
2xy e o 9
T S 5 f + 07
o) e = | Ve T
0, ifx =y=0,
(c) h@,y) = /|z|cosy, at (0,0).
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Exercise 28.

Use the chain rule to compute:

d
(a) d—];, where f = 22y, x = te! and y =2 + 1;

d 1

(b) l7 where f = u2 +U37 U= E7 v = ($+2y)3, r=—,Yy= tant;
dt Y t
d 2

(c) i, where 2z = i T = cost, y = sint;

dt 22 + 92’
(d) V£(1,1), where f(x,y) = sin(2u — v® + w), u = 612’74, v=ay?, w=z3y%

(@) 2L(0,1,1), where f(a,y.2) = (12~ 30)°, u = e% v = In(y?2?);
Y

(f) Vf(1,2,3), where f(x,y,2) = g(u,v,w), u = bx+3z,v = 8x+2y, w = —y+z and Vg(14,12,1) = (4,5, 6).

Solution
df 2t 2 3 3,2t (42 2
(a) — =26 (t+ 1)(t* + 1) + 6% (12 + 1)
) Lo ol 1 _plsect o 1 oeectt) (L4t )
_ = —2— — 22— —_— - n
dt Btan’t 12 tandt g2 TR ;o
dz 2
(c) g =2—4sin“t (d) Vf(1,1) = (4cos2, —6cos?2)
of
() 5,0 LD==30 () Vf(1,23)=(60.4,18).

Exercise 29.
If a function f(u,v,w) is differentiable at v = ¢ —y, v = y — z and w = z — z, show that setting

F(z,y,z) = f(r —y,y — 2,2 — x) we have

or oy 09z
Exercise 30. ( 12,2
r—1)%y
—_— 1,0
Consider the function g(z,y) = (x —1)2 +y2’ (z,9) # (1,0),
0, (z,y) = (1,0).

(a) Determine the partial derivatives g (z,y) and g, (z,y), as well as their domain of definition.
(b) Show that g, (x,y) and g (x,y) are continuous over R?.
(¢) Study the differentiability of g at (1,0).

(d) Discuss the continuity of g at (1,0).

Solution
M T M 2
(a) g(z,y) =<4 (@ —1)>+y?)* (z,9) # (1,0), gy (a,y) = (z—1)Z+y2)2 (z,y) # (1,0),
) (@9) = (1,0) 0 (,) = (1,0).

Thus Dg; = Dg;l = Rz.

(b) g is differentiable at (1,0). (¢c) g is continuous at (1,0).
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Exercise 31.

1
2? 4+ y?) sin ——, if (z, 0,0),
Let f : R2 — R be defined by f(z,y) = (@ +y7) o (z,y) # (0,0)
of of
(a) Compute %(0,0) and a—y(o,o),

0
(b) Determine a—f(:)s7 y) and show that it is discontinuous at (0, 0).
Y
(c) Check that f is differentiable at (0, 0).
(d) Compute 9z 4)f(0,0).

(e) Discuss the continuity of f at (0,0).

Solution
. y 1
2ysin - . (2y) # (0,0),
(a) £2(0,0)=f,(0,0)=0  (b) fy(a.y)= VEE Yt Vet at
0, (z,y) = (0,0);
(¢) 0 (d) f is continuous at (0,0).
Exercise 32.
Use the function _
sinx
. Y #0,
glx,y) =9 Y
0, y=0,

and the point (0,0) to show that a function with finite partial derivatives at a given point is not necessarily

continuous at that point. Is the given function differentiable at (0,0)? Why?

Solution

The function is not continuous at (0,0), and so it is also not differentiable.

Exercise 33.

X .
. . ) —=l it (a,y) # (0,0),
Consider the function f : R? — R defined by f(z,y) = { [z]+ 1y

0, it (x,y) = (0,0).

(a) Show that f is continuous at (0, 0).

0 0
(b) Determine 8—£(070) and 6—;(070).
(c) Show that f is not differentiable at (0,0). Without performing any calculations, what can you conclude
about the continuity of or and of at (0,0)?
Ox dy

Solution
(a) f2(0,0) = f,(0,0) =0;

(b) Since f is not differentiable at (0,0), at least one of the functions f; or f; is not continuous at (0,0).
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Exercise 34.

Let f : R? — R be defined by f(x,y) = T+y

(a) Study the continuity of f at (0, 0).

0
(b) Compute the partial derivative of and discuss its continuity at (0,0).

Oz
(¢) Study the differentiability of f at (0, 0).
(d) Show that g(0,0), g(0,0) . (@, @) #+0/s v\ f(0,0). Comment on the result.
ox dy (TT)
Solution

(a) f is not continuous at (0,0).

, _ 2%+ 2zy — y? |
(b) folz,y) = W 1

continuous at (0, 0).

fo+y+#0and f.(0,0) =1 (it does not exist f.(a,—a),a # 0); f.(x,y) is not

(¢) f is not differentiable at (0,0).

(d) The two values would only be equal if f was differentiable at (0,0).

Exercise 325.

84
Compute —= and /

— 52,2 z
52 922020y for f(x,y,2) = z°x?y + zye*.

Solution

02 o4

o7 = 2y2?, _0J =4z.

ox? 022020y

Exercise 36.

Compute [, f;, and f; . for each of the following functions, indicating the corresponding domain of definition:

(a) f(z,y) = wsin(z +y),

ysinz, y#0,
2, y=0.

(b) flz,y) =

Solution

’

(a) fi> =2cos(z +y) —zsin(x +y), fr, =

"

cos(z +y) — zsin(x +y) and f7, = —2sin(z +y) — z cos(x +y).

"

pye = —SINT.

(b) fi> = —ysinw, f = cosz and

Exercise 37.
Compute the differential of order 2, 3 and 4 of the function f(z,y) = \/zy at (1,1).

Solution
D2F(1,1)(0%) = ~ 283 + huha — 103,
D3f(1,1)(h3) = 2h} — 2h3hy — 2hyhd + 213,

DU, 1)(0Y) = 3204 + 4 hihy + 645 h23 + 45 hahd — i,
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Exercise 38.

Determine the differential of order n of the function f(z,y) = sin(x + y), at the point (0, 0).

Solution

D" $(0.0)0) = 5 > (7)ming

1=

v|§

Exercise 39.
Show that f(z,y) = log(e® + e¥) satisfies the (differential) equation

32f62f_<a2f >2

022 87y2 dxdy

everywhere in R2.

Exercise 40.
Let f € C?(R?) be a real function such that %(0,0) = %(O7 0) = 1. Also, let g : R? — R be defined by

g(z,y) = f(ysinz,y?).

0 1
Show that the Hessian matrix of g at (0,0) is given by [1 21 .

Exercise 41.
Consider f : R?2 — R defined by

f(z,y) = 2y + g(u,v,w), with u =siny? v =1Inz and w = ye®.

2
Assuming that g is of class C%(R?), compute 8(?1/8]; (1,0).
Solution
O f d%g dg

Exercise 42.
Show that the following functions are homogeneous or positively homogeneous. Determine in each case the

degree of homogeneity and verify Euler’s identity.
(8) f(z,y) = log =",

(b) flz,y,2) = Y

b

(z+y)sin (:2) . (@) # (0,0),
0, (z,y) = (0,0).

(©) flz,y) =

Solution
(a) f is homogeneous with degree 0;
(b) f is positively homogeneous with degree —1;

(c) f is homogeneous with degree 1.
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Exercise 43.
"I/'?)ya +1’ﬂ71

35 , with respect to its homogeneity
Y

Study the function g(x,y, z) = 22 +2%y%=3 - 23%¢5 and h(x,y) =

in terms of the parameters o, 8 € R,
(a) Using the definition.

(b) Using Euler’s identity.

Solution

g is homogeneous with degree 2 for o = f% and § = %

h is homogeneous with degree a + 8 for 5 = a+4,a € R.

Exercise 44.
Assuming that g(u,v) is differentiable at (%, ), with z,y # 0, show that

z
T

f(xayvz)xz'.g(x Z>7

-, =
Yy T

satisfies the identity z f +y f, + 2z f. = 2.f. Interpret this result in terms of homogeneity.

Solution

f is positively homogeneous with degree 2.

Exercise 45.
Let f(x): R™\ {0} — R be an homogeneous, non constant function with degree 0. Show that lin}] f(x) does
X—

not exist.

Exercise 46.
Consider the function f : R?> — R defined by

f(z,y) =In <x?y>

Write down Taylor’s formula with degree 2, around (1,1).

Solution

1+ h)(1+k) 1 1, 1/ 3, 1 3,
TR 24 —h+ —k+= [ —Sh24 —hk— k h. k).
2% h+k natghtghtg|\ 4" *3 P ) Frs(hok)

Exercise 47.
Let f(z,y) = sin (z + y?). Using the Taylor’s formula, aproximate f by a polynomial of degree 3 for (z,y)
nearby (0,0).

Solution

3
sin(x+y2)za:+y2—§—!.
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5. Otpimization

Exercise 48.

Determine and classify the critical points of the following functions from R2 to R.

(a) 2% +y? (d) 2® —y° (g) 3zy —2® —y* (j) 2a° +zy® +52% + 2
(b) 22 —y? (e) z* +y? (h) zlnz +ylny (k) 2* +y* —dzy +1
(@) % + 4 (f) oty () 2* + oo ) 22

Solution

(a) (0,0) is a minimum point (b) (0,0) is a saddle point (¢) (0,0) is a saddle point;

(d) (0,0) is a saddle point (e) (0,0) is a minimum point (f) (0,0) is a saddle point;

(g) (0,0) is a saddle point and (1,1) is a maximum point;

(h) (1/e,1/e) is a minimum point (i) (0,-1) is a saddle point;

() (0,0) is a minimum point, (—5/3,0) is a maximum point, (—1,2) and (—1, —2) are saddle points;
(k) (0,0) is a saddle point, (1,1) and (—1,—1) are minimum points;

(1) (0,b) and (a,0) Va,b € R are minimum points.

Exercise 49.

Determine and classify the critical points of the following functions, in terms of the parameter a € R\ {0}.

(a) f(z,y) ="~ (c) f(z,y) = 23 — ax? — 33>
(b) f(z,y) = az® —y? (d) f(z,y) = F2°+ay® —x
Solution

(a) Critical point: (0,0). If @ < 0, minimum point; if a > 0, saddle point.
(b) Critical point: (0,0). If a > 0, (0,0) is a saddle point; if a < 0, (0,0) is a maximum point.

(c) Critical points: (0,0) and (22,0). If a > 0, (0,0) is a maximum point and (2%,0) is a saddle point; if

a < 0, (0,0) is a saddle point and (%“, 0) is a maximum point.

(d) Critical points: (—3,0) and (%,0). If a < 0, (—3,0) is a maximum point and (3,0) is a saddle point; if

a >0, (—%,0) is a saddle point and (%, 0) is & minimum point.

Exercise 50.

Consider the function f(z,y) = (y — «) ze®.
(a) Knowing that (0, 1) is a critical point, determine « and classify this critical point.

(b) Show that f is unbounded.

Solution

(a) «a=1. The critical point is a saddle point.
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Exercise 51.
Let function f: R? — R be defined by

flz,y) = 4a(y —2)* + (B° —1)(2z — 2)°,

where ae # 0, 8 # 1, 8 # —1. Show that (1,2) is the only critical point and classify it in terms of all possible

values of o and 3.

Solution

If |B] < 1 and o < 0 then (1,2) is a local maximum; if |5] > 1 and « > 0 then (1,2) is a local minimum; in all

other cases it is a saddle point.

Exercise 52.
Let f:R2 — R be defined by f(z,y) = x2e¥’ 3V,

(a) Determine all critical points of function f.
(b) Show that f attains its global minimum at points of the form (0, b).
(c) Justify that

(i) f is unbounded over R?;

(i) f has a maximum and minimum over B = {(z,y) € R? : 22 + y? < 9}.

Solution

(a) Critical points: (0,b) with b € R.

Exercise 53.

Determine the global extrema of f over the set M, where:

(a) f(z,y,2) =x —2y+ 22, M ={(z,y,2) ER®: 22 + 92 + 22 =1}
(b) f(z.y) =4a® +y?, M = {(z,y) € R?: 22 +y* =1}
(c) f(z,y) ==y, M:{(x,y)€R2:§+%:1}
(d) f(z,y,2) =2%+2y—22 M ={(z,y,2) e R®: 2% +y? + 22 =8}
(e) flz,y) =a®+2zy +v°, M={(z,y) eR*: (z —3)* +y> =2}
() flx,y,2) =2z + 2y + 22, M ={(z,y,2) eR®: 22 +4y? + 22 =2}
(8) flw,y,2) = e ™7V, M ={(z,y,2) eR®:2® +y> + 22 = 1}
(h) flz,y) = 4oy — 22% — 22, M={(z,y) eR?:2® +y?> =1}
(i) fz,y) =2+ 22y + ¢, M= {(z,y) eR*: 2% +y* =8}
Solution
(a) max = 3, min = -3; (d) max = 10, min = -8; (g) max = 1, min = 1/e;
(b) max = 2, min = 1; (e) max = 25, min = 1; (h) max = 0, min = -4;
(¢) max = 2, min = -2; (f) max = 9/2, min = -2/2; (i) max = 16, min = 0.
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Exercise 54.

Determine the global extrema of f over the set A, where

(a) fz,y,2) =2 —2y+2z A={(z,y,2) ER®:2® +y? + 22 < 1}

(note: compare with a) from previous exercise)

(b) f(z,y) =42® +y°

A={(z,y) eR?: 222 + 2 <1
(note: compare with b) from previous exercise) {(z.y) Yy }

(c) flz,y) =2+ 2zy +y°

(note: compare with e) from previous exercise) A={(z,y) eR?: (x —3)2 +y% < 2}
Solution
(a) max = 3, min = -3; (b) max = 2, min = 0; (¢) max = 25, min = 1.

Exercise 55.

Determine the maximum and minimum distance to the origin of the points in the ellipse 522 + 6zy + 5y = 8.

Solution

The maximum distance is 2 and the minimum distance is 1.

Exercise 56.

Solve the optimization problem min (z + 4y + 3z) subject to the condition 22 + 2y? + %22 =b, (b>0).

Solution

The minimum value is —6v/b, attained at (—?b, —7(’, —

w
w%
<o
N>

Exercise 57.

Determine the point in the ellipse 22 + 2zy + 2y? = 2 with smallest = coordinate.

Solution

(—2,1).

Exercise 58.

Determine the global extrema of f(z,y, z) = e* 472" over the set {(z,y,2) €R® 122+ 92 =1, 2 =2 — y}.

Solution

The maximum value is €9, attained at (0, —1,3); the minimum is e?, attained at (0,1,1).
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6. Multiple Integrals

Exercise 59.

Compute the following integrals.

11 g2
(a) / / / xdxrdydz
0o J-1.J1
1,1
(b) / / ye™ dx dy
-1Jo
+o0 “+oo “+oo
(c) / / / e TV Fdrdydz
0 0 0

Solution
(a) 3 (b) e — 1 _9 (c) 1 (d) 95
Exercise 60.
Compute // f(z,y) dx dy, where:
A

a) flzy) ==, A={(z,y) eR?:1<y<3, 0<z <y}

S|

8 ke

b) f(z,y)=er, A={(z,y)eR*:1<2x<2 z<y<a3}

¢) fla,y) =2y, A={(z,y) eR?*:0<a<1, 2> <y<1}

d) f(z,y) =ye*+ 2%y, A={(z,y) eR*:0<y<1, 0<z<y?}

e) flx,y)=ze ™™, A={(z,y) eR*:1<2<2, L <y<4o0}

f) f(x,y) = 2> + 4y, A is the region bounded by the lines y = 2% and y = 2z.

Solution
2% ol P e 23
= e il d) £ - 22
(2) 3 (b) 5 —2e © d) 5~ 52
Exercise 61.
Let A= {(z,y) €eR?:y<1—x, y<1+uz, y >0}, and compute
a) // (r — Dydxdy b) // (y — 2y%)e™ da dy
A A
Solution
= (b) 0
()
Exercise 62.
Yy, x>0andy >0,

1 1
Compute / / f(z,y) dx dy, with f(z,y) =
—1J-1
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Q| =

5 “+o0o R
(d) / / (x26*29x+3ye*y )dyd:c
o Jo
2 2
)
e 1+z+ 2 )dedy
@ [ (1+e+5)
1ol pE
() / // ycoszdrdydz
o Jo Jo

Solution

N =



Exercise 63.

Using a double integral compute the area of set A, where

(a) A={(z,y) eR?:
(b) A={(z,y) eR*:
(c) A={(z,y) e R?:
(d) A={(z,y) eR?
() A={(z,y) € R*:
(f) A={(z,y) €R?:
(g) A={(z,y) eR?*:

(h) A= {(z,y) eR?:

Solution

Exercise 64.

—1<z<1A2?2<y<1};
l—z<y<lAaz<1}

a? <y <2-a?h

cx+y+2>0Az+y? <0}

y<2’Ay—ax>0A2y—x<3Ax>0})
r>0A2%+y? <1}
Y+ <2Az—y >0}

2
y? <axAhz <L +3)

4 8
Compute / / Sin(yQ) dy dx (suggestion: Draw the integration region and invert the integration order).
0 2x

Solution
1 — cos64
4

Exercise 65.

Compute // g(x,y) dx dy, where A =[0,2] x [0,4] and g(z,y) =
A

Solution
4

3
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7. Ordinary Differential Equations

Exercise 66.

Determine the general solution of the following differential equations with separable variables.

(a) y =2y —x (d) v1—2a2dy—+/1—y?>de=0 (g) e*dy+ (44 y*)dz =0

(b) dze¥ =dy(z+1) —dx (e) e'yy = a3 (9+ y*) (h) dwevdr + (z* +4)dy =0
dy 1+y* 0

S I () e/(4+a2)y = (2+e)

Solution

(a) y(z) =1+e2"C (f) In(2+e¥®) — %m (4+2?) =C

(b) In (e¥® +1) —y(z) +In(z+1)=C
1 L 1 1 1

c) =In|1+43+Inlz| - =In(1 +22)=C - - _ Ze3% _

(c) 3 | | || 5 ( ) (g) 5 arctan 2y(x) 3¢ C

(d) arcsin (y(z)) — arcsinz = C
1 1 1. 1

(e) g Arctan (392(33)) e = c (h) —e Y@ + arctan 5332 =C

Exercise 67.

Determine the general solution of the following first-order linear differential equations.

(a) Y —y= 2$6I2+z (C) x2y' + 3xy = 427
(b) 4a?y’ + 8xy = —12sin(3x) () zy =2z + 2y
Solution
2z _
o 1 —er (e R
(b) y(a) = =CE (d) y(z) = —22 + Ca?

Exercise 68.

Solve the following initial value problems.

(a) ¥ +4y=0, y(0)=6 (e) (1+2*)y +y=0, y(1)=1

(b) % +ysint=0, y(5)=3 (f) 2y + 4oy = 4o, y(0) = -2

(¢) y' cosx + 2ysinz =sinz, y(0)=0 (g) ¥ +ysinz = sinzcosz, y(g):()

(d) 1427y =22y +2, y(0)=1 (h) (1+2?)y =42(1+y), y(0)=1
Solution

(a) y(a) = G~ (c) yla) = t=eg=x (f) yle) =1 -3¢

; (d) y(z) = 35 (g) y(x) =cosz +1— e
(b) y(t) = §€C05t_§ (e) y(a) = eTarctan() (h) y(z) = 2(1 +22)2 — 1
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Exercise 69.

Show that any homogeneous first-order linear differential equation can be written as a separable variables

equation.

Exercise 70.

Determine the general solution of the following differential equations.

(a) " =Ty +12y =0

(b) ¥ +4y=0

() ' —4y +4y=0

(d) y" +2y' +10y =0

() vV +y —6y=28

Solution

(a) y(z) = C1e3* + Core*”

(b) y(z) = C; cos 2z + Cy sin 2z

(c) y(x) = (C1 + Cox)e?

(d) y(x) = (Cy cos 3z + Casin3x)e™"
4

(e) y(z) = Cre 3" + Coe® — 3

(f) y(x) = Cre™2® 4+ Cae™ + Eefw

1
(g) y(x) = Cre ™ + Cae® — 3 sinx

Exercise 71.

(f) ¥ + 3y + 2y = * (k) y" +3y +2y =sinz

)
(8) v —y=sinz
(h) ¥ —y=e" W)y +3y' +2y=e""
)
)

(i) v — 6y =36(x —1)

() v — 9y = 922 (m) y" — 4y’ + 4y = 6e**
1
(h) y(z) = Cre® + Cre™™ — 5906_“
() y(z) = Cre¥o + Che V0" — 62 +6
2
() y(x) = C1€3* + Coe™3% — % — g
3 1
_ —2x —r _ = -
(k) y(z) = Cre = + Cae 10 €8 + 0 sinx
(1) y(x) = Cre™2® + Cae % + ze™2
(m) y(z) = C1e%* + Coze®® + 3x2e?®

Solve the following initial value problems.

(@) y' +y —2y=0 (@ y' +dy =4z +1 © y" — 2y + 10y = 1022
y(0)=-1, y'(0) =0 y(3)=0,9'(3)=0 y(0) =0, y'(0) =3
y//+2y/+5y20 9yl/+y_0

(b) / (e) 3 /(37
y(0) =0, y'(0) =1 v(5)=2v(5)=0
y//+2y/+y:1,2 2y//74y/+2y:0

(© , G ,

y(0) =0, y'(0) =1 y(0) = —1, ¥'(0) =1
Solution
2 —2x 1 x — 1 g
() yla) = —5e > - 2e (&) y(a) = 2sin ()
1. .

(b) y(z) = 5 sin(2z)e (f) y(x) = (~1 + 22)e”

(c) y(z) = —(6 + x)e * + 2% — 4z + 6

(@ gy = T cosnr t Lamoe ot L (8) y(z) = o7 ( o5 cosz + oo sin3z ) 42242

ylr) = COS 2T 3Sln xr X 4 25 75 5
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Exercise 72.

Solve the following boundary value problems:

y// _ 6y’ + 9y — e3:c

(a)
y(0) =0, y(1) =0
(b) y' +4y=0
y(0) =0, y(m) =0
Solution

@ oo = (~go+ 32 )

(b) y(z) = Csin2x

Exercise 73.

()

(d)

y" — 10y’ + 25y = 50
y(0) =0, y(2) =2

y' —8y + 16y =0
y(0) =1, y(1) = ¢*

(c) y(z) = (=2 +z)e>® +2

(d) y(z)=e*

Knowing that y = €27 is a solution of the differential equation

y" —ay +10y =0,

determine « and the general solution of this equation.

Solution

a="T7;y(z) = Cre®® + Cye”.

Exercise 74.

Knowing that y(z) = ze?®

boundary value problem

a € R,

is a solution of the differential equation 2y"” — ay’ + 8y = 0, with a € R, solve the

2y —ay' +8y =16

y(0)=1, y(1)=2
Solution
y(r) = —e*® + xe® + 2.
Exercise 75.
Y + 4y =4,

Solve the following problem with periodic conditions,

Solution

y(z) = 1.

y(0) = y(7/2),
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Exercise 76.

Determine the general solution of the following differential equations.

/_|_2- =0 " _ oy =0 dy o Siny
(a) y y sinzT (C) y y (e) %Cosy— _zm
(b) yy' +2=0 (d) ¥y — 2(2y? + 1)e” =0 (f) y' +6yz® —2°>=0
Solution
(a) v~ (z) = —cosz +C (c) y(x) = C1 + Cae (¢) Insiny| + 3 (1 +42) = C
1 9 1 22 1 I
y () = —o2= + 1 -5 = =z
(b) 32(x) 241 C (d) 7In(2y" +1) - 5e” =C (f) ylz) = ¢ + Ce

Exercise 77.

—2z

Determine the values of a and b for which e?* and e~2* are solutions to the differential equation 3" 4+ay’+by = 0.

For those values of a and b, compute the general solution to the differential equation.

Solution

a=0and b= —4; y,(v) = Ae** + Be™2*, A, B€eR.

Exercise 78. (Malthusian population growth)

(a) Compute the time evolution of a population level y(t) knowing that:

dy/y
dt

i) at each time ¢, the growth rate of the population, , is equal to r (with r > 0);

ii) at time ¢ = 0 there are yo (millions of individuals).

(b) Estimate the value of the Portuguese population in the year 2020, knowing that in the year 2013 (by
hypothesis ¢t = 0) there is a record of y = 10.457 (million individuals) and that » = —0.00476.

(¢) Comment on the Malthusian hypothesis, by studying tlim y(t).
— 00

Solution
(a) y(t) = yoe
(b) y(8) = 10.0663

(¢) +o0if r >0, yo if r =0 and 0 if r < 0.

Exercise 79. (Population growth according to Verhulst)

(a) Compute the time evolution of a population level y(t) knowing that:

dy/y
dt

i) at each time ¢, the rate of growth of the population, , is equal to r minus ay (with » > 0 and

a > 0);

ii) at time ¢ = 0 there is a record of yo million individuals.

(b) Estimate the value of the Portuguese population in the year 2020, knowing that in the year 2013 (by
hypothesis ¢t = 0) there is a record of y = 10.457 million individuals and that » = —0.00229, a = 0.00033.

(¢) Study tlggo y(t).
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Exercise 80. (Domar’s growth model)

Consider an economical model where:

dyq  dI'1

i) the aggregated demand yg varies on time according to the equation — = g where I = I(t) is the
s
investment and s the marginal propensity to saving (1/s is the Keynesian multiplier);
3 . : . . o dye dK .
ii) the productive capacity y. = pK follows the differential equation el e where K = K(t) is the
dK
stock of capital of the economy (E =I(1)).

Obtain the time trajectory of the investment, I(t), satisfying the equilibrium of Domar’s model ? the variation

of the aggregated demand = variation of the productive capacity.

Exercise 81.

Consider the demand and supply functions of a given commodity:
Qi=a—bP, Q,=—c+dP.

(a) Determine the time evolution of the price level P(t) knowing that at each time ¢, the variation rate of

P(t) is proportional to the excess demand, i.e.

dpP
E = O[(Qd - Qs)7
and that P(0) = Py # P. = ZT_F; (equilibrium price).

(b) Verify under which conditions we have tlim P(t) = P..

e el
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