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Theoretical Lecture 7

The Solow model of economic growth

*the hypotheses of the Solow model;

*the Cobb-Douglas production function (to remind);
*the production function per capita;

*the Solow model;

eequilibrium in the Solow model: the steady state.

Reading:
Jones & Vollrath (2013), Introduction to Economic Growth, Norton, chap 2, pp.
20-53

Complementary reading
Solow, R. (1956), A Contribution to the Theory of Economic Growth. The
Quarterly Journal of Economics. Vol. 70, No 1 (Feb. 1956), pp. 65-94
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Robert Solow, Nobel Prize Lecture, December 1987

“Growth theory did not begin with my articles of 1956 and 1957,
and it certainly did not end there. Maybe it began with The Wealth

of Nations; and probably even Adam Smith had predecessors.

More to the point, in the 1950s | was following
a trail that had been marked out by Roy Harrod and by Evsey
Domar, and also by Arthur Lewis in a slightly different context.

Actually | was trying to track down and relieve a certain discomfort

that | felt with their work. (...)”
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Neoclassical economists and the models of economic growth

Robert Solow (1956) and Trevor Swan (1956)

Criticisms to Harrod-Domar model by Robert Solow

ecapital-output ratio as a constant is not a realistic hypothesis

*relevance of l[abour: it is implicit (complementary factors), but not
explicit in the model

The response by Robert Solow: new hypotheses

*GDP depends on physical capital and labour, with decreasing
returns

*Production function with substitutable factors
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(...) That was the spirit in which | began tinkering with the theory of economic growth, trying
to improve on the Harrod-Domar model. | can not tell you why | thought first about replacing
the constant capital-output (and labour-output) ratio by a richer and more realistic
representation of the technology” (Solow)

production function

Harrod - Domar: Y = F(K,L) = min (AK, BL), complementary factors

Neoclassical models:. substitutable factors

Solow basic model: Y(t) = F(K(t), L(t))
with technology: Y(t) = F (K(t), A(t).L(t))

A and L enter multiplicatively. AL is the effective labour, and technology (exogenous) enters
as labour-augmenting or Harrod-neutral technological progress;

equilibrium paths (steady-state): not mechanical equilibrium, but instead equilibrium paths,
and, behind it, there are economic dynamics that support such steady-state equilibrium)
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The hypotheses of the Solow model

*the economy is represented by a production function with two
substitutable production factors (capital, labour);

*the production function exhibits constant returns;

*the production factors have positive decreasing marginal productivities;

edomestic savings is a fixed proportion of GDP;

*the macroeconomic equilibrium in the closed economy is: | = S;
*there is no unemployment;

*the growth rate of active population is equal to the growth rate of total
population;

*the economy is closed.
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the basic Solow model

The model is explained by two equations:

eproduction function

ecapital accumulation equation

A. The production function (basic: with no technical progress, yet ...)

Cobb-Douglas (remind the properties: lecture 06)

Y=F(K, L) =KL, 0<a<1

a  partial elasticity of Y relative to K (math. interpretation)

o economic interpretation?
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per capita production function

per capita means per worker

Y/L = F(K/L)
sincey = Y/L and k = K/L, the production function Cobb-Douglas per capita is:

y=k*, O<a<l

interpretation:

«if K/L is higher, the firms produce higher Y/L;

*for each additional unit of capital per worker, the increase of output per worker
becomes lower;
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A COBB-DOUGLAS PRODUCTION FUNCTION

k(x
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B. the accumulation of capital equation

Kisp — Ky discrete
= sY-0.K
dK/dt continuous

(dK/dt)/K =sY/K—-&  growth rate of the stock of capital

the accumulation of capital equation per worker

k = K/L
Ink=InK-=InL

(dk/dt)/k = (dK/dt)/K — (dL/dt)/L growth rate of the stock of capital per capita

11
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growth of the active population
L(t) = L, e™
active population grows at the same rate as population
(dL/dt)/L=n
(dk/dt)/k = (dK/dt)/K — (dL/dt)/L
=sY/K-n-=-56
=s.y/k—n-256

dk/dt =s.y — (n + 8).k

12
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growth of the active population
L(t) = L, e™
active population grows at the same rate as population
(dL/dt)/L=n
(dk/dt)/k = (dK/dt)/K — (dL/dt)/L
=sY/K-n-=-56
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dk/dt =s.y — (n + 8).k
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Solow model

y=k*, O<axl production function per capita

dk/dt =s.y—(n + &).k stock of capital variation per capita

dk/dt =s. k*—(n + 8).k

the model addresses the following question:

If an economy has, in some year, the stock of capital per worker k,, the growth rate
of population is n and the stock of capital depreciates at the rate 6, what is the
trend of output per worker in this economy? How does this economy compares to
another one with a different rate of investment?

14



LISBON

SCHOOL OF
ECONOMICS &
MANAGEMENT
UNIVERSIDADE DE LISBOA
s. k¢ actual investment per capita (per worker)
(n + 5).k investment per capita (per worker) that is required

to keep the stock of capital per capita (per worker) constant

when s.k®* > (n + §).k, the economy increases the stock of capital per capita (worker);
capital deepening of the economy;

when s.k® = (n + §).k, when k = k*, the stock of capital K is rising at the growth rate n>0
(the same as that of active population and that of population);

the stock of capital per capita (worker) is not growing (rate of growth = 0)

capital widening of the economy.

The notion of a steady state

15
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THE BASIC SOLOW DIAGRAM

(n+ 8)k

k

Introduction to Economic Growth, 3rd Edition
Copyright © 2013, W.W. Norton & Company
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the dynamic equilibrium in
the Solow model (steady-state)

THE SOLOW DIAGRAM AND THE PRODUCTION FUNCTION
dk/dt=sy—-(n+6).k=0

in the steady state, k = K/L _
remains constant Consumption

sy =(n+08).k
K grows at the same rate as L
K grows at the rate n

capital widening
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comparative statics
AN INCREASE IN THE INVESTMENT RATE AN INCREASE IN POPULATION GROWTH

(n+8)k (N+8)k  (n+d)k
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Solow model: the transition dynamics

TRANSITION DYNAMICS

k/k

n+o

dk/dt = s.k*—(n + 86).k

(dk/dt)/k = s.k*1 = (n + §)

decreasing growth rate
in the transition to steady-state

diminishing returns to
capital accumulation

y =k*

O<acx<l

19
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the steady-state: interpretation and empirical
evidence

s.k®=(n + 8).k

k* = (s/(n + 6))Y/(1-a

V¥ = (5/(n + §)) /-

interpretation:
ecountries with higher savings rate are richer
ecountries with higher population growth rates are poorer

20
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Does the model describe reality?

GDP PER WORKER VERSUS THE INVESTMENT RATE
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GDP PER WORKER VERSUS POPULATION GROWTH RATES
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Solow model with technological progress

Y = F(K, AL)

labour augmenting (or Harrod-neutral) technological progress

Alt) = Agett; r(A)=g

g is the growth rate (constant) of the technology (like “manna from

heaven”)
y=Ke(A)e =>y = Y/L = k*AY® 0<a<1
and, then (taking logs and derivatives):

r(y) = a.r(k) + (1 — a).g

23
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capital accumulation
dK/dt = s.Y — 8.K
— (dK/dt)/K = s.(Y/K) - &

Q: what relation among the growth rates of K, Y, L and A in steady-state?

— growth rate of K is constant < Y/K constant <> y/k constant <> r(y) = r(k)

r(y) =r(k) =g

in the balanced growth path, (steady state), y and k grow at the same rate as
the technology

technological progress is the factor that explains the sustained growth
of GDP per capita.

24
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technological progress in the Solow model

k = K/L k# = K/AL = k/A capital-technology ratio
y=Y/L yv#=Y/AL = y/A output-technology ratio
y* = ke

(dk#/dt)/k* = (dK/dt)/K — (dA/dt)/A — (dL/dt)/L=(s.Y — 6K)/K—g—n
dk#/dt = ((sY - 6.K)/K—g—n).k#¥=(sY/K-6—-g—n). k=
= (s.(Y/AL)/(K/AL) — 6 — g — n).k* = (s.y*/k* - (6 + g + n)). k*

dk*/dt = s.y* - (6 + g + n). k*

25
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THE SOLOW DIAGRAM WITH TECHNOLOGICAL PROGRESS
dk#/dt =0 i
(n+g+0)k
k¥ = (5/(n+g+8)) /- 2/
k# < k#*

investment is higher that the required
to keep the capital-technology ratio, k*
constant

in steady state r(k*) =0
Since k#=k/A, then:
r(k) =r(y)=r(A)=g
(balanced growth path)
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Conclusive remarks

In the steady state:

k#* = (s/(n+g+8))Y/ 1)
y#* = (s/(n+g+5)) @/

v*¥ = A(t) . (s/(n+g+68)) Y-« (since y* = y/A) (remember: y=Y/L; y* = Y/AL)

the GDP per worker, vy, in steady state (that is, in the balanced growth path) is
determined by technology (A(t) and its rate of growth (g), by the investment rate (s)
and by the population growth rate (n).

In steady state the growth rate of the GDP per worker, y, is equal to the growth rate
of technology (g); the growth rate of GDP (Y) is equal to the growth rate of technology
(g) plus the population growth rate (n).

27
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main conclusions/contributions of Solow model
each economy has characteristics that determine its steady state (when the economy
grows at a rate such that the amount of capital per worker will not change over time)

the main characteristics of the economy that determine its steady state are:
investment (= saving) rate, rate of population growth, rate of technological progress

Solow model is a theory of income differences among countries

ecountries may have different steady states;

ecountries (even with the same steady state) may be not at their steady state: in this case,
these economies may have different income levels;

*if an economy has an income level different from its steady state income level, then it
moves into its steady state income level;

Solow model is a theory of relative growth rates

two “similar” countries with the same rate of investment have the same steady state
income level, but may have different income levels (if they are not at their steady state) ; in
this case, the poorer income level country (that more distant to its steady state) grows
faster into its steady state income level: conditional convergence

28
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the Solow model

Harrod-Domar: output growth adjusts to the capital-
output ratio (which is exogenous)

Solow: capital-output ratio is endogenous, and adjusts
to the output growth, which is exogenous (determined
by exogenous factors: population growth and
technological progress)

29



s is true that S=I7?
in a real open economy it is not

I Getting back to normal

Correlation between saving and investment
1.00=perfect correlation

Euro area
............................................................................................................................ RO ARo——————————— T

| 1 1 1 1 1 | 1 ] 1 | 1 | 1 | 1 | 1 1050

1995 96 97 98 99 2000 01 02 03 04 05 06 O7 08 09 10 11 12 13
Source: European Central Bank
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Complementary notes (annex to the lecture)

Question:

What is the effect of a permanent rise of the investment rate on:

*the level of GDP per capita, and on
*the growth rate of GDP per capita?

31
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AN INCREASE IN THE INVESTMENT RATE: TRANSITION
DYNAMICS

n+g+0

SJE(I—1

=1

(dk#/dt)/k* = s.k#e1—(n + g + &)

decreasing growth rate
in the transition to steady-state

diminishing returns to
capital accumulation

32
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THE EFFECT OF AN INCREASE [N INVESTMENT ON

GROWTH
yly the rise of the investment rate
has no effect on the long-run
| growth rate of GDP per capita
|
|
|
|
|
—
g

f# TINE
33
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THE EFFECT OF AN INGREASE IN INVESTMENT ON y

L0Gy

the rise of the investment rate

has positive effect on the long-run

Level level of GDP per capita
effect

l* TIME 34
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Comparing both effects
THE EFFECT OF AN INCREASE IN INVESTMIENT ON
GROWTH

o i
tl* TIME

THE EFFECT OF AN INCREASE IN INVESTMENT ON y

Level
effect

™= TIME

35
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Conclusion: what is crucial in the
Solow model

assumption of diminishing returns to capital: economies that have less
capital per worker (relative to their long-run capital per worker) tend
to have higher rates of return and, then, higher growth rates;

in the Solow model, economic policy may change the growth rate of
GDP per capita but such change is temporary during the process to a
new steady state; they do not have long-run effect on economic

growth;

in the Solow model, economic policy may change the long-run level of
GDP per capita, permanently.

36



