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Instituto Superior de Economia e Gestao

Mathematical Economics
Exam — 14/01/08
Duration: 3h00

NOTE: Answer each group in separate sheets. Justify clearly all answers.

I

1. (2.0) Consider the following functions:

O(u,v) = (u—v,f(uz))
Q(s,t) = (s,5+1),

where fis C? in R

(a) Write the Jacobian Matrices of ® and (2.

(b) Now, consider the composition of the two functions w (u,v) = (€ o @) (u,v). Con-
struct explicitly the function w = (wy, ws).

2. (2.0) Consider the following function
fl)=(@+1)e™

Compute the integral using integration by parts,

/ f (@) da.

3. (2.0) Without using the definition of homogeneity show that the function f (x,y) = %2
is homogeneous and indicate the degree of homogeneity.

11

1. (3.5) Consider the following correspondence () where x is a real number and ¢ (z)
is a set of real numbers.

a) 0<z <1, p)={r+2}

b) z =1, ¢(x) = [0,5]
c) 5>x>1, ¢(x)={r—1}



Can the Theorem of Kakutani be used to assure that the correspondence has a fixed
point? Justify your answer. Now consider that a) and c) remain the same and

b) z =1, ¢(z) = {0,4,5}. Can the Theorem of Kakutani be used to assure that the
correspondence has a fixed point? Justify.

. (3.5) Consider the following excess demand functions in a Walrasian model with two
goods 1 and 2. p; and py are respectively the prices of good 1 and 2.

Zi(p1,p2) = p1—Dp3— apips
2

p
Zy(p1,p2) = 3]7? + p1p2 — p—l
2

(a) Without computing the equilibrium prices, indicate the value of a which guaran-
tees the existence of those prices and explain why.

(b) After answering the previous question, compute the equilibrium prices.

I11

. (2.5) Consider a continuous time version of a two-state Markov process y = My, where

the transition matrix is
—mT1 T
M =
Ty  —T2

(a) solve the differential equation;
(b) let y(0) = (0,1). Solve the initial value problem;

(¢) draw the phase diagram associated to the initial value problem.

for0<m<landO<my <1

. (2.5) Assume that that a consumer has an endowment denoted by W; at time t €
{0,1,...,T}. The horizon T is finite. The endowment evolves over time as W; 1 =
(1 + r)W; — C;, where C; is the amount of the endowment consumed at time ¢ and
r > 0 is a parameter. Assume that Wy = ¢ > 0 and that the consumer wants to have
Wr = ¢. The consumer has a psychological discount factor 0 < § < 1 and a static
logarithmic utility function.

(a) Transform the problem into a calculus of variations problem and determine the
Euler-Lagrange equation.

(b) Solve the problem.Consider a continuous time version of a two-state Markov
process y = My, where the transition matrix is

M:<—7T1 1 )
Ty  —T2

for0<m<landO0O<my <1



(c) solve the differential equation;
(d) let y(0) = (0,1). Solve the initial value problem;

(e) draw the phase diagram associated to the initial value problem.

. (2.0) Assume that that a consumer has an endowment denoted by W; at time t €
{0,1,...,T}. The horizon T is finite. The endowment evolves over time as W; 1 =
(1 + r)W; — C}, where Cy is the amount of the endowment consumed at time ¢ and
r > 0 is a parameter. Assume that Wy = ¢ > 0 and that the consumer wants to have
Wr = ¢. The consumer has a psychological discount factor 0 < § < 1 and a static
logarithmic utility function.

(a) Transform the problem into a calculus of variations problem and determine the
Euler-Lagrange equation.

(b) Solve the problem.
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Instituto Superior de Economia e Gestao

Mathematical Economics
Exam — 30/01/08 Duration: 3h00
NOTE: Answer each group in separate sheets. Justify clearly all answers
I

1. (2,0) Study the definiteness of matrix A:

1 4 -1
A=1|-1 8 3
-1 4 2
2. (2,0) Using the chain rule, compute %, at t =0 for:
5% + 3z 9 ¢
z(t,x,w) = 2—102,1‘@) =t‘+1Lw(t)=e+1.

3. (3,0) Consider the following problem:

min U = 2% + (y — z)?
m?y

st.x—2y=2>

(a) Solve the minimization problem.
(b) Construct the function U*(b) consisting on the maximum value of U for each b.

(c) Compute U*/(b) and relate this value to the Lagrange multiplier. Justify carefully
your answer.

11
1. (8.5) Consider the following two sets A and B of points of R?

A = [01] x [a 5]
B = {(z,y):2* +y* <1}

(“x” means Cartesian product of the two intervals and a is unknown)

(a) Find the set of values of a that assures the existence of a hyperplane separating
A and B. Justify

(b) Choose one value for a and find one of those hyperplanes for that value of a.



2. (3.5) Consider the following correspondence, where ¢(x) are sets corresponding to
each z.

Show that the theorem of Kakutani can be used to assure the existence of a fixed point.
Find a fixed point.

111
1. (2.0) Consider the ode yE = —1 + Ay where A > 0.

(a) Solve the differential equation.

(b) Consider the terminal condition lim; .o, e *y(t) = 0. Solve the terminal value
problem.

2. (2.0) Let y; € R? and consider the planar difference equation y; 1, = Ay; + B for

A= ( 1_/12 1_/12 ) L whereB = (1,0).

(a) Solve the difference equation;

(b) Assume that y; 0 = 3/15 and that lim; o yor = Uy, where 7y, is the steady state
level for 1o;. Determine the solution of the initial-terminal value problem.

3. (2.0) Assume that a consumer has an endowment W (t) at time ¢ € [0,7], where T
is finite. He/she wants to consume it totally until time ¢, such that W(T) = 0. The
endowment accumulates according to the equation W = C(t) — W (t) where r > 0
and is constant. Initially W(0) = ¢ > 0. The consumer has a psychological rate of
time preference p > 0 and a static logarithmic utility function.

(a) Determine the first order conditions from the Pontryiagin’s maximum principle.

(b) Solve the problem.
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Economia Matemadtica
Exame — 07/01/09 Duragao: 2h30

NOTA: Responda a cada grupo em folhas separadas. Justifique claramente todas as
respostas.

Grupo I (5 val)

1. Considere a matriz B = { _13 _22 ] )

(a) (2.0 val.) Calcule a inversa da matriz B.
(b) (3.0 val.) Proceda & diagonalizacio da matrix B. Calcule B2,

Grupo IT (7 val)

1. (4.0 val) Considere a seguinte correspondéncia de [0 5] em [0 5] :

0 £ <2 ¢(z)={z+0,2;2z+0,4}

z = 2 p(z)=[ab]
2 x 2<h plE) ={z—-1}

(2) (2.0 val) Indique. justificando a resposta, dois valores possiveis para a e b que
garantam que a correspondéncia é semicontinua superior em todos os pontos de
[0 5].

(b) (2.0 val) Nesse caso pode ser utilizado o teorema de Kakutani para provar a
existéncia de um ponto fixo? Justifique.
NOTE BEM : O sfmbolo {u; v} representa o conjunto de dois elementos, u e v e
nao o intervalo de extremidades u e v.

2. (3.0 val) Considere um espago R? e os seguintes conjuntos A, B, C e D

A= [13

B = (05)

C = {(z,y) de R* tais que (z —4)*+ (y—3)2 < r}
D = AxB

(a) (1.5 val) Indique um valor de 7 que permita garantir que existe um hiperplano a
separar C de D.



(b) (1.0 val) Indique as razdes que lhe permitem justificar a resposta 4 questao ante-
rior.

(c) (0.5 val) Apresente a equagio de um hiperplano separador.

NOTE BEM: O sfmbolo “x” representa o produto cartesiano de conjuntos e (a b) repre-
senta o intervalo aberto de extremidades a e b.

Grupo III (8 val.)

+ 1. (2.0 val) A taxa de rendimento de uma acgéo, é igual 4 taxa de variacao da sua cotagao,
I : //15/ p, mais o ratio entre o dividendo e a cotagdo , d/p(t). Em equilibrio, com auséncia
- de oportunidades de arbitragem e previsdo perfeita, a taxa de rendimento da acgao

dever4 ser igual & taxa de juro do mercado, r, que se admite constante.” ; .. - = .

(a) Escreva e resolva a equagio diferencial ordinaria para a cotacao da acc¢do. Forneca
uma ilustracao geomeétrica.

(b) Excluem-se bolhas especulativas se se admitir que lim,_.., p(t)e ™ = 0. Qual seria
a expressao para a cotagao, em fungdo de t € [0, 00), se aquela hipétese se verificar
? Interprete os resultados obtidos.

2. (3.0 val) Considere a equagio as diferencas planar Ye+1 = Ay + B, em que

(1 )5 (3).

(a) Resolva a equagao as diferencas (sugestao: Considere separadamente os casos
b=0eb#0).

(b) Desenhe o diagrama de fases.

3. (3.0 val) Admita que um consumidor tem uma dotacdo, cuja quantidade no inicio do
perfodot € {0,1,...,T} é designada por W,, com T finito. A dotagao evolui de acordo
com a equagao Wy = (14 7)W, — C, em que C, é a quantidade consumida ao longo
do periodo t, e 7 > 0 é um pardmetro. Admita que Wy = ¢ > 0 e que o consumidor
pretende ter a dotagdo final Wr = ¢. O consumidor quer determinar uma trajectdria
éptima para para a dotacdo, usando uma funcao de utilidade intertemporalmente adi-
tiva, em que a fungéo de utilidade para o perfodo ¢ é In (C:), e hd um factor de desconto
psicolégico igual a 8 € (0,1).

(a) Exprima o problema como um problema de cdlculo das variaces, e escreva as
condigbes de primeira ordem.

(b) Determine a solugio do problema.



Instituto Superior de Economia e Gestao

Mestrado em Economia Monetdria e Financeira e Mestrado em Economia

Economia Matemdtica
Exame — 27/01/09 Duragao: 2h30

NOTA: Responda a cada grupo em folhas separadas. Justifique claramente

todas as respostas.

Grupo I (5.0 valores)

2

1. (2.0 val.) Considere a fun¢do f(z,y) = % . Suponha que z e y séo funcéo

v
de t: 2(t) = 312, y(t) = In(t). Calcule a derivada .

. (3.0 val.) Determine se a fungdo f(z,y) = z?y é concava ou convexa no
dominio {z > 0,y > 0}.

Grupo II (7.0 valores)

. (4.0 val.) Considere o seguinte intervalo A de R, A = [0 1] e também a
funcao real definida sobre A, f(z) = az/(z+ 1)

(a) (3.0val.) Determine o conjunto de todos os valores de a que permitem
garantir, através da aplicacdo do teorema do ponto fixo de Brouwer,
a existéncia de um ponto fixo de f em A

(b) (1.0 val.) Suponha agora que A= [0 0.5]U[0,7 1] e que a toma
o valor a = 0,5. Continuard a ser aplicdvel o teorema de Brouwer?
Justifique.

. (3.0 val) Sejam os seguintes conjuntos A e B de R?

A = {(z,y):22+3y <1}
B = {(zy):(z-1)*+@y-17*<1}

Diga, justificando, se podemos usar o Teorema do Hiperplano Separador
para provar a existéncia de um hiperplano a separar A de B,

Grupo III (8.0 valores)

. (3.0 val.) Considere a equagao diferencial ordindria planar § = Ay + B,

em que
-3 2 1

(a) Determine a solugao da equacao diferencial.
(b) Desenhe o diagrama de fases e discuta o resultado obtido.
(c) Seja y(0) = (0,0). Resolva o problema de valor inicial.



2. (2.0 val.) Considere a equagao as diferencas yi+1 = —3/2y, —1/2.

(a) Determine a sua solugdo e caracterize-a.

(b) Seja yg = 0. Resolva o problema de valor inicial. Desenhe o diagrama
das iteragoes (iteration map).

3. (2.0 val.) Admita que um consumidor tem um recurso, cuja quantidade
no infcio do perfodo t € {0,1,...,00} é designada por W;. A dotagio
¢ consumida na quantidade C, ao longo do perfodo t. A dotagdo inicial
¢ Wy = ¢ > 0. O consumidor quer determinar uma trajectéria 6ptima
para a dotagao, que se admite assumir valores ndo negativos assintoti-
camente, usando um funcdo de utilidade intertemporalmente aditiva, em
que a fungao de utilidade para o perfodo t é isoeldstica, 1—_’—0(0,)“", com
¢ > 0 e um factor de desconto psicolégico igual a 3 € (0,1).

(a) Exprima o problema como um problema de controle 6ptimo e escreva
as condigoes de 6ptimo de primeira ordem segundo o principio de
Pontryagin’s.

(b) Determine a solugao do problema.



Exame da Epoca Normal 2009/2010
Economia Matematica
Mestrado em Economia Monetaria e Financeira,

Duragao: 2h30

Responda a cada grupo em folhas de ponto separadas. Nao sao permitidas
calculadoras gréficas, nem telemoéveis.

Bom Trabalho

Grupo 1
1. (4 valores) Seja f: R™ — R dada por:
F(ar,w3) = log (¢525)
com « > 0.

(a) (1 valor) Como se define, sem recurso a diferenciabilidade, uma funcao
concava?

(b) (3 valores) Mostre que a fungdo f é concava.
2. (3 valores) Determine o méaximo e o minimo de f(z,y) = 22 —%? no circulo
unitério, 2 + y? = 1,usando o método de Lagrange. Resolva o mesmo

problema usando o método de substituicdo. Obtém os mesmos resultados?
Porqué, ou porque nao?

Grupo 11

1. (3,5 valores) Considere a seguinte correspondéncia ¢ definida em S = [2
10)]CR:

A

2 < z<bp(z)={z+2}
x = byp(x)=I[abdlU]|c§
5 < z<10p(z)=[xr—3z—1]
(a) (3 valores) Indique trés valores, um para cada um dos nimeros a,

b e ¢, que permitam aplicar o teorema do ponto fixo de Kakutani .
Justifique.

(b) (0,5 valores) No caso anterior, calcule um ponto fixo.

2. (3,5 valores) Considere os seguintes conjuntos A e B de R%:

A = [02]U(ad] x]13
B = {(z,y) €eR*:y>b—ux}

(o sfmbolo “x” representa o produto cartesiano de conjuntos)



(a) (3 valores) Indique o menor valor de a e um valor para b que permitam
garantir que existe uma recta a separar os conjuntos A e B. Justifique.

(b) (0,5 valores) No caso anterior, apresente a equacdo de uma dessas
rectas.

Grupo IIT
1. (1 valor) Considere a equagao y;11 = ay; — 1, para a > 0.
(a) (0,5 valores) Determine a solugdo da equagdo as diferengas para os

diferentes valores de a.

(b) (0,5 valores) Admita a condi¢ao terminal lim;, . o 'y, = 0. Dis-
cuta a existéncia e unicidade de solugoes para o problema de valor
terminal. Determine a solugao do problema, caso exista.

2. (2 valores) Considere a equagao planar

kt+1 = (1—|—Ol)kt —Oéht—FC—F(l —’Y)kt
hiyi = —Bki+ (1 +B)ht +c+ (1 —7)ht

emquec>0,7v>0,0<a<lel<p<l.

(a) (1 valor) Faga uma representacido matricial e determine os valores
préprios da matriz dos coeficientes de (k¢, hy).

(b) (1 valor) Obtenha o diagrama de bifurcagdo no espago (v, + f3),
indicando os tipos de diagramas de fases que poderao existir.

3. (3 valores) Considere o problema de controle 6ptimo: maxg,} Zf:o Yt —
(2 — ug)? sujeito a ypp1 = 1/2(ys —ug) e a yo =0 e yg = 45/2.

(a) (1 valor) Escreva as condigoes de primeira ordem segundo o principio
de Pontriyagin.

(b) (2 valores) Resolva o problema, ou seja, obtenha as sequéncias éptimas
{yi Hio e {ui Yo



Exame da Epoca de Recurso 2009/2010
Economia Matemética
Mestrado em Economia Monetéria e Financeira

Duragdo: 2h30

Responda a cada grupo em folhas de ponto separadas. Exames que

nao respeitam esta condigdo ndo serdo corrigidos. Nio sio permitidas
calculadoras gréaficas, nem teleméveis.
Bom Trabalho!
Grupo I
1. (4 valores) Considere o problema de maximizagao:

n;a.xf(:r,y) =z3+4° sa. z+y=1
ly

(a) (2 valores) Mostre que o problema nao tem solugio e discuta este
resultado a luz do Teorema de Weierstrass.

(b) (2 valores) Mostre que, se 0 Metodo de Lagrange fosse utilizado,
os pontos criticos da Lagrangeana teriam uma solugio iinica. De-
termine se este ponto seria um méximo ou um minimo global.

2. (3 valores) Considere o seguinte problema de minimizagao:

min(z — 1)® + (y — 2)?, s.a.
zy

4 > 2y+z,
20 > 3y+ 10z,
z,y 2 0

Verifique que no 6ptimo existe apenas uma restrigao activa, nomeada-
mente a primeira.



Grupo II

1. (3,5 valores) Considere uma economia competitiva em que se trocam
dois bens, 1 e 2 e para os quais se conhecem as respectivas fungoes de
procura (D;) e oferta (S;):

Bem 1:

Dy = py—pips
S1 = opip}—pi+mips

Bem 2:

Dy = pi—pipa—p1
Sy = 3pips—p?

(a) (2 valores). Determine o valor de a que permite calcular o vector
de precos de equilibrio.

(b) (1,5 valores) Verifique que, para esse valor, p; = 0,842 e p2 =
0,158 sao, aproximadamente, pregos de equilibrio e calcule o valor
do erro de aproximagdo para cada um dos mercados.

2. (3,5 valores) Considere a seguinte correspondéncia @ definida no inter-
valo [0,5 2] de R:

05 < z<1, ¢(z)={1,52}
z = 1, ¢()=1a
1 < 222, p(z)=[xz-05 z-—04]

(a) (3 valores) Indique um valor para a e outro para b que permitam
aplicar o Teorema de Kakutani para provar a existéncia de um
ponto fixo da correspondéncia.

(b) (0,5 valores) Com esses valores, calcule um ponto fixo.



Grupo III
1. (1 valor) Considere a equagdo yi+1 = —1/2y; + 3/2.

(a) (0,5 valor) Determine a solugio da equacdo as diferencas e caracterize-
a.

(b) (0,5 valor) Seja yo = —1. Resolva o problema de valor inicial.
Desenhe o diagrama das iteragdes (iteration map).

2. (2 valores) Considere a equacio as diferencas planar Yi+1 = Ay, em
que
01
A= (23)

(a) (1,5 valores) Determine a solugio da equagao as diferengas. Caracterize-
a qualitativamente.

(b) (0,5 valor) Suponha que yp = (1,-1)T. Obtenha a solugéo do
problema de valor inicial.

3. (3 valores) Considere o seguinte problema de investimento éptimo para
uma empresa: determinagao da sequéncia de investimento, {I;}$2,,
que maximiza o funcional objectivo 3 72 (1 + r)~*m;, onde r > 0 &
taxa de juro de mercado. O cash flow no perfodo t é denotado por
T = AK; — I;(1 + £I.), em que K, representa o stock de capital,
e A > 0ef > 0 sao parametros de produtividade e de custo de
investimento, respectivamente. O problema tem como restricoes, a
equagao de acumulagdo do stock de capital K13 = I; + (1 — §) K}, em
que § € [0,1) é a taxa de depreciacdo do capital, e o stock de capital
inicial é dado por Ko = ¢ > 0. Suponha que A > r + 4.

(a) (1 valor) Exprima o problema como um problema de célculo de
variagGes e determine as condigdes de primeira ordem de éptimo.

(b) (2 valores) Determine a solugdo do problema como uma funcédo
explicita para K;. Justifique e forneca uma intuicdo econémica
para a solugdo que obteve.
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Economia Matemdtica
Ano Lectivo de 2010/2011 — Exame da Epoca Normal
Duracao: 2h30

Antes de iniciar o teste, tenha em ateng@o os seguintes aspectos:

e Nao é permitida a consulta de qualquer material de apoio, nem de calcu-
ladoras gréficas;

e Desligue e arrume o telemével;

e Responda a cada um dos 3 grupos de questoes em folhas separadas e
correctamente identificadas;

e Apresente todos os cdlculos que efectuar e ndo apenas os resultados finais;

e Justifique todas as suas respostas

Grupo 1

1. (6,5 valores) Seja W(x,y,y) a fungdo que representa a relagdo entre a
producao de z, y e z e o bem estar social. O objectivo deste problema é
obter o bem estar social méximo dadas as restri¢oes existentes na economia
para a produgao de z, y e z. Nomeadamente:

max W(z,y,z) = alogz+blogy+ clogz, s.a.

z,Y,z

2z +y + 3z <600
x4+ 2y + z < 550
1 < z,1<yel<z

Sendo os parametros a, b, ¢ > 0.

(a) (0,5 valor) Defina as fungoes h;(x,y, 2),i = 1,..5 que representam as
restrigoes deste problema para que o Teorema de Kuhn-Tucker possa
ser utilizado.

(b) (2 valores) Seja o conjunto D definido por
D ={(z,y,2) : hi(z,y,2) >0 ,i=1,.,5}.

i. O conjunto D é compacto? Justifique.

ii. A funcdo W tem um méaximo no conjunto D? E um minimo?
Justifique.



(¢) (1 valor) Escreva as condigbes de primeira ordem do teorema de
Kuhn-Tucker que tém de ser resolvidas para que se obtenha um ponto
de méximo de W no conjunto definido pelas restrigoes.

(d) (1 valor) Escreva as condigoes de complementariedade do Teorema
de Kuhn-Tucker deste problema.

(e) (2 valores) Suponha que o ponto éptimo do problema ocorre quando
(%, v, z) = (50, 200, 100). Mostre que o teorema de Kuhn-Tucker se
pode aplicar neste caso.

Grupo II

1. (2,5 valores) Considere a seguinte economia de troca em que existem sé
dois bens:1 e 2. As fungoes de oferta (S) e procura (D) de cada bem séo,
respectivamente:

Para o bem 1:

Si = A4pip3 — pig(p2)
Dy = 4pip3 — 3pips
Para o bem 2:
Sy = —pip2+pipe
Dy = —pips+3p}

Encontre a expressao analitica da funcdo g(p2) que permite garantir a
existéncia de um vector de precos de equilibrio de Walras e calcule esse
vector.

2. (4 valores) Seja a seguinte correspondéncia:

p:[0 1]—201

@2 Para 0 <z <0,5
e(x) =14 [a b], Paraxz=0,5
ﬁ,ParaO,5<x§l

Indique o maior valor de a e o menor valor de b que permitem garantir a
existéncia de um ponto fixo através do teorema de Kakutani. Determine
esse ponto e prove que, neste exercicio, ele é unico.

Grupo III

1. Considere uma economia descrita pelas seguintes equagoes: (1) uma fungao
de producao Y; = AKy, em que Y; é produgdo, K; ¢é o stock de capital e A
¢ um parametro de produtividade; (2) uma fungdo poupanga Keynesiana,
Sy = sY;, em que 0 < s < 1 é a propensdo marginal a poupar; (3) uma
fungdo investimento, I; = Ky11 — (1 —§) Kt em que 0 < 6 < 1 é a taxa de
depreciagao do capital; e (4) a equagao de equilibrio S; = I;. Admita que
o nivel inicial do stock de capital, Ky > 0, é conhecido.



(a) Obtenha uma equagdo as diferencas escalar em Kj.
(b) Resolva o problema de valor inicial associado.

(c) Caracterize a solu¢ao. Faga uma representagdo geométrica.

2. Considere a equagao as diferencas planar y;11 = Ay; com

A(l 0>,O<a<1
-1 a

(a) Determine a solugdo geral da equagdo planar

(b) Desenhe o diagrama de fases. Comente os resultados obtidos.

T
3. Considere o problema de célculo das variagoes max,, tho — (Yer1 — 2y,5)2
com yo =1 e limy_,o y = 0.

(a) Obtenha a condi¢do de Euler-Lagrange;
(b) Obtenha a solugéo do problema.
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Economia Matematica
Ano Lectivo de 2010/2011 — Exame da Epoca de Recurso
Duragao: 2h30

Antes de iniciar o teste, tenha em atencao os seguintes aspectos:

e Nao ¢ permitida a consulta de qualquer material de apoio, nem de
calculadoras gréficas;

e Desligue e arrume o telemoével;

e Responda a cada um dos 3 grupos de questoes em folhas separadas e
correctamente identificadas;

e Apresente todos os cédlculos que efectuar e nao apenas os resultados
finais;

e Justifique todas as suas respostas

Grupo 1

1. (6,5 valores) Considere a fungao

. xHy
f(xvy)_1+x2+y2

definida em R% = {(z,y) : 2,y > 0}.

(a) (1,5 valor) Determine o(s) ponto(s) criticos da fungao no interior
do dominio definido. (dica: no éptimo, teremos x* = y*)

(b) (0,5 valor) Determine o(s) ponto(s) critico(s) da funcgao g(z) =
f(x,0), z > 0, i.e.a0 longo da fronteira y = 0. Classifique o(s)
ponto(s) critico(s) de g (z).

(¢) (0,5 valor) Determine e classifique o(s) ponto(s) critico(s) de h(y)
f(0,y), y > 0., i.e.ao longo da fronteira x = 0. Classifique o(s)
ponto(s) critico(s) de h (y).

(d) (1,5 valores) Compare as solugoes obtidas em b, ¢ e d em termos
do valor da fungao. Analise ainda o ponto f(0,0). Explique a
necessidade desta andlise.



(e) (3,0 valores) Considere agora o seguinte problema:

=~

max f (z,y) sa. x>0,y >0ex+y <
w7y

i. (1,0 valor) Apresente as condigoes de primeira ordem e de
complementariedade do teorema de Kuhn-Tucker aplicado a
este problema.

ii. (1,5 valor) Verifique se existe uma solugao em que apenas a
restriccao z + y < % ¢é activa.

Grupo 11

1. (2,5 valores) Considere a seguinte economia de troca em que existem
86 dois bens:1 e 2. As fungoes de oferta (S) e procura (D) de cada
bem sao, respectivamente:

Para o bem 1:

S1 = f(p1,p2) +p19(p1,p2)
D1 = f(p1,p2) + 2p1p2
Para o bem 2:
Sy = h(p1,p2) + 2p}
Dy = h(p1,p2) +p1

Encontre as condigoes que permitem garantir a existéncia de um vector
de precos de equilibrio de Walras e calcule esse vector.

2. (4 valores) Seja um espaco R? e os seguintes conjuntos do espaco:
A = {(wy) eR:a? 42 < 1),
B = [0,5 1,5] x[0,5 1,5]
em que X é o simbolo de produto cartesiano de conjuntos, e
C={(z,y) eR? : k—y<x}.
Considere ainda o conjunto
D=ANBRB

Indique, caso exista, um valor de k, que seja menor que 2 e que permita
garantir a existéncia de um hiperplano a separar D e C. Justifique
detalhadamente.

Sugestao: represente graficamente os conjuntos envolvidos.



Grupo III
1. (1,5 valores) Considere a equagao yp+1 = —%yt + 2.

(a) (0,5 valor) Determine a solugao da equagao as diferengas.
(b) (0,5 valor) Desenhe o gréfico de iteragoes.

(¢) (0,5 valor) Admita a condigao terminal lim;, . ¢y = ¥ em que
Yy ¢é o equilibrio estacionario. Discuta a existéncia e unicidade de
solucoes para o problema de valor terminal. Determine a solucao
do problema, caso exista.

2. (2 valores) Considere a equacao as diferencas planar y;+1 = Ay em

que
_(4/3 0
=% )
(a) (1 valor) Determine a solugao da equagao as diferencas.

(b) (1 valor) Desenhe o diagrama de fases e caracterize o comporta-
mento dindmico do modelo.

3. (3,5 valores) Seja o problema do consumidor com a funcao objectivo

-0

o
tCt o .
max E B*———, sujeito a,
Ci =0 l—0

Wt+1 = (]‘ - 6)Wt - Ctv WO = ¢ > 07 tlgrn Wiy >0

Suponhaquea>0,<B<1eO<5<leque,8%<(1—6)1_1/0.

(a) (1 valor) Escreva as condigoes de primeira ordem segundo o principio
de Pontriyagin. Represente o sistema candnico como uma equagao
as diferengas planar em (C; W).

(b) (2,5 valores) Resolva o problema, ou seja, obtenha as sequéncias
éptimas {W;};2, e {Cf};2,. Comente os resultados obtidos.
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EXAME DE EPOCA NORMAL
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Duracdo mdxima: 2 horas

Resolva cada parte do exame numa folha separada

PARTE 1

(1) Suponha uma economia em que se trocam dois bens (bem 1 e bem
2) com, respectivamente, as seguintes fungoes de procura e oferta
dependentes dos precos:

Bem 1

Dy =alp1/p) 2 +p2  S1=—pipd+p?
Bem 2

Do =bpi(p1/p2)/? +p2 So=pa+ pipa.

Sabendo que a—b = 0, 8, calcule os valores de a e de b que permitem,
a priori, garantir que existe um vector de precos de equilibrio no

sentido de Walras. (2 valores)

(2) Considere um mercado onde existem n agentes ligados em rede e em
que cada agente comunica com todos os outros, seja directamente
seja indirectamente (isto é, através de outro agente). Se cada agente
comunica com outro, esse outro comunica com o primeiro. Se um
agente ¢ comunica directamente com um outro agente j diz-se que
deu um passo na comunicacao. Por convencao, o nimero de passos
de i para ¢ € 0.

(a) Prove que a funcao d(i,j) = N, sendo N o nidmero minimo
de passos que o agente ¢ d4 para comunicar com o agente j, é
uma distancia definida no conjunto de todos os pares (i, j) para
todos os agentes i e j. (2 valores)

(b) Se a rede ¢ tal que cada agente s6 comunica directamente com
cinco outros agentes, diga quais sao os elementos de cada esfera

aberta de raio 2 e centro em cada agente i. (1 valor)
1



PARTE II
(1) Considere o seguinte problema:
max f(z,y) = 2z + 3y>
sujeito a x + 2y < 11
z,y >0
(a) Enuncie o teorema de Weierstrass e explique se esse teorema
pode ser usado na resolugao do problema. (1 valor)

(b) Resolva o prolema utilizando o teorema de Kuhn-Tucker. Expli-

cite claramente o seu raciocinio e todos os passos que efectuar.

(4 valores)

PARTE III
(1) Considere a equagao diferencial

=z —a°.

(a) Encontre todos os seus pontos de equilibrio. (3 valor)
(b) Determine se cada ponto de equilibrio é estavel, asimptotica-
mente estdvel ou instdvel. (1 valor)

(c¢) Desenhe o retrato de fases da equagao. (% valor)

A:(g ;).

a) Calcule a forma normal de Jordan J de A. (1 valor)

(2) Considere a matriz

(a)
b) Determine a matriz exponential e*’/. (3 valor
2
(c) Desenhe o retrato de fases da equagao linear § = Jy. (1 valor)
(d) Encontre os pontos de equilibrio de & = Az, e determine a sua
estabilidade. (3 valor)



PARTE IV

(1) Considere o problema de um agente cujo objectivo é maximizar a
utilidade total descontada obtida a partir do seu consumo durante
o intervalo de tempo [0,T]. Seja K(t) o capital acumulado por esse
agente no instante ¢t € [0,7] e C(t) o seu consumo nesse mesmo
instante de tempo. Suponha que:

e 0 horizonte temporal 7' > 0 é finito,
e 0 agente tem um capital acumulado inicial K(0) = Ko,
e o capital acumulado por esse agente satisfaz a equacao diferen-
cial
K(t) = K() - C(t) ,
e as preferéncias do agente relativamente ao consumo sao descri-

tas pelo funcional

T
JICw)] = /0 2exp(—t)/C@) dt .

Justifique convenientemente a sua resposta as seguintes questoes.
(a) Represente o problema descrito acima como um problema de
célculo de variagoes. (1 valor)
(b) Determine uma condi¢ao necesséaria para a existéncia de uma
solucdo C? para o problema da alinea (a). (2 valores)
(c) Assuma que existe uma solucio C? para a condicio obtida na
alinea (b). Mostre que tal solugdo é um maximizante do pro-

blema de célculo de variagoes da alinea (a). (2 valores)
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Resolva cada parte do exame numa folha separada

PARTE 1

(1) Considere a seguinte correspondéncia definida no intervalo [0 4]:

0<z<1l o) = {227}

r=1 ©(1) =[0,5m) U]l 2]
l<z<4d o) ={Vr}
r=1  p(4)=[13

(a) Determine o conjunto de todos os valores de m que permitem

que se verifiquem as condigoes do teorema do ponto fixo de

Kakutani e mostre que estao também reunidas todas as outras

condigoes. (2 valores)

(b) Escolha um dos valores de m e calcule todos os pontos fixos da

correspondéncia. (1 valor)

(2) Considere uma economia em que se produzem n bens.

Os vectores X dos bens procurados satisfazem a condicao X >

A em que A é um vector nao negativo. Os vectores Y dos bens

produzidos satisfazem a condicdo 0 <Y < B em que 0 é o vector

nulo, B é um vector nao negativo e A > B. Existe pelo menos uma

componente ¢ de B, b; tal que b; < a;.

Mostre que existe um vector de pregos nao negativo tal que, com

esses precos, o valor total das quantidades produzidas nunca é supe-

rior ao valor total das quantidades procuradas, quaisquer que sejam

as quantidades produzidas e procuradas. (2 valores)

(Sugestao: para demonstrar que o vector de pregos é nao nega-

tivo proceda por absurdo, supondo que o preco de um dos bens é

negativo).



PARTE II

(1) Utilizando o teorema de Kuhn-Tucker, resolva o problema seguinte.

Explicite claramente o seu raciocinio e todos os passos que efectuar.
max f(z,y) =z +y
sujeito a 2x +y < 8
z,y >0

(5 valores)

PARTE III

(1) Considere a equagao as diferencas:
Tnt1 = 4xp(1 — xp).

(a) Encontre todos seus pontos fixos. (% valor)

(b) Determine se cada ponto fixo é estavel, asimptoticamente estavel
ou instével. (1 valor)

(c) Trace os stair-step diagrams com quatro iteragoes e condigoes

iniciais: 29 = —1 e z9 = 0,25. (3 valor)

=200

a) Calcule a forma normal de Jordan J de A. (1 valor)

(2) Considere a matriz

(a)
b) Determine a matriz exponential e*/. (1 valor
2
(c) Desenhe o retrato de fases da equacgao linear y = Jy. (1 valor)
(d) Encontre os pontos de equilibrio de # = Az, e determine a sua
estabilidade. (3 valor)



PARTE IV

(1) Considere o problema de um agente cujo objectivo é maximizar a
utilidade total descontada obtida a partir do seu consumo durante
o intervalo de tempo [0,T]. Seja K(t) o capital acumulado por esse
agente no instante ¢t € [0,7] e C(t) o seu consumo nesse mesmo
instante de tempo. Suponha que:

e 0 horizonte temporal 7' > 0 é finito,
e 0 agente tem um capital acumulado inicial K(0) = Ky e quer
atingir o horizonte temporal T' com um capital acumulado nulo,

e o capital acumulado pelo agente satisfaz a equacao diferencial

e as preferéncias do agente relativamente ao consumo sao descri-

tas pelo funcional

T
JICW)] = /0 2exp(—t)/C(0) dt .

Justifique convenientemente a sua resposta as seguintes questoes.

(a) Represente o problema descrito acima como um problema de
controlo 6ptimo. (1 valor)

(b) Utilize o principio do maximo de Pontryagin para caracterizar
o par éptimo para o problema da alinea (a). (2 valores)

(c) Utilize a condi¢do do méximo obtida na alinea anterior para
determinar o consumo 6ptimo em fungdo da varidvel de estado
e da varidvel adjunta. (1 valor)

(d) Assuma que existe uma solugao para o sistema Hamiltoniano
alargado obtido na alinea (b). Mostre que tal solugao determina

um maximizante para o problema de controlo éptimo da alinea

(a). (1 valor)
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Universidade Técnica de Lisboa — ISEG

Economics Departament
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FIRST EXAM
8 January 2013
Mazimum time length: 2 hours

Solve each part of the exam on a separable sheet

PART I
Consider an exchange economy with two goods, 1 and 2 and the
following demand (D;) and supply (S;) functions with normalized
prices p; +p2 =1,
Dy =(p) 'pat+kpipe  S1=2p1+pipo
Dy = 2pi(p2) " Sy = 3pip2 + 1.
Find the value of k£ as a function of ps for which we can be sure of

the existence of equilibrium prices. (2 points)

Let A and B be two sets of R? such that A = C N D with
C={(z,y):y=20+1}, D={(z,y): 2" +y* <4}

and B = [2 3] x [5 8] where x denotes the “Cartesian product”. Is
there at least a hyperplane separating A and B? Why? Find one
such hyperplane. (3 points)



PART II
(1) Consider the following problem:
max f(x,y) = (22 +y)*
such that 22 +y < 16
z,y >0

(a) State the Weierstrass theorem and explain whether it can be
used to help solve the problem above. (1 point)
(b) Solve the problem above using the Kuhn-Tucker theorem. Ex-

plain carefully all the steps in your reasoning. (4 points)



PART III
(1) Suppose that 1 < A < 3, and let F(z) = Az(1 — z). Consider the

difference equation
Tnt1 = F(zp).

(a) Compute the fixed points of F' and plot them on the graph of
F'. (0.5 points)

(b) Determine the stability of the fixed points. (1 point)

(c) Pick a point z¢ in the interval (0,1) and let z,, be the solution
of the difference equation above with initial condition xg. Does

the sequence x,, converge? if the answer is positive, what is its

limit? Justify your answers. (1 point)
(2) Consider the matrix

A:(_OQ ;).

(a) Compute the Jordan Normal Form J of A. (0.5 points)

(b) Compute the exponential matrix e*/. (1 point)

(c) Sketch the phase portrait of the linear equation y = Jy. (1
point)



PART IV

(1) A firm wants to maximise the present value of its cash-flow selecting

the optimal path of investment I = {It}tT:_O1 by solving the problem:

T-1 t
1 .
max ; <1—|—7“> (pKt — (It)Q) subject to Kyy1 =1 — K,

and Kg = ¢ > 0 is given, where K; is the stock of capital. The

interest rate r and the output price p are positive parameters.

(a) Transform into a calculus of variations problem and determine
the first order conditions. (1 point)

(b) Solve the problem®. (2.5 points)

(2) Consider the problem for an agent that wants to find the optimal
path of consumption, (C(t))sc[0,00), and financial wealth, (W (t))¢c(o,00)>
by solving the problem:

o () .
mCax/ <B - Ce<> e Pldt, subject to W =Y +rW(t) — C(t)
0

given W(0) = Wy and limy_o, e "W (t) > 0.

(a) Write the Hamilton Jacobi Bellman (HJB) equation. (1 point)

(b) Determine the optimal policy function and find the equivalent
HJB equation. (0.5 points)

IThe general solution for the equation z¢42 = (14 a)zey1 —axe +bis z = k1 + koal +

b((1 = a)t = b)/((a = 1)%).
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SECOND EXAM
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Answer each part in separate sheets

PART I
Let
frae— f(x) =04 (2? — 22+ 1)
be a real function of real variable with domain S = [0 1]. Knowing
that any closed subset of a complete metric space is a complete
metric space prove that there is one and only one fixed-point of f

belonging to the set S. (2.5 points)

Consider the following correspondence defined on the interval [0 2]
of R:

0<z<l1 o(z) =[r+0.1 z+0.3]
1<z<1lb o(x) =10.6 k]
1.5<x<2 o) =z —1 z]
Find the smallest value of k for which we can use the Kakutani

theorem to prove the existence of at least one fixed-point of the

correspondence. Find one fixed-point. (2.5 points)



PART II
(1) Consider the following problem:

max f(z,y) = [10 — (z + y)|(x + y) — az — (y + ¢°)
such that =,y > 0

where a is a positive parameter.
(a) Solve the problem using the Kuhn-Tucker theorem. Explain
carefully all the steps in your reasoning. (4.5 points)
(b) What economic decision making problem can the problem above

represent? (0.5 points)



PART III

(1) Take your pocket calculator and perform the following experiment.
Type any positive number xy > 0 you like, and then press the button
V- Of course, you get /zq. If you keep pressing /> you will obtain
a sequence of positive numbers g, 1, 2, .... Does the sequence x,,
for n =0,1,2,... have a limit? what is its value? Now, repeat the
experiment with a different zg. What do you get? Try to explain
the outcome of your experiment by studying the difference equation
Tpy1 = F(x,) with F(z) = /x and the initial condition x.

(a) Why does the sequence x,, have a limit? (1 point)

(b) Compute the value of the limit. (0.5 points)

(c) Explain why the limit does not depend on the choice of xg. (1
point)

(2) Consider the matrix

a= (271
2 4
(a) Compute the Jordan Normal Form J of A. (0.5 points)
(b) Compute the exponential matrix e*/. (1 point)

(c) Sketch the phase portrait of the linear equation y = Jy. (1
point)



PART IV

(1) Consider the following endogenous growth model:

oo 1 .
max/ C(t)'=7e Ptdt, subject to K =Y (t) — C(t)
C 0 1—0

together with K(0) = Ky given and lim; .., e 4*K(t) > 0. The
production function is linear Y (t) = AK(t) and the parameters ve-
rify: p> 0,0 >1and A > 0.
(a) Write the first order conditions according to the maximum prin-
ciple of Pontriyagin. (2 points)
(b) Solve the problem!. Under which conditions the solution dis-
plays unbounded growth? (2 points)

(2) Consider the problem for an agent who wants to find the opti-
mal path of consumption, {C;}?°,, and financial wealth, {W;}$2,

. T-1 ~CG\ .
by solving the problem: maxc ), | B—Ce < | 8" subject to

Wt+1 — Wt = ’I”Wt — Ct, given W(O) = Wo.
(a) Write the Hamilton-Jacobi-Bellman equation. (0.5 points)
(b) Determine the optimal policy function. (0.5 points)

1Auxiliary results: the solution of differential equation & = Az(t) + f(t) is
t
x(t) = ke +/ ) f(s)ds
0

where k is an arbitrary constant.
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FIRST EXAM
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Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I

Consider the following function f: R — R with f(z) = K2? + M,
K > 0. Using the Banach fixed point theorem find one value for K
and one value for M such that when K and M take those values
the equation Kx? — 2+ M = 0 has one and only one solution in the
interval [1 2]. (2.5 points)

Consider a Walras economy where two commodities, 1 and 2 are
traded and the respective demand (D;, i = 1, 2) and supply functions
(Si, 1 =1,2) are

/2 /2

1 1
Dy = apips + p1py S1 = a*p1p3 + pipy

Dy =o’pipa+pips Sz =pip2+0.5p
Prices are normalized by the condition p; + p2 = 1. Find the value
of o as a function of prices that ensures the existence of a vector of

equilibrium prices and calculate those prices. (2.5 points)



PART II
(1) Let A= {(z,9,2) € R3: zyz > 0} and f: A — R given by
f(z,y,2) = In(zyz).
Consider the set
D= {(z,y,2) ER*: 2 +¢y* + 2° > 1}.

(a) Find the local extreme points of f. (1 point)

(b) Find and classify the local extreme points of f on the boundary
of D. (2 points)

(c) Find the local and global extreme points of f on D. (2 points)



PART III
2 3

(1) Consider the differential equation & = 2= — x°.
(a) Plot the graph of f(z) = 2?23, and find the equilibrium points
of the equation. (1 point)
(b) Determine the stability of each equilibrium point (0.5 points)
(c) Let z(t, zp) be the solution of the equation with initial condition
xo. Compute

tlg-noo x(t’ l‘o)

for i) g = —1, ii) o = 1/2 and iii) 9 = 2. (1 point)

(2) Consider the planar linear differential equation

i = Az, A:<5 _4),
4 -5
2 1

= Pz, P = .

(a) Derive the differential equation § = Jy, and compute explicitly

and let

the matrix J. (1 point)

(b) Compute the general solution of § = Jy. (0.5 points)

(c) Use the answer to part (b) to derive the general solution of
& = Az. (1 point)



PART IV

(1) Consider the calculus of variations problem:

T-1
max ) —(yer1 — 4 — 1), subject toyo =1, yr = 1+ T
Yi=0 =0

for ' > 0 and finite.
(a) Write the first order conditions (0.5 points).
(b) Solve the problem (1.5 points).

(2) A representative consumer wants to maximize the intertemporal uti-
lity functional [;°e™#In (C(t))dt, where p > 0, by using consump-
tion C(-) as a control variable. She/he has initial wealth A(0) = A,
and the instantaneous budget constraint is A(t) = (1 — 7)(Y +
rA(t)) — C(t), where income Y is constant and positive, and the
income tax rate verifies 0 < 7 < 1. The non-Ponzi game condition
limy 00 e "t A(t) > 0 holds.

(a) Write the first order optimality conditions from the Pontryagin’s
maximum principle. (0.75 points)

(b) Solve the problem, and supply an intuition for your results.
(2.25 points)
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Solve each part of the exam on a separate sheet

PART I
(1) Consider the following correspondence defined on the interval [0 3]
0<z<1 o(r) ={1.5 -z}
1<x<2 o(z) = [0.52 0.7z]
2<z<3 o(x) ={3 -z}

Verify if the conditions of the Kakutani theorem are met and calcu-

late the fixed points of the correspondence (if any). (3.5 points)

(2) Consider the three subsets of R%:
A=BncC
B=101] x[13]
C={x=(r1,22) € R?: 29 = 22 + 1}
D=[051] x [1 1.5]

Verify if the conditions of the separating hyperplane theorem for the
sets A and D are met and independently of this being the case, say
if there is a hyperplane separating A from D. (1.5 points)



PART II
(1) Let f: R® — R given by
f(@y,2) = y(@® +y° + 2°%)

and

11 V2
2 2 (-

o- {(ll,y,Z) €R3: x2+5y:7721:7

(a) Find and classify the local extreme points of f. (2 points)
(b) Find and classify the local extreme points of f on D. (3 points)



PART III
(1) Consider the difference equation z,,+1 = F(x,) with F(z) = 22.
(a) Plot the graph of F. (1 point)
(b) Find the fixed points of F' and determine their stability. (0.5
points)

(¢) Compute limy, 400z, for every 0 < zp < 1. Explain your
answer. (1 point)
(2) Consider the matrix
1 1
A= .
-1 -3
(a) Compute the Jordan Normal Form J for A. (0.5 points)
(b) Compute the exponential matrix e*/. (1 point)

(c¢) Find the general solution of y = Jy, and sketch its phase por-
trait. (1 point)



(1)

PART IV

Consider the calculus of variations problem:

T
m(a)x/ — (y(t) — y(t))* dt, subject to y(0) =1
y() Jo

for T finite and known.
(a) Write the first order conditions (1 point).
(b) Solve the problem (1 point).

Find the optimal investment sequence, {I;}]_,, that maximizes the
value functional

T t
3 (1) (bK — L1+ (1/2)1,))

= 1+r

where K is the capital stock, » > 0 is the market interest rate, and
p > 0 is a productivity parameter. The restrictions of the problem
are: the accumulation equation is Ky+1 = Iy + (1 — §) Ky, where 6
is the rate of depreciation of capital, and the initial and terminal
capital stock is given by Ko = K7 = ¢ > 0. Assume that p >r+ 4
and 0 € [0,1).

(a) Write the problem as a optimal control problem and determine
the optimality conditions from the Pontryagin’s maximum prin-
ciple. (1.5 points)

(b) Find an explicit solution for K. Justify it and give an intuition

for your results. (1.5 points)



Universidade de Lisboa — ISEG

Economics Department

Mathematical Economics

FIRST EXAM
January 5, 2015
Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I
(1) Consider the following Walras economy with two goods, 1 and 2. D;,

S; and p; are respectively the demand functions, supply functions
and prices for each good i. Prices belong to the unit simplex set in

R? and g and h are unknown constants.
Dy =pip2+gp2  S1=4pip2 +ps

Dy =3pi+pat+pipa  So=hp1+p2
Find the relation between g and h that has to be verified in order to

guarantee the existence of positive equilibrium prices. (2.5 points)

(2) Consider the following correspondence ¢ defined from the set A =
[—2 2] to 20-22;
For z € [-20) o(x) ={0.8z + B}
For z =0 ©(0) =[0.5 1]
For x € (0 2] o(x) ={0.5z + 1}

Find the values of 8 that make the correspondence upper semicon-

tinuous. Find a fixed point of the correspondence. (2.5 points)



PART II
(1) Let f(z,y) = In(xy) with z,y > 0.
(a) Show that f is a strictly concave function on its domain. (1
point)
(b) Compute the local optimal points of f on its domain. (1 point)
(c¢) Find the global maximizer of f on

D = {(z,y) eR2: 22+ 4% < 1a,y>0}.

(3 points)



PART III
(1) Consider the difference equation @,41 = F(zy,) with F(z) = (z +
r?).
(a) Plot the graph of F. (1 point)
(b) Find the fixed points of F' and determine their stability. (0.5
points)

(¢) Compute limy, o0 z, for every —1 < z9 < 1. Explain your
answer. (1 point)
(2) Consider the matrix
1 1
A=
-1 -3
(a) Compute the Jordan Normal Form J of A and the corresponding
change of variables P. (1 point)
(b) Compute the exponential matrix e*/. (0.5 points)

(c¢) Find the general solution of X = JX, and sketch its phase
portrait. (1 point)



(1)

PART IV

Consider the problem for a government which wants to control the

level of debt over GDP, b;, by solving the problem:

T—1
t(_ .2
Jnax, ; BH(=17)
subject to the budget constraint b;+1 = (14 7)b; — 7 and the initial
and terminal values by = ¢ > 0 and by = 0. Assume that 0 < 8 < 1,
r > 0 and T > 0 and is finite.
(a) Write the problem as a calculus of variations problem and derive
the first order conditions (0.75 points).
(b) Solve the problem and provide an intuition to your results (1.75

points).

Assuming that x(-) is a state variable and u(-) is a control variable,
consider the optimal control problem
max /Oo(x(t)2 + u(t)?)e Ptdt
(u(®)iZo Jo

subject to & = a(z — u) and z(0) = ¢ and limy_,o z(t)e "t = 0.
Assume that 0 < p < 2« and that ¢ > 0
(a) Determine the optimality conditions from the Pontryiagin’s ma-

ximum principle. (0.75 points)
(b) Find an explicit solution for the optimal state variable z(-).

Justify. (1.75 points)



Universidade de Lisboa — ISEG

Economics Department

Mathematical Economics

FIRST EXAM
January 5, 2015
Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I
(1) Consider the following Walras economy with two goods, 1 and 2. D;,

S; and p; are respectively the demand functions, supply functions
and prices for each good i. Prices belong to the unit simplex set in

R? and g and h are unknown constants.
Dy =pip2+gp2  S1=4pip2 +pj

Dy =3pi+pat+pipa So=hp1+p2
Find the relation between g and h that has to be verified in order to

guarantee the existence of positive equilibrium prices. (2.5 points)

(2) Consider the following correspondence ¢ defined from the set A =
[—2 2] to 2(-22;
For z € [-20) o(x) ={0.82 + B}
For z =0 ©(0) =[0.5 1]
For x € (0 2] o(x) ={0.52 + 1}

Find the values of 8 that make the correspondence upper semicon-

tinuous. Find a fixed point of the correspondence. (2.5 points)



PART II
(1) Let f(z,y) = In(xy) with z,y > 0.
(a) Show that f is a strictly concave function on its domain. (1
point)
(b) Compute the local optimal points of f on its domain. (1 point)
(c¢) Find the global maximizer of f on

D = {(z,y) eR?2: 22 442 < La,y>0}.

(3 points)



PART III
(1) Consider the difference equation @,41 = F(zy,) with F(z) = (z +
z?).
(a) Plot the graph of F. (1 point)
(b) Find the fixed points of F' and determine their stability. (0.5
points)

(¢) Compute limy, o0 z, for every —1 < x9 < 1. Explain your
answer. (1 point)
(2) Consider the matrix
1 1
A=
-1 -3
(a) Compute the Jordan Normal Form J of A and the corresponding
change of variables P. (1 point)
(b) Compute the exponential matrix e*/. (0.5 points)

(c¢) Find the general solution of X = JX, and sketch its phase
portrait. (1 point)



(1)

PART IV

Consider the problem for a government which wants to control the

level of debt over GDP, b;, by solving the problem:

T—1
t(_ .2
Jnax, ; BH(=17)
subject to the budget constraint b;+1 = (14 7)b; — 7 and the initial
and terminal values by = ¢ > 0 and by = 0. Assume that 0 < 8 < 1,
r > 0 and T > 0 and is finite.
(a) Write the problem as a calculus of variations problem and derive
the first order conditions (0.75 points).
(b) Solve the problem and provide an intuition to your results (1.75

points).

Assuming that x(-) is a state variable and u(-) is a control variable,
consider the optimal control problem
max /Oo(x(t)2 + u(t)?)e Ptdt
(u(®)iZo Jo

subject to & = a(z — u) and z(0) = ¢ and limy_,o z(t)e "t = 0.
Assume that 0 < p < 2« and that ¢ > 0
(a) Determine the optimality conditions from the Pontryiagin’s ma-

ximum principle. (0.75 points)
(b) Find an explicit solution for the optimal state variable z(-).

Justify. (1.75 points)



Universidade de Lisboa — ISEG

Economics Department

Mathematical Economics

SECOND EXAM
26 January 2015
Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I
(1) Consider the following correspondence ¢ defined from the set A =
[—1 2] to 2l Y.
For z € [-11) o(z) = {0.52 + S}
For x € [1 2] o(x) ={0.8z + 0.4}

Indicate values for a, b and § (one for each of these constants) that
allow us to use the Kakutani fixed point theorem to asseverate the
existence of at least one fixed point of ¢ and find one such fixed

point. (2.5 points)

(2) Consider the following subsets of R%:
A=102] x[12]
B={(zy) eR*: 22 +¢?> <4}
C={(xy) eR*: z+y=2}
D =[-10] x[02]
where the symbol x stands for “cartesian product”. Using the Se-
parating Hyperplane Theorem can we asseverate that there is at

least one hyperplane separating the sets £ and D where F is the set
E = AN BNC? Explain why. (2.5 points)



PART II

(1) Consider the function f(x,y,z) = x + xy + 2% defined in R3.
(a) Find and classify the critical points of f. (2 points)

(b) Determine the local optimal points of f on
D= {(z,y,2) € R3: 22 + 4% = 1,z=0}.

(3 points)



PART III
(1) Consider the difference equation z,4+1 = F(x,) with F(x) = 2z(1 —
(a) Plot the graph of F. (1 point)
(b) Find the fixed points of F' and determine their stability. (0.5
points)
(¢) Compute limy,—,o y, for every xzyp < 0. Explain your answer. (1

point)

(2) Consider the matrix

=03

(a) Compute the Jordan Normal Form J of A and the corresponding
change of variables P. (1 point)

(b) Compute the exponential matrix e*/. (0.5 points)

(c) Find the general solution of X = JX, and sketch its phase
portrait. (1 point)



(1)

PART IV

A representative consumer wants to maximize the intertemporal uti-

lity functional 352, 8% In (CfZ;™®), where 0 < a < 1 and 0 <

B < 1, by using consumption C; as a control variable. The vari-

able Z; denotes habits and is governed by the difference equation

Ziy1 = 0(Zy — Cy), where 0 > 0. The following initial and terminal

conditions hold: Z(0) = Zy > 0, and lim;_, 8'Z(t) > 0.

(a) Write the first order optimality conditions from the Pontryia-
gin’s maximum principle. (0.75 points)

(b) Solve the problem, and provide an intuition to your results.
(1.75 points)

A central bank wants to determine the optimal inflation rate 7 (-) by
maximising the objective function fOT —(u(t)? 4 m(t)?)e Ptdt where
u(+) is the unemployment rate. It also wants to set the terminal
variation of the inflation rate to zero, i.e. #(7) = 0. However, it
faces the following constraints: # = u — u"*, where u" is the constant
natural unemployment rate, and 7(0) = 7 is given.

(a) Write the problem as a calculus of variations problem and derive

the first order conditions (0.75 points).
(b) Determine the optimal inflation rate function, 7*(¢), and pro-

vide an intuition to your results (1.75 points).



Universidade de Lisboa — ISEG

Mathematical Economics

FIRST EXAM
January 7, 2016
Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I

(1) Consider an economy where two goods, 1 and 2 are exchanged such
that p; + p2 = 1 and the demand (D) and supply (S) functions are
respectively:

For good 1:
Dy = 100p} — p3 + 2p1p2 S1 = —pipa + 100p7 — 0.5py
For good 2:

Dy = —pips + pip2 Sy = 3p} — pips + apr

(a) Find the value of a that guarantees the existence of positive
equilibrium prices. (1.5 points)
(b) Using that value calculate the vector of Walras equilibrium pri-

ces. (1 point)

(2) Consider the correspondence defined on the closed interval [0,2] of
R:
©: [0,2] — 2002
For 0 <z < 1.5 o(r) ={1—=x/2}
Forz =15 »(0) = [a, f]
For 1.5 <z <2 o) ={1+z/2}

(a) Find the values of o and 8 that allows us to use the Kakutani
fixed-point theorem and such that S — « is smaller than the
respective difference for any other closed interval that verifies
the theorem. (1.5 points)

(b) For those values of a and S find all the fixed points of the

correspondence. (1 point)



PART II
(1) Let f(z,y,2) = In(zyz) with z,y,z > 0.
(a) Show that f is a strictly concave function on its domain. (2
point)
(b) Find the global maximizer of f on
D = {(:c,y,z) eR: 2?2+ 2 +22<1,2,9,2> 0}.

(3 points)



PART III
(1) Consider the difference equation x,,+1 = F(z,) with F(z) = 2z — 1.
(a) Find the fixed points of F' and determine their stability. (0.5
points)
(b) Compute the general solution. (1 point)
(¢) Compute limy,_,o x, for every zg € R. Explain your answer. (1

point)

(2) Consider the matrix

()

(a) Compute the Jordan Normal Form J of A. (0.5 points)

(b) Sketch the phase portrait of § = Jy and classify the equilibrium
point of the system. (1 point)

(¢) Find the general solution of X = AX. (1 point)



(1)

PART IV

A firm wants to maximize the present value of the cash flow by

investing in capital K;. The problem of the firm is specified as:

T—-1 1 t
max s
{It}T*12 <1+7“> '

t=0 ¢t=0

where r > 0 is the constant market interest rate, 7y = A - K; — (I;)?
is the cash flow for period t where investment is I} = Ky — Ky, and
A is a productivity parameter. The initial capital stock is K(0) = ¢
and the terminal time 7' > 0 is known and it is finite.
(a) Write the problem as a calculus of variations problem and derive
the first order conditions (1 point).
(b) Solve the problem and provide an intuition to your results (2

points).

Assuming that z(.) is a state variable and u(.) is a control variable,
consider the optimal control problem
T
Ay o

subject to & = z — u and z(0) = z(T) = 1.
(a) Determine the optimality conditions from the Pontryiagin,’s

maximum principle. (0.5 point)
(b) Find the explicit solution to the problem. (1.5 points)



Universidade de Lisboa — ISEG

Mathematical Economics

SECOND EXAM
February 2, 2016
Maximum duration: 2 hours

Solve each part of the exam on a separate sheet

PART I
(1) Consider the following correspondence ¢ defined on the closed inter-
val [-1,2] of R
@: [-1,2] — 212
For z € [-1,0) o(z) = {ax + B}
For x =0 ©(0) = [0.5,1]

For z € (0, 2] o(x) ={0.52 + 1}

(a) Find a pair of values (o, 8) that allow us to use the Kakutani

fixed-point theorem. (1.5 points)
(b) For such a pair find the fixed-points of the correspondence. (1

point)

(2) Consider the following subsets of R?:

A=BnC
B=11,2] x [1,2]
C =(05,1.5) x (1,1.5)
D={zcR* 2y =3—1;}

where the symbol x stands for the cartesian product and x1 and xo

are the components of the vector x.

(a) Determine whether the conditions of the separating hyperplane
theorem for the sets A and D are met. (1.5 points)

(b) Independently of this being the case, say if there is a hyperplane
separating A from D. (1 point)



PART II

(1) Consider the function f(x,y,z) = x +y + 2 + zyz defined in R3.
(a) Find and classify the critical points of f. (2 points)

(b) Determine the local optimal points of f on
D= {(z,y,2) € R3: 22 4% = 1,z=0}.

(3 points)



PART III
(1) Consider the difference equation 2,11 = F(z,) with F(z) = $z + 2.
(a) Find the fixed points of F' and determine their stability. (0.5
points)
(b) Compute the general solution. (1 point)
(¢) Compute limy,_,o x, for every zg € R. Explain your answer. (1

point)

(2) Consider the matrix

(2

(a) Compute the Jordan Normal Form J of A. (0.5 points)

(b) Sketch the phase portrait of § = Jy and classify the equilibrium
point of the system. (1 point)

(¢) Find the general solution of X = AX. (1 point)



PART IV

(1) Consider the calculus of variations problem

T-1

max —(1+ 1) N1 — )2,
{wt}tT:_ol t=0

where r > 0, T' > 0 are known and zg = 1.
(a) Write the first order conditions (0.5 point).
(b) Determine the solution to the problem (1.5 points).

A representative consumer wants to maximize the intertemporal uti-
lity functional
0
| emmewszn')
t=0
where 0 < 8 < 1 and p > 0, by using consumption C(¢) as a control
variable. The variable Z(t) denotes the habits, as a stock variable,
and is governed by the differential equation Z = 6(Z(t) — C(t)),
where 6 > 0. The following initial and terminal conditions hold:
Z(0) = Zo > 0, and limy_yo0 e " Z(t) > 0.
(a) Write the first order optimality conditions from the Pontyiagin’s
maximum principle. (1 point)
(b) Solve the problem, and provide an intuition to your results. (2

points)



Universidade de Lisboa - ISEG

Mathematical Economics

FIRST EXAM

January 6, 2017
Maximum duration: 2h30m

Solve each part of the exam on a separate sheet

PART 1

Consider the following Walras economy with two goods, 1 and
2. D;, S; and p; are respectively the demand functions, supply
functions and prices for each good 7. Prices belong to the unit
simplex set in R? and m is an unknown constant.

D, = p% + mpo, S1 = pipo —i—p% + 0.3p9,
Dy = p} + p3 + 0.8p1, Sy = p1 + ps.

Find the value of m that guarantees the existence of positive
equilibrium prices and find those prices for that value of m. (2.5
points)

Consider the following subsets of R?,

=[] x[-1L1],
B = {(xy)ERQ.x +y? < 1},
C={(z,y) € R*: y <z + 0.5},
E =[-1,0] x [0.5,1].

Where the symbol x stands for ” Cartesian product”. Using the
Separating Hyperplane Theorem can we asseverate that there
is at least one hyperplane separating the sets D and E where
D is the set D = AN BN C? Explain why. (2.5 points)



PART II

1) Consider the following problem:
(1) gp
max f(z,y) = (v + 2y)°
subject to x + 4> <9
z,y >0
(a) State the Weierstrass theorem and explain whether it can
be used to help solve the problem above. (1 point)

(b) Solve the problem above using the Kuhn-Tucker theorem.
Explain carefully all the steps in your reasoning. (4 points)



PART III

(1) Consider the difference equation z,1 = F(x,) with F(x) =
z/5+ 4.
(a) Find the fixed points of F' and determine their stability.
(0.5 points)
(b) Compute the general solution. (1 point)
(c¢) Compute lim,, , x, for every o € R. Explain your an-
swer. (1 point)

(2) Consider the matrix

= (39

(a) Compute the Jordan Normal Form J of A. (0.5 points)
(b) Sketch the phase portrait of y = Jy and classify the equi-
librium point of the system. (1 point)

(c) Find the general solution of X = AX. (1 point)



(1)

PART IV

Consider the following calculus of variations problem
T-1

max. — (Y1 — 2y — 2)2

{yt}; 2o —0
subject to yo = 1, where the terminal time 7" > 0 is known and
it is finite.
(a) Write the first order conditions (1 point).
(b) Solve the problem and provide an intuition for your results.

(1.5 points)

Consider an household that wants to find the optimal path for
consumption and financial assets (C(t), A(t))_, that solve the
problem

T 1-6

max / ) e Ptdt, p>0, 0 >0

(CH)o Jo 0

subject to A =rA+Y —C and A(0) = A(T) = 0, where 7' > 0

and finite, Y > 0 represents the non-financial income, r > 0 is

the interest rate.

(a) Determine the optimality conditions according to the Pon-
tryiagin’s maximum principle. (1 point)

(b) Find the explicit solution to the problem. Provide an in-
tuition for your results. (1.5 points)



Universidade de Lisboa - ISEG

Mathematical Economics

SECOND EXAM

January 31, 2017
Maximum duration: 2h30m

Solve each part of the exam on a separate sheet

PART I
Consider the following correspondence ¢ defined from the set
A=1]-1,2] to 2712
{0.8z +m}, z€[-1,0)
o@)={[05m),  ==0
{052+ 1}, x€(0,2]

Find one value for m and one value for n that make the cor-
respondence upper semicontinuous. Find a fixed-point of the
correspondence using those values. (2.5 points)

Let A and B be two sets of R? such that A = C' N D with
C={(r,y):y<x+1},
D ={(z,y): 2* +y* <1},

and B = [—0.5,0.5] X [a,2] where x denotes ”Cartesian prod-
uct”. Find a value for a that guarantees the existence of at least
one hyperplane separating A and B. Find one such hyperplane.
(2.5 points)



PART II
(1) Let
%+ y2 + 22

flr,y) = 5

with z,y, z > 0.
(a) Show that f is strictly convex on its domain. (1 point)
(b) Find the global minimizer of f on

D={(z,y,2) ER*: 2 +y+2<1, x,u,2>0}
(4 points)

— log(zyz)



PART III

(1) Consider the initial value problem
t=X(1—2z), z(0)=2,
where A > 0.
(a) Find the solution z(t) of the initial value problem and com-

pute lim;, 1o x(t). (1.5 points)
(b) Sketch the phase portrait of the associated ODE. (1 point)

(2) Consider the matrix

2 0
(1)
2 2

(a) Find the Jordan Normal Form J of A. (0.5 points)

(b) Compute A™, n > 0. (1 point)

(c) Find the general solution of the following difference equa-
tion

(1 point)



PART IV

(1) A government wants to minimize fluctuation in the unemploy-
ment rate, u;, and in the inflation rate, m;, by solving the prob-

lem
-1

max —(uy)?,
(e} 50 2o (te)
subject to w11 = ™ + pu — uy and wp = wp_1, where p > 0 is
the natural unemployment rate and 7" > 0. The initial value
for the inflation rate is my = ¢.
(a) Write the first order conditions according to the Pontryia-
gin’s maximum principle. (1 point).
(b) Determine the solution to the problem. Provide an intu-
ition for your results. (1.5 points).

(2) Consider the following calculus of variations problem

max /00 VO=vMe=rtgr p >0

v o Jo

subject to the constraints y(0) = 0 and limy;_, y(t) > 0

(a) Write the first order optimality conditions. (1 point)

(b) Solve the problem. Provide an intuition for your results.
(1.5 points)



Universidade de Lisboa - ISEG

Mathematical Economics

FIRST EXAM

January 9, 2018
Maximum duration: 2h30m

Solve part IV on a separate sheet

PART I
(1) Consider the following correspondence F': [0, 4] = [0, 4],

[%ZL’,[L‘—{—Q], T <2
F(z)=q00,qU[4-a,4], z=2
[z —2,32-2], x>2

where a € [0, 4].

(a) Determine the values of a such that F' has the closed graph
property. (1 point)

(b) Determine the values of a such that F' satisfies the assump-
tions of the Kakutani fixed point theorem. Find the fixed
points of F. (2 points)

(2) Let A and B denote the following sets
A={(z,y) eR*: y > (v —2)* -1}
B={(zr,y) eR*: w+y < -2}

Using the hyperplane separation theorem can we conclude that
A and B are separated by a hyperplane? If affirmative, then
find one such separating hyperplane. (2 points)



PART II

(1) Determine the values of the real parameter a for which the

following function is concave
glz,y) = 2% + 2y + a(d — 2° — 3?)
(2 points)
(2) Consider the following problem:
maximize x? + 2y
subject to 2* + y* < 4
x>0

Solve the problem above using the Kuhn-Tucker theorem. Ex-
plain carefully all the steps in your reasoning. (3 points)



PART III

(1) Consider the differential equation
¥ =2 —ax

where « is a real parameter.
(a) Assuming a = 1, compute the solution of the initial value
problem with x(0) = 1/2. (1 point)
(b) Determine and classify the equilibrium points according to
the values of a.. (1 point)

(2) Consider the matrix

(%)
0 2
(a) Find the Jordan normal form of A. (0.5 points)
(b) Sketch the phase portrait of X’ = AX and classify the
equilibrium point of the system. (1 point)
(¢) Find the solution of the initial value problem

X' = AX, X(O):<1>

—1
(1.5 points)



(1)

PART IV

Consider the following calculus of variations problem

max /0 ' <y(t) _ %y(t)>2dt

subject to y(0) = 1, where the terminal time 7" is finite, positive
and fixed, and the terminal level of the state variable is free.

(a) Write the first order conditions (0.5 point).

(c) Prove that the solution of the Euler-Lagrange equation is
y(t) = kie* + koe™?, where k; and ky are arbitrary con-
stants. (0.5 point)

(c) Solve the problem and provide an intuition for your results
(1 point)

The problem for a consumer/saver is
mcax/ In (C(t))e Pdt, p > 0,
0

subject to the budget constraint, A = rA +Y — C, the initial
condition for the asset position, A(0) = 0, and the non-Ponzi
game condition limy .o e "™ A(t) > 0. In the model Y > 0
represents the non-financial income, r > 0 is the interest rate
and p > 0 is the rate of time preference.

(a) Write the first-order optimality conditions according to the
Pontryiagin’s maximum principle, and specify the MHDS
in (A,C). (1 point)

(b) Find the explicit solution to the problem. (1.5 points)

(c¢) Draw the phase diagram, assuming that r > p, and provide
an intuition for the behavior of the consumer. (0.5 point)



Universidade de Lisboa - ISEG

Mathematical Economics

FIRST EXAM

January 7, 2019
Maximum duration: 2h30m

Solve part IV on a separate sheet

PART I

(1) Consider the following correspondence F' : [0, 3] = R,

[$+17$+2]7 r<l1
F(z) = [-ax+b,—az+b+1], 1<2<2
[CE—Q,SC—l], T > 2

where a,b € R.

(a) Determine the values of a and b such that F' satisfies the
assumptions of the Kakutani fixed point theorem. (1.5
points)

(b) Find the fixed points of F' for those values of a and b found
in (a). In case you did not solve (a), you may take a = 1
and b = 3. (1.5 points)

(2) Consider the function f: {x € R: x > 1} — R defined by
flx) = Ve+1

(a) Verify that f satisfies the hypothesis of the Banach fixed

point theorem. (1 point)
(b) Find the fixed point of f. (1 point)



PART II

(1) Find and classify the critical points of
f(z,y) = —5y* — 22° + 22y + 4y — 4
(2 points)
(2) Consider the following problem:

maximize r — y
subject to 2% 4+ 2% <y

x>0

Solve the problem above using the Kuhn-Tucker theorem. Ex-

plain carefully all the steps in your reasoning. (3 points)



PART III
(1) Consider the IVP
v =ar*+1, 2(0)=0

where « is a real parameter.

(a) Assuming v = —1, compute the solution of the IVP. (1.5
points)

(b) Let @« = 1 and z(t) denote the corresponding solution of
the IVP. Compute lim;_,,  z(t). (0.5 points)

(2) Consider the system of differential equations
2 =Tz — 10y
y =5z — 8y
(a) Write the system in matrix notation. Sketch the phase
portrait of the associated Jordan normal form and classify
the equilibrium point. (1 point)
(b) Find the solution of the IVP with 2(0) = 1 and y(0) = —1.
(2 points)



PART IV

(1) Consider the calculus of variations problem
T-1
max —(1+ T)_t(ZUtH - Tﬂ?t)Q,

where r > 0, and 7" > 0 are known, and xy = 1.
(a) Write the first order conditions. (1 point)
(b) Find the solution to the calculus of variations problem.
(1.5 points)
(2) Assuming that capital, K(.), is a state variable, and consump-
tion, C(.), is a control variable, consider the optimal growth
problem:

_pt

(Crg%?io/o In(C(t))e *dt

subject to K = AK(t) — C(t), K(0) = ko > 0 is known, and

lim; o K(t) > 0. Assume A > p > 0.

(a) Write the optimality conditions from the Pontryiagin,’s
maximum principle. (1 point)

(b) Find the explicit solution to the problem. (1.5 points)
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Solve part IV on a separate sheet

PART I
(1) Consider the following correspondence F': [0,1] = [0, 1],

) 2m, r<1/2
Flw) = {[—a(m— 1),—z+2], z>1/2

where a € [0, 2].

(a) Determine the values of a such that F satisfies the hypoth-
esis of the Kakutani fixed point theorem. (1 point)

(b) Assuming that a = 1, find the fixed points of F. (1.5
points)

(2) Consider the following matrix

12 1 1
A=[0 00
1/2 0 0

and define the function f(v) = Av where v € A? = {(z,y,2) €
R3:2+y+2=1,z42>0}
(a) State the Brouwer fixed point theorem. (0.5 points)
(b) Show that f satisfies the hypothesis of the Brouwer fixed
point theorem. (1 point)
(c) Compute the fixed points of f explicitly. (1 point)



PART II

(1) Let

x2+y2

1 + log(x2y2)

f($7y>:_

with z,y > 0.
(a) Show that f is strictly concave on its domain. (2 points)
(b) Consider the following problem:

maximize f(x,y)
subject to x +y < 1

Solve the problem above using the Kuhn-Tucker theorem.
Explain carefully all the steps in your reasoning. (3 points)



PART III

(1) Consider the ODE
'+ Mz = 4t,

where A > 0.

(a) Assuming A = 2, compute the solution of the initial value
problem when z(0) = 3. (1 point)

(b) Let x(t) denote the general solution of the ODE. Determine
the value of A such that lim;_,, . z(t) = 1. (1 point)

(2) Consider the matrix

1 -1
=)
(a) Find the Jordan normal form J of A. (0.5 points)
(b) Sketch the phase portrait of X’ = JX and classify the
equilibrium point of the system. (1 point)
(c) Find the solution of the initial value problem

X'=AX, X(0)= (_11)

(1.5 points)



PART IV

(1) Consider the following optimal control problem, for a represen-

tative household

t
B, 2 PG
subject to Ay = (141)A—Ci+Y, Ag = ¢, and limy_,, A; > 0,
where A, r and Y are positive constants.
(a) Write the optimality conditions from the Pontryiagin,’s
maximum principle. (1 point)
(b) Find the explicit solution to the problem. (1.5 points)
(2) Consider the following problem

T

max In(u(t))dt

(U(t))tT—o/o (u(t))

subject to & = axz — u and x(0) = 1 and z(T) = e°7.

(a) Specify the problem as a calculus of variations problem and
find the optimality conditions. (1 point)

(b) Solve the problem. (1.5 points)
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PART 1
(1) Consider the following correspondence F': [0,1] =% R,
22(1 —2),1], z<1/2
F(z) = { 0., v =1/2
{20-2)}, 2>1/2
where a,b € R.
(a) State the Kakutani fixed point theorem. (1 point)
(b) Determine the values of a and b such that F' satisfies the
assumptions of the Kakutani fixed point theorem. (1 point)
(c) Find the fixed points of F' for those values of a and b found

in (a). In case you did not solve (a), you may take a = 0
and b = 1. (1 point)

(2) Consider the function f:[—1/3,1/3] — R defined by
2
— 2 =2
flo)=a*+ 2
(a) Verify that f satisfies the hypothesis of the Banach fixed
point theorem. (1 point)
(b) Find the fixed point of f. (1 point)



PART II
(1) Find and classify the critical points of

fla,y) =zlog(a® +y%), (x,y) € R*\{(0,0)}

(2 points)
(2) Solve the following problem:

minimize z + 4y
subject to x +y =1
v? + 22 =25

Explain carefully all the steps in your reasoning. (3 points)



PART III
(1) Consider the differential equation
ta'(t) +x(t) =1

(a) Classify the differential equation and determine its general
solution. (1.5 points)

(b) Let z(t) denote the particular solution when z(1) = 0.
Find lim; o 2(t). (0.5 points)

(2) Consider the matrix

A 0 —4
-1 0
(a) Compute the Jordan Normal Form J of A. (0.5 points)
(b) Sketch the phase portrait of X = AX and classify the

equilibrium point of the system. (1 point)
(¢) Find the general solution of X = AX. (1.5 points)



PART IV

(1) Consider the calculus of variations problem
1

max/ (10 — #* — 224 — ba*)e " dt

z(t) Jo
where 2(0) = 0 and x(1) is free.
(a) Write the corresponding Euler-Lagrange equation. (1 point)
(b) Find the solution to the calculus of variations problem.

(1.5 points)

(2) Assuming that capital, K(t), is a state variable, and consump-
tion, C(t), is a control variable, consider the optimal growth
problem:

4 —pt
rg(ag(/o In(C(t))e " dt

subject to K = a K(t) — C(t), K(0) = ko > 0 is known, and

K(T) > 0. Assume a > p > 0.

(a) Write the optimality conditions from the Pontryiagin’s max-
imum principle. (1 point)

(b) Find the explicit solution to the problem. (1.5 points)
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PART 1

(1) Consider the following Walras economy with two goods, 1 and
2. D;, S; and p; are respectively the demand functions, supply
functions and prices for each good ¢. Prices belong to the unit

simplex set in R? and « is an unknown constant. Suppose that
Dy = p} + 0.5p,, S1 = pip2 + pi + 0.3ps,

Dy = pi +p; + api, Sy = p1+ 15,

(a) Find the values of o that guarantees that this economy

satisfies the Walras’ law. (1 point)
(b) Determine the equilibrium price of each good. (1.5 points)

(2) Consider the function f :[0,1] — R defined by
1
-1
/() 20z + 1)
(a) State the Banach fixed point theorem. (0.5 points)
(b) Verify that f satisfies the hypothesis of the Banach fixed

point theorem. (1 point)
(c) Find the fixed point of f. (1 point)



PART II
(1) Find and classify the critical points of

flx,y) =ayly —4)e™,  (z,y) € R

(2 points)
(2) Solve the following problem:

minimize 222 + 3y°
subject to 2% +y* < 4
T+2y > 2

Explain carefully all the steps in your reasoning. (3 points)



PART III
(1) Consider the initial value problem
tr' +2* =1, xz(1)=0
(a) Classify the differential equation. (0.5 points)
(b) Determine the solution of the IVP. (1.5 points)

(2) Consider the matrix

. -1 4
—10 =5

(a) Compute the Jordan Normal Form J of A. (0.5 points)

(b) Sketch the phase portrait of X = AX and classify the
equilibrium point of the system. (1 point)
(c¢) Find the solution of the IVP

X =AX, X(0)= (2)

(1.5 points)



PART IV

(1) Consider the optimal savings problem
T
max U(aK(t) — K(t)e ™ dt
wae [ Ul () = K1)

where o > r > 0, the utility function U is C?, K(0) = K, and

K(T) = Kr.
(a) Show that the Euler-Lagrange equation is equal to
C r-a
C  E0)
where C' = X — K is the consumption and E(C) = %

is the elasticity of marginal utility. (1 point)
(b) Assuming that U(C) = v/C, find the solution to the opti-
mal savings problem. (1.5 points)
(2) Consider the following optimal control problem
max {/1 —lu(t)2 dt + M}
u(t) o 2
where & =z + u, (0) = 0 and z(1) is free.
(a) Write the optimality conditions from the Pontryiagin’s max-
imum principle. (1 point)
(b) Find the explicit solution to the problem. (1.5 points)
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