1 Complements of Linear Algebra

1.1. Determine the eigenvalues of each of the following matrices and, if they are real, determine
the corresponding eigenvectors together with the algebraic and geometric multiplicities.

A e R E)

01 2 00 1 -1 =2
d) [0 0] )0 30 f) | 0 0
0 0 4 -2 ) 1
1 11 11 1 10
g |11 1 b |0 1 Hl11 o0
1 11 0 1 0 0 2
Solution: a) \; = —5, a.m. = 1; eigenvectors u = (¢, c), with ¢ # 0, g.m. = 1;

A2 = —1, a.m. = 1; eigenvectors u = (7/3¢, c), with ¢ # 0, g.m. = 1;

b) The characteristic polynomial does not have real eigenvalues (A} = 4 + 2i, Ay =4 — 2i);
c) A =1 ++/2; a.m. = 1; eigenvectors u = ((1 4+ v/2)c, ¢), with ¢ # 0, g.m. = 1;

A2 =1 —+/2; a.m. = 1; eigenvectors u = ((1 — v/2)c, c), with ¢ # 0, g.m. = 1;

d) A =0, a.m. = 2; eigenvectors u = (¢,0), with ¢ # 0, g.m.=1;

e) A\ =2, a.m. = 1; eigenvectors u = (¢,0,0), with ¢ # 0, g.m. = 1;

Ao = 3, a.m. = 1; eigenvectors u = (0,¢,0), with ¢ # 0, g.m.=1;

A3 =4, a.m. = 1; eigenvectors u = (0,0, c), with ¢ # 0, g.m. =1;

f) A1 =3, a.m. = 2; eigenvectors u = (—¢,0,¢), with ¢ # 0, g.m. = 1;

A2 = —1, a.m. = 1; eigenvectors u = (¢, 0,¢), with ¢ # 0, g.m. = 1;

g) A1 =0, a.m. = 2; eigenvectors u = (—cy — c2,¢1,¢2), with ¢Z + ¢35 #0, g.m. = 2;
A2 = 3, a.m. = 1; eigenvectors u = (¢, ¢, c), with ¢ # 0, g.m. = 1;

h) A =1, a.m. = 3; eigenvectors u = (c,0,0), with ¢ # 0, g.m. = 1;

i) \1 = 2, a.m. = 2; eigenvectors u = (c1, c1,c), with ¢? +c3 #0, g.m.=2;

A2 =0, a.m. = 1; eigenvectors u = (—c¢, ¢,0), with ¢ # 0, g.m. = 1.

1.2. Show that

a) Every eigenvalue of A is also an eigenvalue of A7

b) If A is an eigenvalue of A and |A| # 0 then 1 is an eigenvalue of A~".
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c) If X is an eigenvalue of A then ¥ is an eigenvalue of A, k € N.
d) If u and v are eigenvectors associated to an eigenvalue A of A, then

i) tu is an eigenvector of A associated to A provided that ¢ € R\ {0},

ii) u+ v is an eigenvector of A associated to A provided that u + v # 0.

1 4
1.3. Let A = [6 _1]

a) Determine the eigenvalues and eigenvectors of A.

)
b) Determine the eigenvalues and eigenvectors of A0,
c) Is A diagonalizable?
)

d) Compute the trace of A0,

Solution: a) \; = —5, eigenvectors u = (—2/3¢, c), with ¢ # 0, ;

A2 =5, eigenvectors u = (¢, ¢), with ¢ # 0, ;

b) A =519 eigenvectors u = (—2/3c1, ¢1) + (c2, ¢2), with ¢1,¢2 not simultaneously zero;
c¢) Yes, A has distinct eigenvalues;

d) 2 x 5100,

1.4. Determine which of the following matrices are diagonalizable.

2 2 2
2020 b)[‘fg] c)[fé]
01 3
1 0 1 -1 =2
d)[gé] o130 nl o 3
0 4 2 5 1
1 11 1 11 1 1 0
g |11 1 o 11 Dl11o0
1 11 0 1 0 0 2
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Solution: a) Yes; b) No; ¢) Yes; d) No; e) Yes; f) No; g) Yes; h) No; i) Yes.
1.5. Two square n-by-n matrices A and B are called similar if there is an invertible n-by-n
matrix P such that A = PBP~!. Suppose that A and B are similar. Show that

a) |Al = [B|.
b) A and B have the same characteristic polynomial.

c) (A, v) is an eigenpair of B iff (A, Pv) is an eigenpair of A.

1.6. Consider a matrix A and a vector x given by

a a 0 x
A=1|a a O e r=|y (a,b € R)
0 0 b z

a) Write down the characteristic polynomial p(\).

Compute =7 Ax.

)
b) Determine the eigenvalues and eigenvectors of matrix A.
c)

)

d) Consider that a,b > 0. Without performing any calculations show that there exists a a vector

x # 0 such that 27 Az =0

e) Classify the quadratic form a” Az for all possible values of a, b.

Solution: a) P(\) = (b— A)(=A)(2a — A\); b) A\ = b, X2 = 0,)3 = 2a; c) x' Ax = ax? +
2axy + ay?® + bz2;

e) PSDif (a>0eb>0); NSDif (a<0eb<0);

Ind. in the remaining cases, i.e. (a >0eb<0)ou (a<0eb>0).

1.7. Classify the following quadratic forms:

a) q(z,y) = a? + 2ay + 3 b) q(z,y) = 2° — 2zy + ¢

c) q(z,y) =z — 52 d) q(z,y,2) = 2 + 4oy — 2x2 + Ty? — 322
e) q(x,y,2) = 2 — 4oy + 4wz — 22 f) q(z,y) = 622 + 4y + 3y?

g) q(z,y) = 2% + 4oy + 3> h) q(x,y) = 222 + 62y + 49>

i) q(z,y,2) = 3y* + 4oz i) q(z,y) = 2® + dxy +ay®, a€R
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Solution: a)PSD b)PSD c¢)Ind. d)Ind. e)Ind. {)PD g)Ind. h)Ind. i)Ind. j)Ind.
if a <4, PSD if a =4 and PD if a > 4.

1.8.
Classify the following symmetric matrices (with respect to being PD, PSD, ND, NSD, Ind.)

R TG S R ) Y PR

1 2 -1
27 0
10 -3
- 0o o 3000
| 2 7 -5 g0 4 o0 h) a€R i)
1 -5 4 00 —4 0 a 20
000 7
11 1
1 -3
1 0 -2

Solution: a) PD b) Ind. ¢) ND d)Ind. ifa <4, PSD ifa =4 and ND ifa >4 e) Ind.
f) PSD

g) Ind. h)Ind. ifa < —v2 V a > V2, PDif —v/2 < a <2 and PSD ifa = £v/2 i) ND j)
Ind.

2 Functions of several variables: Topology, limits and continuity

2.1. Determine the domain of the following functions and represent it graphically.

) =Y ) = S () = e - )y D@ D)
D) = g Vot L O f(ry) =In(a — y)?

"~ Inz? —In(3 - x)2
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Solution: a) {(z,y) € R2 : 2 > 0Az #eA2?2+y2 <9} D) {(z,y) e RZ: 2 < 1A
w2+ 9% < 4n2?+y? £ 3} c) {(z,y) eRZ:z—y >0Anz2+92—-1< 0} d)
{@y) eR?:x#£ 0N #3Nx#3/2t o) {(z,y) ER?* 1z #y}

2.2. Determine the interior, exterior and boundary of the following subsets of R?. Classify them
with respect to being open, closed and bounded.

A={(z,y) eR?: (x —1)>+ (y+2)® < 4} B={(z,y) € R?: 22 + 42 > 9}

@=27  @+1?

— 2.
C={(z.y) B ] ;

+%<1} D = {(z,y) € R?: ~1)

2
5

4) = A, Bdy(A) = {(z,4) €R? : (= 1% + (y + 2)° = 4}, ext(A) = {(z,3) €
R?: (x — 1)+ (y +2)%2 > 4}, Ais open and bounded. Int(B) = {(z,y) € R? : 22 4+ ¢% >
9}, Bdy(B) = {(z,y) € R? : 22 + ¢y = 9}, Ext(B) = {(z,y) € R? : 22 + 4% < 9}, B
is close;i an(z not bounded. Int(C) = {(z,v) €2R2 :2%2 + ILZ < 1}, Bdy(C) = {(z,y) €
R? : & + % = 1}, Ext(C) = {(z,y) € R? : & + % > 1}, C is closed and bounded.
Int(D) = 0, fr(D) = D, Ext(D) = {(z,y) € R? : @ + W # 1}, D is closed and
bounded.

Solution: Int(

2.3.
Represent graphically and analitically the the domain Dy, as well as Int(Dy), Bdy(Dy) and

D}. State in each case if Dy open, closed, bounded and compact.

|z —4
In(4 — 22 — y?)

In(z% — y)
VYy+zT

Of@y)=vVy+toz—Ln@—-(z+1)2-(y-1)?) df(@y)=vVe—ly+v2-1y2 -z
e)f(z,y) =xV/y2 — 4+ /16 — 22 — 32

a)f(z,y) = b)f(z,y) = Va(l —z) +

Solution: a) Dy = {(z,y) € R? : 4 — 22 —y? > 0AIn(4 — 22 — y?) # 0} = {(z,y) € R? :
22 +y? < 4nz?+y?) # 3}, Int(Dy) = Dy, Bdy(Dy) = {(z,y) € R? : 22 +y? = 4va?+y? = 3},
D} = {(z,y) € R? : 22 + y*> < 4}. Dy is open, not closed, bounded, not compact.

b) Dy = {(z,y) €eR? : z(1—2) > 0Nz -~y >0Ay+x>0}={(z,y) eR? : 0<z <
1A -z <y<2?},
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Int(Dy) = {(z,y) € R?2 : 0 <z < 1A -z <y < 22}, Bdy(Dy) = {(z,y) € R? : (y =
2 AN0<z<1)V(y=—2 A 0<z<1)V(r=1A —z<y<2?)}, D} ={(z,y) e R*:
(0<z<1)A(—z <y<az?)}. Dy is not open nor closed, bounded, not conmpact.

) Dy ={(z,y) eR?*:y+2-1>0A4—(z+1)2—(y—1)2>0} = {(z,y) eR*: y >
l—zA(@+1)2+(@y—1)2% <4}, Int(Dy) = {(z,y) ER?>:y > 1 -z A(z+1)>+ (y—1)2 < 4},
Bdy(Dy) = {(z,y) € Rty =1l-aA(@+1?+(y—1)?° < 4 U{(x,y) € R® : y >
l—aA(@+1)2+(@y—-1)0°=4}, Dy ={(z,y) eER®:y>1—zA(x+1)>+(y—1)> <4}. Dy
is not open nor closed, bounded, not compact.

d)Dy = {(z,y) €eR*: 2z —[y| > 0A2—¢* — 2 > 0}, Int(Dy) = {(z,y) € R? : z — [y| >
0A2—y?—2 >0}, Bdy(Df) = {(z,y) e Rtz — |y =0A2—y? —2 > 0} U {(z,y) € R?:
z—|y| >0A2—y*—2 =0}, D}, = Dy. Dy is not open, is closed, bounded, compact.

e)Dy = {(z,y) e R? : 9> —4 > 0AN16—2> —¢y* > 0} = {(z,y) e R*: (y 2 2Vy <
_ 2,2 _ 2. _ 2,2 _

2) Nzt +y® <16}, Int(Dy) = {(z,y) e R*: (y > 2Vy < =2) Az® +y° < 16}, Bdy(Dy) =
{(z,y) eR?: (y =2Vy = -2) Az +y% < 16}U{(z,y) € R?: (y > 2Vy < —2) A2 +y? = 16},
D} = Dy. Dy is not open, is closed, bounded, compact.

2.4. Determine the domain Dy of the function defined by

In(z? + y? — 4)

flzy) = -1

Represent D¢ graphically and show that it is open and unbounded. Check if Ext(Dy) is also
open and unbounded.

Solution: Dy = {(z,y) € R? : 22+ 4> —4 > 0 A |z| — 4 # 0}. Ext(Dy) = {(z,y) € R? :
2% +y? < 4}

2.5.

Determine the interior, the boundary and the limit points of the following subsets of R2.
11

1
)C={(z,y) eR?: x>0, y= (-)"—.neN}.
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Solution: a) Int(A)

= 0,B
B"'={(0,0)}. ¢) Int(C) =0,

2.6.

2 n? n+%
a) lim o +3 ,In 2n b) lim [ n3 +n—n? —1),Vn.—~———
1+ 2n?2 2n + 1 (Vi +1)°

nmw )
sin —
2

c¢) lim <n <e% - 1)

Solution: a) (e, —5);

dy(A) = A, A" = 0. b) Int
Y

(B) = 0, Bdy(B) = BU{(0,0)},

Bdy(C)=CU{(z,y) €R%2:2 >0, y =0}, C' = fr(C).

Compute the limits of the following sequences, or show that they no not exist

2.7. Compute the following limits:

N _ n 2\" 1
a) hmxn, com ry, — |:2n—|—1’ <1+n) ,ln <1+ g

b) lim T, com T, = [\f— vn—1, (¥e—1).n, n.ln

Solution: a) (1/2,€2,1);

b) (0,1,2,0).

c¢) does not exist.

\/ﬁ+3>

)]

1 1
n 4+ 2 n2 3 /m241\3
1- = )
n n?+1 2n?

2.8.
For each of the following functions, investigate the existence of limit at the point (0,0)
22 — 2 23—y ey
a) fz,y) = —— b) f(z,y) = ) flz,y) = ——2
) f(z,y) P P ) f(z,y) R ) f(z,y) i
x% — 9 Ty %y
d = _ = — f =
) fla,y) =y vy ¢) fz,y) = e ) f(z,y) P S
9 Yy 22 +y? sex>0,y>0
8) Fe) = S8 ) fay) = TR fegy =g |
) 22+ 42 ) 22 f 42 ’
0, sex <0ouy<0.
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Solution: a) does not exist  b) 0  c¢)does not exist  d) 0 e) does not exist  f) does
not exist  g) 0 h) does not exist i) does not exist.

2.9.

Determine, if possible, a continuous extention of each of the functions in the previous exercise
to the point (0, 0).

Solution:
When the limit does not exist it is not possible to define such extension. In the other cases

simply define f(0,0) = (%y%i_}n%()’o) flx,y).

2.10. Investigate the existence of the following limits

—2)(y — —1 3) +sin(z — 1 3
N Cer. SR/ V[V et 1 i (VR
(@y)—21) (z—2)* + (y — 1) (2.9)—(1,-3) (z—1)(y +3)
3(x—2)%(y—1) a? +y?
c im d lim
) (@y)—21) (z —2)2 + (y — 1) ) (2y)—>(00) T
e) lim ——— lim ————5—
(z,5)—(1,0) r—1 (x,5)—(0,0) e +y
2 _
o EVIiy=1 B otm YR
(z,y)—(0,1) 2 + (y — 1)2 (z,y,2)—(0,0,0) x2 + y2 + 22

Solution: a) does not exist b) 1 ¢) 0 d) does not exist  ¢) does not exist ) 1
g) 0 h)O0.

$3_y3

r—y

2.11. Consider the function f : R? — R defined by f(z,y) =

a) Determine the domain Dy..
b) Show that 2® — y3 = (z — y)p(x,y) , where p(z,y) is a polynomial.
c¢) Can f be extended by continuity to the line y = x?

Page 8



Solution: a) Dy = R2\ {(z,z) : 2 € R}. c) yes, just define f(z,z) = 32°.

2.12. Consider the function f(z,y) = 2%y

x27y2 .
a) Compute lim  f(x,y). What can you conclude about lim  f(x,y) ?
(@:4)=(0,0), (z,9)—(0,0)
y=z+x

b) Compute lim  f(z,y), |m| # 1. What can you conclude about lim  f(z,y) ?

(z,y)—(0,0), (z,y)—(0,0)
y=mz
Solution:
a) —1. Ifitexists lim  f(z,y),is —1. D) 0. It does not exist (0 # —3).
(z,y)—(0,0)

3 Differential Calculus in R"

3.1.

Determine the first order partial derivatives of the following functions, defining them in the
largest possible domain.

a? —yr, y#x
a)f(z,y,2) = 3zy + 2 — 2y + 2% b) flz,y) =
x, Yy =x.

Solution: a) f;:3y+2aj;f;:3w—z;f;:—y+22;pfézpfézpf;:R3
b) fr=2x—yifr#yand f; =0ifz =y =0; fy=-—wifr#yand fj =0if 2 =y =0
Df, =Df, =R*\{(a,a) : a # 0}

r—y+1

3.2. Show that f(z,y) = n
rTy

is a solution of the equation

of of _ 2

or Oy x4y
in any of the sets defined by x +y > 0 or x +y < 0.

3.3. Consider the function
eV —(z—y+1)

fz,y) = vy
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a) Discuss the continuity of f(z,y) at (1,1).
b) Check that f;(a,a)+ f,(a,a) =0, Va € R.

Solution:

a) f is continuous at (1,1).

3.4. Given the function
22 — o2 ) )

P , T2+ y“ #£0
fz,y) = 4 :

0 ,t=1y=20

compute the directional derivatives at (0,0), whenever they exist.

Solution: d- f(0,0) exists for ¥ = (o, a) and ¥ = (o, —a), « € R\{0}. In that case,
8= £(0,0) = 0.

3.5. Consider the function f : R? — R defined by

2
i ,x#£0
_ ) ey
f(x7y)_ 9

0 ,x=10

a) Show that f admits a directional derivative at (0,0) along any direction and compute it.

b) Show that f is not continuous at (0,0).
%(0,0) and of g(0,0).

c¢) Without performing any calculations, state the value of o 3y
52
. E S€ v 75 0 9 8f af
Solution: a‘) 8(a,,8)f(07 0) = ) (aa B) eR \{(07 0)} : C) %(07 0) = 8_11/(0’ 0) B
0 sea=0
0.
3.6.
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Study the differentiability of the following functions at the proposed points and obtain the
expression of the first order differentials (in case they are differentiable).

Ty, TFY
a) f(z,y) = 2% +y?, at point (0,0); b) f(x,y) = ; at (1,1);

zy — 2y + 3z, T #Ey
¢) f(a,y) = Lt (0,0); d) y= (a2 +1,2), at = 1;
22y’ 4+ 32 -2y, x=y

Solution:

a) f is differentiable at (0,0); Df(0,0)(h) = 0;

b) f is not differentiable at em (1, 1);

c) f is differentiable at (0,0); Df(0,0)(h) = 3h; — 2hs;
d) y is differentiable at = = 1; D f(1)(h) = (2h, h).

3.7. Write down the expressions of the first order differentials of each given function, at the
proposed points:

a) f(z,y) = y”®, at a generic point (a,b), with b > 0;
Tr1 — T2 + X3

VI3 — 1

Note: Admit that the functions are differentiable.

b) f(x1,22,23) = , at (1,-3,2).

Solution: a) Df(a,b)(h) = b*logb.hy + ab® L.hy b) Df(1,-3,2)(h) = hy — hy — 2hs3.

3.8. Show that the following functions are continuous but not differentiable at the given points:

—3x(y — 2 2403
S i) £ 0)
a) fz,y) = ,at (0,2).
\ Oa lf (iE,y) = (07 2)7
(2
M a2 2 £0
/332 +y2
b) g(z,y) = at (0,0)
L 0, ife=y=0,
¢) h(z,y) = V/|z|cosy, at (0,0).

3.9. Use the chain rule to compute
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dj
f,wheref—x y3, knowing that = = te! e y = t? 4 1;

2
d, 1
b) d—J; where f = u? + v3, knowing that u = { =(z+2y)ex= o Yy =tgt;
y’
d 2
c) d—j, knowing that z = %_{_y@ﬂ ex =cost, y =sint.

d) Vf(1,1), where f(z,y) = sin(2u — v® + w), knowing that u = ¢ ¥, v = 2% e w = 23y,
8 Ty

e) a—f((), 1,1), where f(x,y,2) = (u® — 3v)°, knowing that u = e> e v = In(y223);

f) Vf(1,2,3), where f(z,y,z) = g(u,v,w), with u = bz + 3z, v = 8¢ + 2y, w = —y + z and
knowing that Vg(14,12,1) = (4,5, 6).

Solution:

a) & =2te?(t +1)(¢2 + 1)? + 66%e24(¢2 + 1)%;
b) & = —2§T 25 5 - s+ 9(—5 +2sec’t)(2+2tg 1) ¢) & =2—4sin’¢; d) Vf(1,1) =
(4cos2,—60032), e) 6J;(O,l,l) —30; f) Vf(1,2,3) = (60,4,18).

3.10. If a function f(u,v,w) is differentiable at u =2 —y, v =y — z and w = z — x, show that
setting F(z,y,z) = f(r —y,y — 2,2 — z) we have

oF _OF _oF
Jdr 0Oy 0Oz

=0.
3.11. Consider the function

7 — 1)272
(af—1>12>+yy27 (z,) # (1,0)

0, (z,y) = (1,0)

g(w,y) =

a) Determine the partial derivatives g; (z,y) and g, (z, y), as well as their domain of definition.
b) Show that g/ (x,y) and g, (x,y) are continuous over R?.

c¢) Study the differentiability of f at (1,0).

d) Discuss the continuity of f at (1,0).
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Solution:
2(x — 1)y4

((z —1)2+¢?)*’

2(x — 1)y

(@) # (1,0 (O=EERE

(z,y) # (1,0)

a) gy(z,y) = gy(z,y) =

0, (fﬂ,y) = (170) 0, (xay) = (170)
Therefore, Dy, = Dy = R2. ¢) g is differentiable at (1,0). d) g continuous at (1,0).

3.12. Let f : R?2 — R be a function defined by

(1:2 + y2) sin T—i—yQ’ if (z,y) # (0,0)
flx,y) =

0, if (z,y) = (0,0).

of of
a) Compute %(0,0) and a—y(O, 0).

0
b) Determine a—f(:v, y) and show that it is discontinuous at (0, 0).
Y
c¢) Check thatf is differentiable at (0, 0).

e)Discuss the continuity of f at (0,0).

d) Compute 9,

34
5'5

Solution:
a) f2(0,0) = £,(0,0) = 0;
2q sin ——k — L cos——L , (x, 0,0
b)fgl;(x7y) = Y Ve ty? y\/x2+y2 Va2 ty? (=9) #(0,0) ;d) 0; e) f is continuous
ol 0, (x,y) = (0,0)
at (0,0).
3.13. Use the function )
sinx
, y#0
g(:z,y) =
0, y=20

and the point (0,0) to show that a function with finite partial derivatives at a given point is not
necessarily continuous at that point. Is the given function differentiable at (0,0)? Why?
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Solution:

The function is not continuous at (0,0), and so it is also not differentiable.

3.14. Considerer the function f: R? — R defined by

Y if

fl,y) =
0, if (z,y) = (0,0).

a) Show that f is continuous at (0,0).

. of of
b) Determine %(0,0) and 8—y(0,0).

c¢) Show that f is not differentiable at (0,0). Without performing any calculations, what can

of of

you conclude about the continuity of 92 ¢ Ba at (0,0)7
x

0y

Solution:
b) f2(0,0) = £,(0,0) =0 c) Since f is not differentiable at (0,0), at least one of the functions
fz or f, is not continuous at (0,0).

3.15. Let f : R? — R be the function defined by
z(z —y)

flay) =4 Y
0 ife+y=0

ife+y#0

a) Study the continuity of f at (0,0)

0
b) Compute the partial derivative (‘Tf and discuss its continuity at (0, 0).

x
c¢) Study the differentiability of f at (0,0).
d) Show that g(0 0) g(o 0) ). (—2 —2) #06 .- f(0,0). Comment on the result.
or 7ay ’ 2 792 gyg) )
Solution:

a) f is not continuous at (0,0).

x2 Ty — 2, . . .
b) fo(z,y) = (+T2+;)L2L if x+y # 0 and fl(x,y) = 11if (x,y) = (0,0) (it does not exist
fi(a,—a),a # 0); fi(x,y) is not continuous at (0,0).
c) f is not differentiable at (0,0).
d) The two values onlym had to be equal if f was differentiable at (0, 0).
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3.16. Compute 82_f and 34—f for f(z,y, 2) = 222%y + xye?
o Ox? 022020y’ 7 ’

3.17. Compute f75, f;, and fy7 . for each of the following functions, indicating the corresponding
domain of definition:

ysinz, y#0

a’) f(m,y) - xSin(x + y); b) f(wvy) =

3.18. Compute the differential of order 2, 3 and 4 of the function f(z,y) = \/zy at (1,1).

3.19. Determine the differential of order n of the function f(x,y) = sin(z + y), at the point
(0,0).

3.20. Show that f(x,y) = log(e” + e¥) satisfies the (differential) equation

az_fa2_f_(62f)lo

0x2 Oy? Oxdy
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everywhere in R2.
22 : of _of _ . R2
3.21. Let f € C=(R?) be a real function such that %(0,0) = %(0,0) =1. Also, let g : R* —
R be defined by
g(z.y) = fysen z,y?).

Show that the Hessian matrix of g at (0,0) is given by [ (1) ; ] .

3.22. Consider f: R? — R defined by

f(z,y) = zy* + g(u,v,w), with u =sen y*, v=Inz and w = ye°.

2

of (1,0).

Assuming that g is of class C?(R?), compute
0yox

. 2 0?2 0
Solution: 24 (1,0)=e (m%(o,o,o) + 240, 0,0)).

3.23. Show that the following functions are homogeneous or positively homogeneous. Determine
in each case the degree of homogeneity and verify Euler’s identity.

x
x—i_y)Sin "9 9> (xvy) 7£ (0?0)
x+y2 l'2+y2 ( <l‘2+ 2>

) ) =105 I ) fan) = YU o) flay) - v

0, (z,y) = (0,0)
Solution:
a) f is homogeneous with degree 0;
b) f is positively homogeneous with degree —1;
c¢) f is homogeneous with degree 1.

3y 4 2b-1

3.24. Study the function g(z,vy,z) = 2% + 22953 — 238 e de h(z,y) = , with

3-8
Y
respect to its homogeneity in terms of the parameters o, 5 € R,

a) Using the definition.

b) Using Euler’s identity.
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Solution:

g is homogeneous with degree 2 for oo = —% and § = %;
€ IX.

h is homogeneous with degree o+ 5 for = a + 4, € R

3.25. Assuming that g(u,v) is differentiable (x, Z), with x,y # 0, show that
y T
T z
f(xa Y, Z) = xQ'g <7 > )
y T

satisfies the identity x f. +y fz,; + z f, = 2.f. Interpret this results in terms of homogeneity.

Solution: f is positively homogeneous with degree 2.

3.26. Let f(x):R™\ {0} — R be an homogeneous, non constant function with degree 0. Show
that lin% f(x) does not exist.
x—

3.27. Consider the function f: R? — R defined by

f(f,y)zln( uld )

r+y

Write down Taylor’s formula with degree 2, around (1,1).

(I+h)(1+k)
2+h+Ek

1

1, 1 3
= —n2+-h+-k+-
n+2+2+(

4

3

1
Solution: 1 h?+ =—hk — =
olution: In +2 1

5 k:z) + r3(h, k).

4 Optimization Problems

4.1. Determine and classify the critical points of the following functions from R? to R.
a)z? +y? b)z? — y? c)x® + 3 d)x® — 3
e)zt + y fHat —yt g)3zy — a3 — ¢ h)xlnz +ylny

N +yed 23 +axy?+522 +y? k)t +yt—day+1 0 D)a?y?
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Solution: a) (0,0) is a minimum point; b) ¢) d) (0,0) is a saddle point ; e) (0,0)is a
minimum point; f) (0,0) is a saddle point; g) (0,0) is a saddle point and (1,1) is a maximum
point; h) (1/e,1/e) is a minimum point; i) (0,—1) is a saddle point; j) (0,0) is a minimum
point, (—5/3,0) éis a maximum point, (—1,2) e (—1,—2) are saddle points; k) (0,0) is a
saddle point, (1,1) e (=1, —1) are minimum points; 1) (0,b) e (a,0) Va,b € R, are minimum
points;

4.2. Determine and classify the critical points of the following functions, in terms of the para-
meter a € R\ {0}

a)f(z,y) = e~ b)f(x,y) = az® — 3

o) f(z,y) = 2% — azx? — 3y? d)f(x,y)z%x5+ay2—x

Solution: a) Critical point: (0,0). if a < 0, minimum point; if @ > 0, saddle point.  b)
Critical point: (0,0). If a > 0, (0,0) is a saddle point; if a < 0, (0,0) is a maximum point. c)
Critical points: (0,0) and (%",0). If a > 0, (0,0) is a maximum point and (23—“,0) is a saddle
point; if a < 0, (0,0) is a saddle point and (%“, 0) is a maximum point. d) Critical points:
(—3.0) and (3,0). if a < 0, (—3,0) is a maximum point and (3,0) is a saddle point; if a > 0,
(—3,0) is a saddle point and (3,0) is a minimum point.

4.3. Consider the function f(z,y) = (y — o) ze®.
a) Knowing that (0, 1) is a critical point, determine « and classify this critical point.

b) Show that f is unbounded.

Solution: a) a« = 1. The critical point is a saddle point.

4.4. Let function f : R?> — R be defined by f(z,y) = 4a(y — 2)? + (8% — 1)(2z — 2)2, where
a#0, p#1, # —1. Show thate (1,2) is the only critical point and classify it in terms of all
possible values of a and .

Solution: If |5| < 1 and o < 0 then (1,2) is a local maximum; if |3] > 1 and a > 0 then (1, 2)
is a local minimum; in all other cases it is a saddle point.

4.5. Let f : R? — R be defined by f(z,y) = z2e¥ 3.
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a) Determine all critical points of function f.

b) Show that f attains its global minimum at points of the form (0, b).

c¢) Justify that

(i) f is unbounded over R?;

(i) f has a maximum and minimum over B = {(z,y) € R? : 2? + y? < 9}.

Solution: a) Critical points: (0,b) with b € R.

4.6. Determine the global extrema of f over the set M, where

a)f(z,y,z) =z — 2y + 2z,
b) f(z,y) = 422 + 42,

o) f(z,y) = zy,

d)f(z,y,2) = 2% + 2y — 22,

e)f(z,y) = 2%+ 2zy + ¥,

Nf(x,y,2) =2z + 2y* + 22,

9)f(x,y,2) = e =Y,

h)f(z,y) = 4wy — 22% — 292,

i) f(z,y) = 2 4 2zy + 32,

Solution: a) max. = 3, min.=-3; b) max.= 2, min. = 1; ¢) max. = 2, min. = —2; d) max.
=10, min. = —8; e) max. = 25, min. = 1; f) max. = 9/2, min. = —2v/2. g) max. = 1, min.
= 1/e; h) max. = 0, min. = —4; i) max. = 16, min.= 0

M= {(z,y,2) eR®:2? +¢y* + 22 =1}
M:{(ﬂs,y)ER2:2x2+y2:l}
:%—i—%:l}
M = {(z,y,2) € R®: 2% + y* + 22 =8}
M= {(z,y) e R?: (z—3)*+y* =2}
M = {(z,y,2) € R®: 2% + y* + 22 = 2}
M = {(z,y,2) e R® : 2? + y* + 22 = 1}
M = {(z,y) e R*: 2? +¢y* =1}

M = {(z,y) € R? : 2® + y*> = 8}

4.7. Determine the global extrema of f over the set A, where
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a)f(z,y,2) =2 —2y+2z, A={(z,y,2) eR*:a? +y? + 22 <1}
(note: compare with a) from previous exercise)

b) f(z,y) = 4a* + o, A={(z,y) eR*: 222 + > < 1}
(note: compare with b) from previous exercise)

o) f(x,y) =2 +2zy+y?, A= {(z,y) eR?: (z—3)*+y> <2}
(note: compare with e) from previous exercise)

Solution: a) max. = 3, min. = —3; b) max. = 2, min. = é 0; ¢) max. = 25, min. = 1.

4.8. Determine the maximum and minimum distance to the origin of the points in the ellipse
522 + 6y + 5y? = 8.

Solution: The maximum distance is 2 and the minimum distance is 1.

4.9. Solve the optimization problem min (z + 4y + 3z) subject to the condition z2 +2y2 + %22 =
b, (b > 0).

) )

Solution: The minimum value is —6v/b, attained at (—%5 —‘/?B —%E).

4.10. Determine the point in the ellipse 22 4+ 2xy + 2y? = 2 with smallest x coordinate.

Solution: (—2,1).

4.11. determine teh global extrema of f(z,y) = e T¥* % over the set {(z,y, 2) € R3 : 2242 =
1, z=2-y}.

Solution: The maximum value is e'%) attained at (0, —1,3); the minimum is e?, attained at
(0,1,1).
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5 Multiple Integrals

5.1. Compute the following integrals.

1 1 2 1 1 +oo ptoo ptoo
a) / / / x drdydz b) / / ye™Ydxdy c) / / / e TV dxdydz
0 J-1J1 -1Jo 0 0 0
+oo
/ / 22e "W 4 3y Y )dydx / / 1+x+ Ydxdy / / / y cos x drdydz.

Solution: a) 3 b)e—2-2 ¢)1 d)2 ¢ L 1)

5.2. Compute [[, f(z,y)dxdy, where
a)f(xay):%v A={(z,y) eR*: 1<y <3, 0<z <y}
b)f(z,y) = ex, A={(z,y) eR*: 1<z <2, z<y<a’}
o) f(x,y) = z%y°, A={(z,y) eR*:0< <1, 22 <y<1}

d)f(z,y) =ye* +2%y, A={(z,y) eR*:0<y<1, 0<z<y?}
e)f(x,y) =xe ™Y, A:{(x,y)ERz:lngQ,%§y<+oo}

Hf(x,y) =23+ 4y, A is the region bounded by the lines y = 2 and y = 2z.

Solution: a) 2 b) S —2e ¢) & d)£-—22 eI )32

5.3. Let A= {(:U,y) eER?:y<l—z,y<l+uz, yZO}, and compute

a) [[,(z — 1)y dxdy b) [[4(y — 2y*)e™ dady ) [[4(x+y) dedy.

Solution: a) —3 b)0 «c)

Ty r>0ey>0

1,1
5.4. Compute/ / f(z,y)dxdy, with f(z,y) =
—1J-1 1—z—vy, other (z,y)
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Solution: %

5.5. Using a double integral compute the area of set A, where

a) A={(zy) R’ ~1<a<1 A a” <y<1)

b) A={(z,y) eR?:1-2<y<1 A z<1};

c) A= {(z,y) eR?:a? <y <2—2a?};

d) A={(z,y) ER*:24+y+2>0 A z+y> <0}
e)A:{(az,y)ERQ:ySm2 ANy—xz>0AN2y—ax<3 A ;UZO};
f)A={(z,y) eR?:2>0 A 2% +y> <1}
g)A:{(x,y)€R2zy2+a:§2 A :c—yZO};

) A={(@yeR <o n v < +3)

4 8
5.6. Compute / / sin(y?)dydz (suggestion: Draw the integration region
0 2x

integration order)

Solution: #

5.7. Compute // g(x,y)dzdy, where A =[0,2] x [0,4] e g(z,y) =
A

Solution: —%
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6 Differential equations

6.1. Determine the general solution of the following differential equations with separable varia-

bles.
a)y =y — b) dr e = d - dy  _Lby®

Yy =zy—=x ) dze? =dy(x +1) — dx c)dx—i-ny(sz)—O
d)V1—22dy —\/1—y?dx =0 e)em4yy’ =2 (9 +y") fev(d+ 22y =x(2+¢Y)
g)edy + (4 + y2) dr=20 h)dzeYdx + (a:4 + 4) dy =0

Solution: a) y(z) =1+ ez’ C b) In (ey(””) +1)—y(@)+In(z+1)=C c¢) sIn|l+y°+
In|z|—3In(1+2%) = C d)arcsin (y (z))—arcsinz = C  e) ¢ arctan (5y° (ac))—i—}le*"“"4 =C f)
In (2 + ey(x)) —3In(4+2%) =C g) Jarctan (3y(z))—2e™3*=C h) —e7Y@ tarctan sa? =

6.2. Solve the following initial value problems.

d
a)y +4y =0, y(0)=6 b) d—?ijtysint:(), y(m/3) =3/2
c) 1+2%)y' +y=0, y(1)=1 d) 2y +4dzy = 4z, y(0) = -2

e)y +ysinz =sinzcosz, y(§)=0

s,

Solution: a) y(x) = 6e~4 b) y(t) = %eCOSt_% c) y(z) = e
e) y(r) = cosz + 1 — 57,

arctan(zx) d) y(m) == 36—:52

6.3. show that any homogeneous first order linear differential equation can be written as a

6.4. Determine de general solution of the following differential equations.

ay" =Ty +12y =0 b)y" +4y =0 )y —4y +4y =0

d)y" + 2y +10y =0 e)y” +vy — 6y =28 Y+ 3y +2y = e
9)y" —y=sinz hy'—y=e* i)y" — 6y = 36(x — 1)
Ny’ — 9y = 922 k)y" + 3y +2y =sinz Dy +3y +2y=e"

m>y// _ 43// +4y = Ge2x
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Solution: a) y(z) = C13* +Cae? D) y(z) = Cycos2z+Cysin2x  c) y(x) = (C1 + Coz)e?”

d) y(z) = (Crcos3z + Cysin3z)e ™ e) y(x) = Cre 3% + Che?* — % f) y(x) = Cre=2* +
Coe % + 41265’” g) y(x) = Cre™® 4+ Cae® — %sinx h) y(z) = C1e* + Cye™® éa:e o)
y(z) = CreV8% 4 Coe=Vo" _ 631 6 i) ylz) = Cre3® + Cre™3® — 22 — 2 k) y(z) = Cre > +
Coe™®— 3 cosz+issing 1) y(z) = Cre 2 +Che "+ze™® m)y(z) = C1e2*+Coze®+32%€%".

6.5. Solve the following initial value problems.
a){y”+y’—2y—0 b){y”+2y’+5y—0 ){y”+2y’+y—w2
y(0) =-1,5/(0) =1 y(0) =0,y/(0) =1 y(0)=0, 4 (0)=1

d){y"+4y:4x+1 e){Qy”+y—0 f){Qy” 4y +2y =0
y(5) =0, ¥'(5)=0 y(3m) =2, ¢/ (37) =0 y(0) = —1,¢/(0) = 1

9) { y" — 2y 4+ 10y = 1022
y(0) =0,4/(0) =3

Solution: a) y(z) = —2e 2% — },’em b) y(z) = 3sin(2z)e™® ¢) y(z) = —(6+z)e * +2° —
dz+6 d)y(z)=2H cos2;v+§s1n2m+:v+4 e) y(z) =2sin($) f)y(z)=(-1+2x)e"
g) y(z) = e® (3 cos 3z + Zsin3x) + 2 + 2z — .

6.6. Solve the following boundary value problems.

a){ Yy’ — 6y + 9y =" b){ y' +4y=0 c){ y" — 10y + 25y = 50
y(0)=0, y(1)=0 y(0)=0, y(r) =0 y(0)=0, y(2) =2.

d){ y" — 8y + 16y =0
y(0)=1, y(1) = e

SOIUtiOIZI a) y(x) = (—%x + 1:1:2) 3z b)) y(z) = Csin2z  c) y(z) = (—2+x)e® +2  d)
y(z) = e**.

6.7. Knowing that y = €?* is a solution of the differential equation

y”—ay'—l—lOy:O, a € R,

determine « and the general equation of this equation.
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Solution: a = T7; y(z) = C1€** + Cae®®.

6.8. Knowing that y (x) = xe?® is a solution of the differential equation 2y” — ay’ + 8y =
2y" — oy + 8y = 16

0, with a € R, solve the boundary value problem
Y P {y(o)zl;y(1)=2

Solution: y(x) = —e%* + xe?® + 2.

6.9. solve the following problem with periodic conditions.

{ y”+4y 4,

y(3).y'(0)=y(3)
Solution: y(z) = 1.

6.10. Determine the general solution of the following differential equations.

a)y +y?sinz =0 byyy +x =0 )y -2y =0

d)y'y — (242 +1)e”” =0 e)gg cosy = —x lsfx% Yy +6yz® —2°=0

Solution: a) y 1( ) = —cosz+C b) y*(z) = 22+ C c) y(z) = C’1+C’262” d)
1 In(2y? +1)—%e”” C )ln|smy|+11n(1+ N = (©/ f)y():6+06_$.

6.11. Determine the values of a and b for which €2 and e~2% are solutions to the differential

equation y” + ay’ + by = 0. For those vales of a and b, compute the general solution to the
differential equation.

Solution: a =0 e b= —4; y,(x) = Ae** + Be 2*, A, B € R.

6.12. [Malthus populational growth]
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(a) Compute the time evolution of a population level y(¢) knowing that: i) at each time ¢, the

d
ygy’ is equal to r (with r > 0); ii) at time ¢t = 0 there are

growth rate of the population ,

yo (millions of individuals).

(b) Estimate the value of the Portuguese population in the year 2020, knowing that in the year
2013 (by hypothesis t = 0) there is record of y = 10.457 (million individuals) and that
r = —0.00476.

(¢) Comment on the Malthusian hypothesis, by studying tlim y(t).
—00

Solution:

a) y(t) = yoe™; b) y(8) ~ 10.0663; ¢) +oo if r > 0, yo if r = 0 and 0 if r < 0.

6.13. [Populational growth according to Verhulst|

(a) Compute the time evolution of a population level y(¢) knowing that: i) at each time ¢, the

d
rate of growth of the population, y/ y’ is equal to r minus ay (r: natural growth rate; a:

migratory or death rate; with > 0 e a > 0); ii) at time ¢ = 0 there is a record of yo million
individuals.

(b) b)Estimate the value of the Portuguese population in the year 2020, knowing that in the
year 2013 (by hypothesis ¢ = 0) there is a record of y = 10.457 million individuals and that
r = —0.00229, a = 0.00033.

c¢) Study tl_i)m y(t).

6.14. [Domar’s growth model]

Consider an economical model where i) the aggregated demand y,4, varies on time according to

d dl'1
the equation % = ——, where I = I(t) is the investment and s the marginal propensity to
saving (1/s is Keynesian multiplier); ii) the productive capacity (y. = pK - note: the productive

dK
capacity depends only on the stock of capital) follows the differential equation % = pﬁ,

dK
where K = K (t) is the stock of capital of the economy (naturally, T I(t)). Obtain the time

trajectory of the investment, I(t), satisfying the equilibrium of Domar’s model - the variation
of the aggregated demand = variation of the productive capacity.

6.15. Consider the demand and supply functions of a given commodity, Qqy = a — bP; Qs =
—c+dP.
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(a) Determine the time evolution of the price level P(t) knowing that a each time ¢, the variation

dP
rate of P(t) is proportional to the excess demand, i.e. i a(Qq — Qs), and that P(0) =
Py # P. = (a+c)/(b+ d) (equilibrium price).

(b) Verify under which conditions we have lim P(t) = P..

t—o00
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