
STATISTICAL 
METHODS

Master in Industrial Management, 

Operations and Sustainability (MIMOS)

2nd year/1st Semester

2025/2026



Professor: Elisabete Fernandes

E-mail: efernandes@iseg.ulisboa.pt

https://doity.com.br/estatistica-aplicada-a-nutricao
https://basiccode.com.br/produto/informatica-basica/

CONTACT



Fundamental 

Concepts of 

Statistics

Descriptive Data 

Analysis

Introduction to 

Inferential Analysis

Parametric 

Hypothesis Testing

Non-Parametric 

Hypothesis Testing

Linear Regression 

Analysis

PROGRAM



LECTURE 10 HOMEWORK: 
QUESTIONS AND SOLUTIONS



EXERCISE 7.29

Newbold et al (2013)



EXERCISE 7.29:  SOLUTION

 Answer:

Confidence Interval for the 

Mean (Unknown Variance)

Computing the mean and the 

standard deviation of the 

sample mean

𝐶𝐼 1−𝛼 (µ) = ҧ𝑥 − 𝑡
1−

𝛼
2

;𝑛−1
×

𝑠

𝑛
, ҧ𝑥 + 𝑡
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𝛼
2

;𝑛−1
×

𝑠

𝑛



EXERCISE 7.29:  SOLUTION

 Answer:

0.95 quantile of a t-distribution with 8 degrees of freedom

t0.95; 8 

1-α = 0.90  α = 0.10 

1- α/2 = 0.95

𝑡
1−

𝛼

2
;𝑛−1

 = t0.95;8 ~1.8595 

(see student´s t table)

CI0.90(µ) = (13.25; 19.19)



EXERCISE 7.41

Newbold et al (2013)



EXERCISE 7.41 A):  SOLUTION

 Answer:

Computing the mean and 

the standard deviation of 

the sample proportion

Confidence Interval for the 

Population Proportion

CI98% (p) = (0.9087, 0.9775)

1-α = 0.98  α = 0.02 

1- α/2 = 0.95

𝑧
1−

𝛼

2
 = z0.99 = 2.326 (see 

standard normal table)
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EXERCISE 7.41 B):  SOLUTION

 Answer:

Confidence Interval for the 

Population Proportion

CI98% (p) = (0.01136, 0.06994)



EXERCISE 7.50

Newbold et al (2013)



EXERCISE 7.50:  SOLUTION

 Answer:
Confidence Interval for the 

Population Variance

n = 9 (sample size)

s = 0.8874 (sample standard 

deviation)

α = 0.10 (significance level)

1 – α = 0.90 (confidence level)

χ²(0.05, 8)  = 3.490295

χ²(0.95 8)  = 15.507313 (see chi-

square table)

𝐶𝐼 1−𝛼 (σ2) =
(𝑛 − 1)𝑠2

𝜒
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EXERCISE 7.50:  SOLUTION

 Answer:

CI90% (σ2) = (0.406, 1.805)

CI90% (σ) = (0.637, 1.344)



LECTURE 11: PARAMETRIC 
HYPOTHESIS TESTS



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 UNKNOWN)

OR H0: µ ≥ µ0, H0: µ ≤ µ0
Note: 

For a mean test, there are 

three possible types: two-

tailed, right-tailed, and left-

tailed. They have different 

hypotheses, the same test 

statistic, but potentially 

different decision rules.

(RR)
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• A parametric hypothesis test for the parameter µ (the population mean) may be:

                                        

         Right-Tailed Test 

                                        

   

where µ₀ is the specific numerical value considered in H₀ and H₁.

Two-Tailed Test

H0: µ ≤ µ0

H1: µ > µ0 

 
H0: µ ≥ µ0

H1: µ < µ0 

 

H0: µ = µ0 

H1: µ ≠ µ0  

RR = ]-∞; t]

RR = ] -∞; -t1-/2]U[t1-/2; +∞[ 

RR = [t1-; +∞[

TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 UNKNOWN)

Left-Tailed Test

Decision rule: Reject H₀ if the test statistic t is in 

the rejection region (RR), or if p-value < α.



EXERCISE 9.25

Newbold et al (2013)



EXERCISE 9.25:  SOLUTION

 Answer:

Two-tailed Test

One-Sample t-Test for the Mean 

(unknown Variance)



CRITICAL VALUE 𝒕𝟏−𝜶/𝟐; 𝒏−𝟏: CALCULATION

0

Significance level (α=0.10)

α/2=0.05

t0.95; 7 = 1.895

Total area under the 

t-distribution pdf = 1.

Confidence level (1-α=0.90)

RR = ] -∞; -t1-/2]U[t1-/2; +∞[ 
?

α = 0.10 

1 - α/2 = 0.95

𝑡
1−

𝛼

2
;𝑛−1

 = t0.95;7 = 1.895

1-α/2=0.95

Two-tailed Test

RR = ] -∞; -1.895]U[1.895; +∞[ Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



0 1.82-1.82

P(T ≤- 1.82) = P(T ≥ 1.82) ~ 1-0.95= 0.05

P(T ≤ 1.82) ~ 0.95

∞

P-VALUE FOR A STUDENT´S T-STATISTIC: 
CALCULATION

P-value = 2×P(T ≥ |t0|)

P-value = 2×P(T ≥ |t0|) 

P-value = 2×P(T ≥ 1.82) 

P-value ~ 2×P(T ≥ 1.895) 

P-value = 2×[1-P(T < 1.895)] ~ 2×[1-0.95]  = 0.1

P-value = sum of the two green areas = 0.05 + 0.05 = 0.1

Total area under the 

t-distribution pdf = 1.

The value of the test statistic is t0 = -1.82

Two-tailed Test

Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



EXERCISE 9.25:  SOLUTION

 Answer:

Note: 

In the following slides, we 

will examine both the 

left-tailed and right-

tailed tests to compare 

the results.

RR = ] -∞; -1.895]U[1.895; +∞[ 

P-value = 0.1

Approximate value (from the 

Student’s t-distribution table)

Note: 

The rejection region 

and the p-value were 

calculated in the two 

previous slides, 

respectively. Exact value

Decision rule: Reject H₀ if the 

test statistic t is in the rejection 

region (RR), or if p-value < α.



EXERCISE 9.25:  LEFT-TAILED TEST 

 Answer:

One-Sample t-Test for the Mean 

(unknown Variance)

Left-tailed Test

P-value ~ 0.058 < 0.1     reject H0

Note:

The value of the test statistic is the same for both 

two-tailed and one-tailed tests: 𝑡 = −1.82.

Note: 

The rejection region 

and the p-value will 

be computed in the 

next two slides, 

respectively.

RR = ] -∞; -1.415]

Exact value



CRITICAL VALUE 𝒕𝜶; 𝒏−𝟏: CALCULATION

0

Significance level (α=0.10)

t0.10; 7 = -t0.90; 7 = -1.415

Total area under the 

t-distribution pdf = 1.

Confidence level (1-α=0.90)

RR = ] -∞; t]

?

α = 0.10 

1 - α = 0.90

𝑡𝛼;𝑛−1 = -𝑡1−𝛼;𝑛−1 = -t0.90;7 = -1.415

1-α=0.90

Left-tailed Test

α =0.10

RR = ] -∞; -1.415]

Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



0 1.82-1.82

P(T ≤- 1.82) = P(T ≥ 1.82) ~ 1-0.95= 0.05

P(T ≤ 1.82) ~ 0.95

∞

P-VALUE FOR A STUDENT´S T-STATISTIC: 
CALCULATION

P-value = P(T ≤ t0)

P-value = P(T ≤ t0) 

P-value = P(T ≤ -1.82)  P-value = P(T ≥ 1.82)  

P-value ~ P(T ≥ 1.895) 

P-value = 1-P(T < 1.895))~ (1-0.95) = 0.05

P-value = one green area = 0.05

Total area under the 

t-distribution pdf = 1.

The value of the test statistic is t0 = -1.82

Left-tailed Test

Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



EXERCISE 9.25:  RIGHT-TAILED TEST 

 Answer:

Right-tailed Test

One-Sample t-Test for the Mean 

(unknown Variance)

P-value ~ 0.942 > 0.1     do not reject H0

Note:

The value of the test statistic is the same for both 

two-tailed and one-tailed tests: 𝑡 = −1.82.

t0.90;7 

Note: 

The rejection 

region and the 

p-value will be 

computed in 

the next two 

slides, 

respectively.

Exact value

RR = [1.415; +∞[



CRITICAL VALUE 𝒕𝟏−𝜶; 𝒏−𝟏: CALCULATION

0

Significance level (α=0.10)

t0.90; 7 = 1.415

Total area under the 

t-distribution pdf = 1.

Confidence level (1-α=0.90)

RR = [t1-; +∞[ 

?

α = 0.10 

1 - α = 0.90

𝑡1−𝛼;𝑛−1 = t0.90;7 = 1.415

1-α=0.90

Right-tailed Test

α =0.10

RR = [1.415; +∞[
Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



0 1.82-1.82

P(T ≤- 1.82) = P(T ≥ 1.82) ~ 1-0.95= 0.05

P(T ≥ -1.82) ~ 0.95

∞

P-VALUE FOR A STUDENT´S T-STATISTIC: 
CALCULATION

P-value = P(T ≥ t0)

P-value = P(T ≥ t0) 

P-value = P(T ≥ -1.82)  P(T ≤ 1.82) 

P-value ~  P(T ≤ 1.895) = 0.95

P-value = one blue area = 0.95

Total area under the 

t-distribution pdf = 1.

The value of the test statistic is t0 = -1.82

Right-tailed Test

Note: 

The Student’s t table

reports left-tail

probabilities: P(T ≤ t).



LECTURE 11: NON-PARAMETRIC 
HYPOTHESIS TESTS



CHI-SQUARE GOODNESS-OF-FIT TEST

Note:

The Chi-square goodness-of-fit test is 

used when we have a categorical 

variable (nominal or ordinal) and we 

want to test whether the observed 

frequencies follow a specified 

theoretical distribution.

Note:

The test statistic follows a 

Chi-square distribution with 

𝐾 − 1degrees of freedom.

Note: 

Parametric tests rely on assumptions 

about the population distribution 

(typically normality), while non-parametric 

tests do not require such 

assumptions. Chi-square tests are non-

parametric.



CHI-SQUARE GOODNESS-OF-FIT TEST

RR = [𝜒1−𝛼;𝑘−1
2 ; +∞[ 

α = significance level

1 – α = confidence level

𝜒1−𝛼;𝑘−1
2  = represents the 1 – α 

quantile of the Chi-square 

distribution with k-1degrees of 

freedom (see chi-square table)



EXERCISE 14.1

Newbold et al (2013)



EXERCISE 14.1:  SOLUTION

 Answer:

Goodness-of-Fit Test



EXERCISE 14.1:  SOLUTION

 Answer:

The value of the test 

statistic is q = 3.88.

q

q



Confidence Level (1-α = 0.95)

Significance Level (α=0.05)

α=0.05

2
0.95;2 = 5.991

1-α=0.95

Given a significance level of α = 0.05, we 

have 1 − α = 0.95.

2
0.95;2 = 5.991 (see chi-square table)

CRITICAL VALUE 𝝌𝟏−𝜶;𝒌− 𝟏
𝟐 : CALCULATION

α = 0.05 (significance level)

1 – α = 0.95 (confidence level)

χ²(0.95 2)  = 5.991 (see chi-square 

table)

Total area under the chi-square 

distribution pdf = 1.

RR = [5.991; +∞[ 

Note: 

The chi-square table

reports right-tail

probabilities: P(Q ≥ q).



P-value = P(Q ≥ 3.88) ~ P(Q ≥ 4.605) = 0.1 

Decision rule based on the p-value: 

P-value = P(Q ≥ q) <   Reject H0 for 

P-value = P(Q ≥ 3.88) ~ 0.1

3.88

P(Q ≤ 3.88) ~ 0.9

P-VALUE FOR A CHI-SQUARE STATISTIC: 
CALCULATION

Total area under the chi-square 

distribution pdf = 1.

The value of the test statistic is q0 = 3.88

Note: 

The chi-square table

reports right-tail

probabilities: P(Q ≥ q).



EXERCISE 14.1:  SOLUTION

 Answer:

α = 0.05 (significance level)

1 – α = 0.95 (confidence level)

χ²(0.95 2)  = 5.991 (see chi-square 

table)

q

P-value = P(Q > 3.88) ~ 0.1

Approximate value (from the chi-table)

RR = [5.991; +∞[ 

𝜒0.95;2
2

Exact valueQ

Note: 

The rejection region 

and the p-value were 

calculated in the two 

previous slides, 

respectively.



HOMEWORK OF LECTURE 11: 
QUESTIONS



EXERCISE 9.12

Newbold et al (2013)



EXERCISE 9.26

Newbold et al (2013)



EXERCISE 14.2

Newbold et al (2013)



THANKS!
Questions?
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