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1. Solve the following variational problems:

(a) max
∫ 1

0
(4xt− ẋ2) dt, x(0) = 2, x(1) = 2/3

(b) min
∫ 1

0
(tẋ+ ẋ2) dt, x(0) = 1, x(1) = 0

(c) min
∫ 1

0
(x2 + 2txẋ+ ẋ2) dt, x(0) = 1, x(1) = 2.

2. Consider the planar curve γ(x) = (x, f(x)) with f ∈ C1 that connects the points
A = (x0, y0) and B = (x1, y1). The length of the curve γ is given by

L(γ) =

∫ x1

x0

√
1 + (f ′(x))2 dx

Determine the curve γ which minimizes the length between A and B. Formulate
the problem as a variational problem and solve it using the calculus of variations.

3. Solve the variational problems:

(a)

min

∫ 1

0

(tẋ+ ẋ2) dt, x(0) = 1, x(1) ≥ 1

(b)

max

∫ 1

0

(10− ẋ2 − 2xẋ− 5x2)e−t dt x(0) = 1, x(1) free

4. Let A(t) denote a pensioner’s wealth at time t and w be the pension income (cons-
tant) per unit time. The pensioner consumption is given by

C(t) = rA(t) + w − Ȧ(t),

where 0 < r < 1. Now the pensioner wants to maximize∫ T

0

U(C(t))e−rt dt

knowing that A(0) = A0. The pensioner’s utility function U is given by U(C) =
1− e−C . Determine the optimal consumption C(t) so that at the end of the period
the pensioner retains at least 2A0, i.e., A(T ) ≥ 2A0.
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5. Solve the following optimal control problems

(a)

max
u(t)∈R

∫ 2

0

(etx(t)− u(t)2) dt, ẋ = −u(t), x(0) = 0, x(2) free

(b)

max
u(t)∈R

∫ 1

0

(1− u(t)2) dt, ẋ = x(t) + u(t), x(0) = 1, x(1) free

(c)

min
u(t)∈R

∫ 1

0

(x(t) + u(t)2) dt, ẋ = −u(t), x(0) = 0, x(1) free

6. Solve the following optimal control problems

(a)

max
u(t)∈R

{∫ 1

0

−1

2
u(t)2 dt+

√
x(1)

}
, ẋ = x+ u, x(0) = 0, x(1) free

(b)

max
u(t)∈R

{∫ T

0

−e−t(x(t)− u(t))2 dt− e−Tx(T )2
}
, ẋ = u−x+1, x(0) = 0, x(T ) free

7. Solve the following optimal control problems

(a)

max
u(t)∈R

{∫ +∞

0

2
√

x(t)− u(t)e−2t dt

}
, ẋ = u, x(0) = 1, lim

t→+∞
x(t) ≥ 0.

(b)

max
u(t)∈R

{∫ +∞

0

log(u(t))e−t/5 dt

}
, ẋ = x/10−u, x(0) = 10, lim

t→+∞
x(t) ≥ 0.
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