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Roadmap:
o Probability

@ Random variable and two dimensional random variables:

@ Distribution

@ Joint distribution

@ Marginal distribution

@ Conditional distribution functions

@ Expectations and parameters for a random variable and two dimensional
random variables

@ Discrete Distributions

@ Continuous Distributions

Bibliography: Miller & Miller, John E. (2014) Freund’s Mathematical Statistics with applications, 8th Edition,
Pearson Education, [MM]



Discrete vs Continuous Data

Discrete Data Continuous Data




Discrete vs Continuous Data

Discrete Data Continuous Data

Geometricamente

Areaentreafdp f(x)eo eixo x

nointervalo a<x<b = Pla<x<b)
fx)

o fx(x)>0for —oo < x < +
° f:: fx(x)dx = 1.

0 0< fix(x)<1,j=123,..
° ;’21 fx(x;) = 1.




Discrete vs Continuous Data

Discrete Data Continuous Data

Area até x, =F(x,)=P(X < x,)




Discrete vs Continuous Data

Properties of CDFs:
1) 0< Fx(x) <1,

Fx (x) is non-decreasing: VA, > 0: Fx (x) < Fx (x + Ay).
lim Fx(x)=0and lim Fx(x)=1.

X——00 X—+00

)
)
4) P(a< X <b)=Fx(b)— Fx(a), forb>a
)
)

lim Fx (x) = Fx(a); therefore X is right continuous
X—ra




Cumulative Distribution Function: Notes

1. P(X € B) = %jfo(ﬂi};

2. Fx(z) = Z Fx(3);

3. fx(z) = Fx(z)—Fx(z7),onde Fx(z7) = P(X < z);

a <X <b)=Fx(b)— Fx(a)+ fx(a);

6. P

<X <b)=Fx(b)— Fx(a) — fx(b) + fx(a);

7. Pﬂ-{X"ib)—Fx(b) Fx{a-).

P

5 Pla< X <b)=Fx(b)— Fx(a) — fx(b):
(a
(




Discrete Random Variable: Exercises
Probability Funcion (PF) and Cumulative Distribution Function (CDF)



Remarks: PF and CDF

Exercises: 1,5,6, 7,8, 9, 12

SU #x(x)bo V T €D,
2) = § (x)=1

XeDy

Answer: F' can be a cumulative distribution function because it seems that F
is non-decreasing, 0 < F <1 is—ri j




1. For each of the following, determine whether the given values can serve as the values
of a probability function of a random variable with the range z = 1, 2, 3, and 4:

a) f(1)=0.25, f(2) =0.75, f(3) = 0.25, and f(4) = —0.25;
b) f(1) =0.15, f(2) = 0.27, £(3) = 0.29, and f(4) = 0.29;
c) f(1)=1/19, f(2) =10/19, f(3) =2/19, and f(4) =5/19.




Exercise 1a), b) and ¢)

‘DX:%']JJ‘/gJLIf

o) Ne, breown %x(“’l)4o
b) Tea, bregune = q;x(l) = 1 amd é/\j:t)?o vV X €D

XEDy

¢) Ne, brconne 2 &K(XJ = %% # 1

X €D,




2. Verify that f(x) = 2z/[k(k + 1)] for x = 1,2,3,....k can serve as the probability
~ function of a random variable with the given range.




Exercise 2

#(1)= 4 (x =123 ,K)
x K (K+1)

%x(x)>o V KeN v x € Dx
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3. For what values of k can f(x) = (1—k)k" serve as the values of the probability function
of a random variable with the countably infinite range x = 0,1,2,...7




Exercise 3

#K (1).: (1" \()Kx (x' = O) f.: a:)

%1) g(x)>/o vV 2 €D
We  Meed x
) = #x(:c) =1
XeDy
,W.Iﬂ om-DLLJB-EJu
mm%
+ o0 il X
> #cx) = S -k T =(1-x) > K =
X D, X x=0 ~=0

L[, lKl<1—v =(1-x¥) 1 = 1
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Exercise 3

J co=0-x)K >0 V¥elon)

EQ(DN\LQW\/@'\Q: #(’1) = (1-K) memcua
- © frohekility fumclion if O <K<

Nete ( gqomelinie  Aeniss )
For -1 < r < 1, the sum converges as n - co,in which case

S!Sm=irk= 1

l=r

k=0



4. Show that f(x) = 1/x cannot serve as the values of the probability function of a
random variable with the countably infinite range x = 1,2, 3, ....




Exercise 4

()= 1L (x=12,3,-)
X

X
+ &

= %(z)=2l=1+1+1f1+... > 1

xepx VX x=1 X 2 2 M




5. For each of the following, determine whether the given values can serve as the value
of a cumulative distribution function of a random variable with the range = = 1,2, 3
and 4:

(a) F(1)=10.3, F(2) =0.5, F(3) =0.8, and F(4) = 1.2;
(b) F(1) =0.5, F(2) =04, F(3) =0.7, and F(4) = 1.0;
0.25, F(2) = 0.61, F(3) = 0.83, and F(4) = 1.0.




Exercise 5 a), b) and c)

(a) F(1)=0.3, F(2) =0.5, F(3) = 0.8, and F(4) = 1.2;
Answer: F is not a cumulative distribution function because F(4) > 1, which
is not allowed because a CDF has to verify 0 < F < 1.

(b) F(1) =0.5, F(2) =04, F(3) = 0.7, and F(4) = 1.0;
Answer: F is not a cumulative distribution function because F(2) < F(1),
which means that F’ decreases, which is not allowed.

(¢) F(1) =0.25, F(2) =0.61, F(3) = 0.83, and F(4) = 1.0.
Answer: F can be a cumulative distribution function because it seems that F

is non-decreasing, 0 < F < l-aad—F—ts-nght—eenmmeus

We Comt Mo—w 40\ Ay
WA/"}M jxd AMﬁ"GUW\C'-xG"‘
Kot WA Lonsk




6. If X has the cumulative distribution function

0 forzx <1
1/3 forl<z<4
Fy(z)=<% 1/2 ford<z<6
5/6 for6 <z <10

1 for x > 10

find

(a) P(2<X <6);
(b) P(X =4);
(c) the probability function of X.




Exercise 6 a) and h)

Fe ()

1 - —
0 forz <1 T -
1/3 for1<z<4 z

P(X $ x)= Fx(z)=<¢ 1/2 ford<z <6

5/6 for 6 <z < 10 F 1 —
1 for z > 10 33"' O

o } } t t

1 4 &6 10 X
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Exercise 6 c)

Voo
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DX:]’()L’)é’fOi
§ ()= PXx=x) = F(x)- Falz)

(1) = 1 -0=1
X 2 3
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7. Find the cumulative distribution function of the random variable that has the proba-
bility function f(z) = /15 for x = 1,2,3,4,5.




Exercise /
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Exercise /




8. To make a study about the quality of public transports in a certain city, the Mayor
wants to know how many people arrive at a bus stop to catch a bus between two
consecutive bus arrivals. Let X be a random variable that provides this information,
with the following probability function:

T 0 1 2 3 4 15| 6 or more
PX=2%2)|01]|015|020]|025|a|bd 0.05

Find a and b such that

a) P(X >5)=0.15;

b) P(X € {1,4}) =0.35;
c) Fx(4) =0..8.




Exercise 8 a) and h)

o)
P(X>f S—) = ,(}'\'0.0f = 0.1¢ = ,{9: o. 1

> %(x):‘lizl O. 1+ 0.1T+0.4+0.dF+a +0. 1 +0.0¢ = 1
XEeD, X

=) a4+ 0.80= 1E a= o0.15
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= 0.4v+ b = 1) b = 0. 0s




Exercise 8 c)

e)

Fx(q)_—_ O. 1+ 0.1+ 0.2+0.2F ~+a = 0.8 &

E) a+ 0¥ = 0.8 a= 0.1

1- Fo(4) = P(x>4)= Atoos =0 dE) b=ois




Continuous Random Variable: Exercises

Probability Density Funcion (PDF) and Cumulative Distribution
Function (CDF)

31



Integral: Formules

+00 4 1 1 4 1
(a) Temos que f(x) 20 e [f(x) dx=[= dx== x| == (4-1)=1
) )37 3L 3

portanto f(x) é uma fdp.

3
(b) Temos: P(2<x<3) =_[
2

Tabela 1.1: Tabela de Primitivas Elementares

7 Pf=F
c,ce IR cx
x* (a=-1) xot
o+l
1 loglxl
X
e e’
cosx sinx
sinx —cosx
sec’ x tgx
cosec’x —cotgx
1 arctgx
l+x?
1 arcsinx
A1=x?
cosh x sinhx
sinhx cosh x



https://edisciplinas.usp.br/pluginfile.php/3141014/mod_resource/content/1/T%C3%B3pico_08_.pdf

Remarks: PDF and CDF

Sime ;B'X(Z)Z a ¥ E £ MIGL#){&S:'

Answer: F' can be a cumulative dlstnbutlon functlon because it seems that F'
is non-decreasing, 0 < F < 1




9. The probability density of the continuous random variable X is given by

1/5 2<2<7
fx(:tt)—{ 0 elsewhere

(a) Draw its graph and verify that the total area under the curve (above the x-axis)
is equal to 1.

(b) Find P(3 < X < 5).




Exercise 9 a)
1 (d<x< #)
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Exercise 9 b)
A)

“]-
\

P(3<X<§): _?g- x(g-.’)) = 12_




10. Let fx(x) =e* for 0 < z < +00.

(a) Show that fx(x) represents a probability density function.

(b) Sketch a graph of this function and indicate the area associated with the proba-
bility that X > 1.

(c) Calculate the probability that X > 1.




Exercise 10 a)
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Exercise 10 b) and ¢)
pote)

-
— b= e
B = P(x>1)




11. Let fx(z) =322 for 0 < z < 1. I

(a) Show that fx(x) represents a density function.

(b) Sketch a graph of this function, and indicate the area associated with the proba-
bility that 0.1 < X < 0.5.

(¢) Calculate the probability that 0.1 < X < 0.5.




Exercise 11 a)

g}((x) 3" (o< x<1)




Exercise 11 b)

B P(o1<x<0C5)

i
|
|
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Exercise 11 ¢)

)
@ o.S O.°¢ 2
Pl(o.1<x<o0.5) :/ gX(I) dx-—-/ 3x daz
0.1 0.1

2. 0¥ 3 3
= [;( ]o.1 = 0O0,s 01 = 01324




Questions?
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