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List 2 - Measurable functions

. Let (91, F1) and (22, F2) be measurable spaces and consider a function f : Q; — Q9. Show that:

(a) If fis (Fi, Fo)-measurable, it is also (F, Fa)-measurable for any o-algebra F O Fj.
(b) If f is (F1, F2)-measurable, it is also (Fj, F)-measurable for any o-algebra F C Fa.

. Show that:

(a) Xp1(a)=Xao0 fforany A C Qg and f:Q — Qo
(b) Xang = Xy X for A, B C Q.
(C) Xaup = Xy + X — Xanp for A, B C Q.

. Let f: Q7 — Qs and g : Q9 — Q3 be measurable functions. Prove that g o f is also measurable.

. Show that a function f is measurable iff f* and f~ are measurable.
Hint: f+ =X, f where A= {x € Q: f(x) > 0}.

. Let f: (2, F) — (R,B(R)) be a measurable function. Show that:

(a) |f] is also measurable.

(b) f~t{a}) = {z: f(z) = a} is a measurable set.

. Let A C F be o-algebras. Are the following propositions true? If not, write examples that

contradict the statements.

(a) If a function is A-measurable, then it is also F-measurable.

(b) If a function is F-measurable, then it is also A-measurable.
. Consider a simple function . Write |¢| and determine if it is also simple.

. Let ([0, 1], B(]0,1]), m) be the Lebesgue measure space and f,(z) = 2", x € [0, 1], n € N. Determine

the convergence of f,.

. Show that if the limit of a sequence of measurable functions exists, it is also measurable.

Page 1 of



10.

11.

12.

Let (21, F1, 1) be a measure space, (€2, F2) a measurable space, and f: Q1 — s a measurable

function. Show that:

(a) The function po f~! is a measure on F.

(b) If  is a probability measure, then o f~! is also a probability measure.

Let (2, P, 0,) be a measure space where 4, is the Dirac measure at a € Q. If f:  — R is measurable,

what is its induced measure (distribution)?

Compute m o f~! where f(z) = 2z, * € R, and m is the Lebesgue measure on R.
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