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List 8 - Martingales

1. Let X1, Xo,... be a martingale with respect to the filtration Fi, Fa,.... Show that:

(a) If Xo = E(X;) and Fp = {0,Q}, then Xo, X1, Xo,... is a martingale with respect to the
filtration Fo, F1, Fo,. ...

(b) X, is a martingale with respect to o(X1,..., X,).

2. Let Y1,Y5,... be independent random variables such that

1 1
P(Yn:an)zw, P(Yn:()):l—ﬁ and P(Yn——an)—w,
n—1
where a1 =2, a, =4 ) a;j. Decide if X,, and o(Y1,...,Y},) define a martingale when:
j=1
n
(a) Xn=>_Yj
j=1
X
(b) X'n = Z 27Yj
j=1
n
(¢) Xo= 2 V7
j=1

3. Let Y1,Y5,... be a sequence of iid random variables such that P(Y,, = 1) = p and P(Y,, = —1) =
1 —p. Let S, = > Yj. Decide if X,, and o(Y7,...,Y,,) define a martingale when

j=1
(a) X = S
(b) X, =S2—n
(¢) Xy = (—1)"cos (7S,)
(d) X, = lp;p)s”.
(€) Xp=25n—(2p—1)n

4. Let Y7,Y5,... be a sequence of iid random variables with Poisson distribution and mean value A.

Consider also the sequence
Xp = n—1+Yn_1a TZEN,

and Xy = 0. Find the values of A for which X, is a martingale, sub-martingale or super-martingale,
with respect to the filtration o(Y1,...,Y,).

5. Let X, be a martingale with respect to a filtration F,,. Prove that

E(Xptj|Fn) = Xp, foralln,jeN.
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6. Let X, be a martingale with respect to the filtration F,, and 7 is a stopping time. Determine
E(X:an)-

7. Let Y1,Ys,... be a sequence of iid random variables with distribution

n
P(Y,=1)=p and P(Y,=-1)=1-p, where0<p<1 and X, = ¥}
j=1

Compute E(7) for the stopping time
T =min{n > 1: X,, =1}

when:

(a) p<1/2.
Hint: Use Wald’s equation (when p < 1/2 try also using the optional stopping theorem for
Zn = [(1=p)/p]*).

(b) *p>1/2.
Hint: Use the optional stopping theorem for Z,, = X,, — (2p — 1)n. Look first at an application

of the optional stopping theorem for Z,5, in order to show that E(r A n) is bounded. Then
take the same conclusion for E(7).
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