Simplex Method — Complete Resolution of Example 2

Original Problem

max z = dxy + 4o,
s. to x1—312 <3
—2x1+ 29 <2
—3x1 +4zo < 12
3r1+29<9
x1,22 20

Standard Form

We introduce slack variables x3, x4, x5, T to convert inequalities into equalities:

max 2z = dxy + 4o,
s.to x1—3xs+x3=3
—2x14+ 22 +T4 =2
—3x1 + 4o + x5 = 12
3r1+x0+26=19

X1,%2, X3, T4, Ts5,Te > 0

Initial Simplex Table (Iteration 0)

Basic Var ‘ T Ty T3 Ty Xy Xg ‘ RHS

T3 1 -3 1 0 0 0 3
T4 201 0 1 0 O 2
T5 3 4 0 0 1 0 12
Te 3 1 0 0 0 1 9
z -5 -4 0 0 0 O 0

The current solution is = (0,0, 3,2,12,9) with value z = 0.
Entering variable: z; (has the most negative coefficient in row z), corresponds to column with

min{z;, for all j such that variable x; is non basic} = min{—>5, -4} = 5.
Leaving variable: Compute minimum ratio, for values strictly positive in column of 1 (the entering

variable):

RHS from row i
value in column of z; in row ¢

such that value in column of z; and in row i>0} =

min{
3 9
min{i7 g} = 3 its a tie, choose one = x3 leaves the basis.

Name the rows as follow:

‘ Basic Var ‘ T1 X2 X3 T4 Ts Xg ‘ RHS

row Ry a3 3 1 0 0 0] 3
row Ro T4 -2 1 0 1 0 0 2
row Rj 5 3 4 0 0 1 0| 12
row Ry Tg 3 1 0 0 0 1 9
row Rs | z 5 4 0 0 0 0] 0




Iteration 1 — Pivot is in first row R; (row of z3) and column 1 (column of z): z;
enters, r; leaves

Pivot row: divide the row of the pivot by the pivot to make pivot = 1:

4 L Rpivot

pivot =T inOt

R

So, in this example, for Ry,
’ R]
R, = —

T

All other rows: perform operations to make other elements in the column of the pivot = 0:

/ element, in column of the pivot, to make 0 R
'pivot

Rj = Rj -

pivot

So, in this example,

/ -2
RzlzRg—TXR]:RQ—f—QXRl
/ -3
RSZZRS—TXR1:R3+3XR1
/ 3
R42:R4*IXR1:R4*3XR1

’ -5
R51:R5—TXR1:R5+5XR1

After pivotal operations:

B Ty To I3 Xy T5 Te ‘ RHS

|1 3 1 0 0 o0 3
zg |0 -5 2 1 0 0| 8
x5 |0 -5 3 0 1 0] 21
% | 0 10 -3 0 0 1| 0
z|0 <19 5 0 0 0] 15

The current solution is x = (3,0,0,8,21,0) with value z = 15.

Not all coefficients in row z are now non-negative. Therefore, the current solution is not yet optimal.
Entering variable: x5 (most negative coefficient in row z)

Leaving variable: Compute minimum ratio, for values strictly positive in column of x5 (the entering
variable):

min{%} = 0 = w¢ leaves the basis

Iteration 2 — Pivot is in row R; (row of z5) and column 2 (column of z3): z;
enters, rg leaves
Pivot row: divide the row of the pivot by the pivot to make pivot = 1:

R’ L Rpivot
pivot =T

pivot

So, in this example, for Ry,

/ R4

R, := —
110



All other rows: perform operations to make other elements in the column of the pivot = 0:

element to make 0

!/
R, = Rj X Rpivot

pivot
So, in this example,

/ -3 3
Rl.—Rl—TUXR4—R1+EXR4

/ -5 )
RQ.—RQ—TOXR.,1—R2+EXR4

/ -5 5
R32:R3—7XR4:R3+fXR4

10 10
, -19 19
Ry =Rs— — X Ry=Rs5+ — xR
A A T A T
After pivot operations:
rg | x1 Ty X3 Xy Ty Tg ‘ RHS
1 3
5 5
zs |00 2 0 1 F| 21
z2 [0 1 =2 0 0 5| 0
z|]0 0 -5 0 0 B 15

The current solution is = (3,0, 0,8,21,0) with value z = 15. Note that this is exactly the same solution
that was obtained in the previous iteration. (This is because it is a degenerate solution. A degenerate
solution can be identified by having a basic variable with value equal to zero.)

Not all coefficients in row Z are now non-negative. Therefore, the current solution is not yet optimal.

Entering variable: x3 (most negative coefficient in row z)

Leaving variable: Compute minimum ratio, for values strictly positive in column of z3 (the entering

variable):

21
- %7 =} = min{30, 16, 14} = 14 = x5 leaves the basis

10 10 10

min{

Iteration 3 — Pivot is in row 3 (row of z5) and column 3 (column of z3): z3 enters,
rs leaves

Pivot row: divide the row of the pivot by the pivot to make pivot = 1:

R/- - Rpivot
pivot * inOt
So, in this example, for Rs,
/ Ry 2
R3 =3 = g X R3
2

All other rows: perform operations to make other elements in the column of the pivot = 0:

element to make 0

!/
R, = Rj X Rpivot

pivot



So, in this example,

1
!’ ETRY ].
Rl :leng{;:Rl*ng
5 15
, 2 1
RzlzRg—%XR3:R2—§XR3
2
/ — 10 1
R4 :R4—TXR3_R4+*R3
5 5
: -5 7
R5 —R5—%XR3—R5+fXR3
5 15

After pivot operations:

| 1 0 0

e |0 0 0 1 -1 1]

z3 | 0 0 1 0 2 i 14
[0 1 0 o & L] 2
z|Jo 0o o0 o0 & 2|

The current solution is z = (%, %, 14,1,0,0) with value z = %.

All coefficients in row Z are now non-negative. Therefore, the current solution is optimal.



If, in the first iteration, we select variable x5 instead of x1 to enter the basis, we would get the following:

Initial Simplex Table (Iteration 0)

Basic Var ‘ Tr1 Ty T3 Ty Xy Tg ‘ RHS

T3 1 -3 1 0 0 0 3
T4 201 0 1 0 O 2
T5 3 4 0 0 1 0 12
Te 3 1 0 0 0 1 9
z -5 -4 0 0 0 O 0

The current solution is = (0,0, 3,2,12,9) with value z = 0.
Entering variable: x5 (most negative coefficient in row z)

Leaving variable: Compute minimum ratio, for values strictly positive in column of x5 (the entering

variable):
RHS from row j -

value in column x5 in row j

min{

2 12

9
min{I, R T} =min{2, 3, 9} =2= x4 leaves the basis

Iteration 1 — Pivot is in row 2 (row of z4) and column 2 (column of z;): z, enters,
z4 leaves

Name the rows as follow:

H Basic Var ‘ 1 To T3 X4 Xy Te ‘ RHS

row Ry T3 1 -3 1 0 0 0 3
row Ry a4 -2 0o 1 0 0] 2
row Rg Ts -3 4 0 0 1 0 12
row Ry Tg 3 1 0 0 0 1 9
row Rs H zZ 5 4 0 0 0 O 0

Pivot row: divide the row of the pivot by the pivot to make pivot = 1:
in this example, for Rs,
’ R2
Ry, = —
2T
All other rows: perform operations to make other elements in the column of the pivot = 0:

/ -3
Rl::leTXRQZRl‘F:&XRQ
/ 4
R3I:R3—IXR2:R3—4XR2
/7 1
R4ZZR4*IXR2:R4*R2

/ —4
R5::R5—TXR2=R5+4XR2

After pivot operations:



T | *1 Xy X3 T4 Tp :vg‘RHS

a3 |5 0 1 3 0 0] 9
x| 2 1 0 1 0 0] 2
x| 5 0 0 4 1 0| 4
x| 5 0 0 -1 0 1] 7
Zz|[-13 0 0 4 0 0] 8

The current solution is z = (0,2,9,0,4,7) with value z = 8.

Not all coefficients in row Z are now non-negative. Therefore, the current solution is not yet optimal.
Entering variable: x; (most negative coefficient in row Zz)

Leaving variable: Compute minimum ratio, for values strictly positive in column of z; (the entering

variable):
RHS from row j

min{ value in column x5 in row j} -
4 7 4
min{g, 5} =: = leaves the basis

Iteration 2 — Pivot is in row 3 (row of z5) and column 1 (column of z;): z; enters,
s leaves

Pivot row: divide the row of the pivot by the pivot to make pivot = 1:

in this example, for R3,
/ R
R3 = ?

All other rows: perform operations to make other elements in the column of the pivot = 0:
/ -5
Rl ::Rl—?XRng]_“FR?,
/ -2 2
RQ ::RQ—TXR3:R2+*XR3
5 5
/ )
R4Z:R4—;XR3:R4_R3
5
/ —13 13
R5 ::R5—?XR3:R5+EXR3
5

After pivot operations:

rp 1 o I3 Ty T5 Te ‘ RHS

zz | 0 0 1 -1 1 0 13

[0 1 0 -2 2 o] 1
@ [ 1 0 0 -3 + 0] %

z¢ | 0O 0 O 3 -101 3

zlo o o -2 8 o %

The current solution is z = (%, 1—58, 13,0,0,3) with value z = 9—52.

Not all coefficients in row Z are now non-negative. Therefore, the current solution is not yet optimal.
Entering variable: x4 (most negative coefficient in row z)



Leaving variable: Compute minimum ratio, for values strictly positive in column of x4 (the entering

variable):

RHS from row j -

min{ : . -
value in column x4 in row j

3
min{g} =1 = x¢ leaves the basis

Iteration 3 — Pivot is in row 4 (row of z4) and column 4 (column of z,): z, enters,
re leaves

Pivot row: divide the row of the pivot by the pivot to make pivot = 1:
in this example, for Ry,

All other rows: perform operations to make other elements in the column of the pivot = 0:

, -1 1
Rlile—?XR;l:Rl-i-ngl

/ 1
RQZ:RQ—TXPQ R2+5XR4

4
’ _5 4
R3—R3*?XR4 R3+BR4
/ -3 32
R5—R5—75XR4:R5+T5XR4

After pivot operations:

zs |0 0 1 0 2 1] 14

1 1 21

1 4 24 8
s [0 0 0 1 -3 3 1
zlo o o o £ 2 124

124

The current solution is = (£,2!,14,1,0,0) with value z = 2%,

All coefficients in row Z are now non-negative. Therefore, the current solution is optimal.



