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List Extra 1 - Radom-Nikodym Theorem

1. Let (Q, F, u) be a measure space and f : Q — Q an integrable map with respect to u. Define the

map v as:

:/fdu, VA€ F.
A

(a) Prove that v is a finite signed measure.

(b) Prove that v < p and p < v. Are these two measures equivalent?
2. Show that if A is a signed measure and there is A € F such that A(A) is finite, then A(0)) = 0.

3. Consider the mensurable space € = [0, 1] endowed with the o—algebra os borelians B(]0, 1]). Define

the measure

16 L 1
== -m
1 B 0 oM

where dp is the Dirac measure centered at 0 and m is the usual Lebesgue measure in [0, 1].

(a) Show that dyp < p and m < p.

(b) Show that if f is an integrable map with respect to u then:

/Afdu:;/Afcho—l—;/Afdm

(c¢) Use the Radon-Nikodym Theorem to show that if A € B([0,1]), then:

d5 do,
do(A) = 2 —2d / %d

1 [d 1 [d
m(A):2[4£d60+2[4£dm

(d) Using the set A = {0}, compute %(0) and %(0).
(e) Let A € B([0,1]) for which 0 ¢ A. Show that

/ d—(sodm— 0 and / ™ = 2m(A) = / 2dm.
A

dé dm
(f) Define the maps 7¢ and 7 in €.

and

4. Let v, A and p be finite signed measures. Show that if p < A and A < v, then ;4 < v and

dv _ vy
dp — d\du’
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5. Let (Q1, Fi1, 1) a measure space, (€22, F2) a mensurable space, f : 1 — Q9 a mensurable map and

po = o f~1. Show that for any integrable map ¢ with respect to po, then:

/92 gdp = AI(QOf)dul-
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