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LECTURE 6 HOMEWORK:
QUESTIONS AND SOLUTIONS




EXERCISE 5.22

5.22 Itis known that amounts of money spent on clothing
A in a year by students on a particular campus follow a
normal distribution with a mean of $380 and a stan-
dard deviation of $50.

a. What is the probability that a randomly chosen
student will spend less than $400 on clothing in
a year?

. What is the probability that a randomly chosen
student will spend more than $360 on clothing in
a year?

¢. Draw a graph to illustrate why the answers to
parts (a) and (b) are the same.

d. What is the probability that a randomly chosen
student will spend between $300 and $400 on
clothing in a year?

e. Compute a range of yearly clothing expenditures—

measured in dollars—that includes 80% of all stu-

dents on this campus? Explain why any number

of such ranges could be found, and find the

shortest one.




EXERCISE 5.22 A): SOLUTION

I ‘ Answer:

a. Probability that X < 400

Step 1: Compute the z-score:

y_X-p 400-380 20
o 50 50

Step 2: Find P(Z < 0.4) using the standard normal table:

ﬂ



EXERCISE 5.22 B): SOLUTION

I | Answer:

b. Probability that X > 360

Step 1: Compute z-score:

Z:360—380: —20:_0.4

50 50

Standard Normal Table

[ Probability ~ 0.655 (65.5%)
Observation: Answers to (a) and (b) are the same because of symmetry of the normal distribution:

P(X < 400) = P(X > 360)

since 400 is 20 above the mean and 360 is 20 below the mean.




EXERCISE 5.22 C): SOLUTION

I 1 Answer:

c. Graph illustrating symmetry

e Draw a normal curve with mean at 380.
e Shade area to the left of 400 (part a) and to the right of 360 (part b).

e The two shaded areas are mirror images across the mean, explaining why probabilities are equal.

)

\& | P(X < 400) = P(X > 360) '

360 380 400 Suppose the area between 360 and the mean of X is
the same as the area between the mean of X and
400.




EXERCISE 5.22 D): SOLUTION

EJ Answer:

d. Probability that 300 < X < 400

Step 1: Compute z-scores:

300380 80

A — — 1.6
! 50 50
400 — 2
7 - 00-380 20
50 50

|

Standard Normal Table

[ Probability = 0.601 (60.1%)




EXERCISE 5.22 E): SOLUTION

f(z)

0.l 0.1
EJ Answer: m |
X~ Normal(30,50%) e —

(a-380)/50 = z,, O (b-380)/50 = z,,

®7'(0.9) = z,, is the quantile
of the standard normal
distribution corresponding to a

probability of 0.9 (area on the
left).

Standard Normal Table

[ Shortest range = $316 to $444

Note: Any other range covering 80% probability is possible (not necessarily symmetric), but the shortest

range is always symmetric around the mean.




EXERCISE 5.27

' 527 A contractor has concluded from his experience that

‘i the cost of building a luxury home is a normally dis-

| tributed random variable with a mean of $500,000 and
a standard deviation of $50,000.

a. What is the probability that the cost of building a
home will be between $460,000 and $540,000?

b. The probability is 0.2 that the cost of building will
be less than what amount?

¢. Find the shortest range such that the probability is

0.95 that the cost of a luxury home will fall in this

range.




EXERCISE 5.27 A): SOLUTION

I ‘ Answer:

a) P(460,000 < X < 540,000).

Standardize:

460,000 — 500,000
N 50,000 N

540,000 — 500,000

50,000 08

—0.8, Z

1

From the standard normal,
P(—U.S < Z < 0.8) = @(0.8) — @(—0.8) = (.78814 — 0.21186 = 0.57628.

Answer: =~ 0.5763 (57.63%).




EXERCISE 5.27 B): SOLUTION

CJ Answer:

b) Find  such that P(X < z) = 0.20.

The 20th percentile of the standard normal is 2z 99 ~ —0.841621. Convert:

z = p+ 2o = 500,000 + (—0.841621)(50,000) = 500,000 — 42,081.05 ~ 457,919.

Round sensibly: $457,920 (approximately).




EXERCISE 5.27 C): SOLUTION

L Anwer: NG00

¢) Shortest range containing 95% of the distribution.

For a normal distribution the shortest (and symmetric) 95% interval about the mean uses 2 975 =~ 1.96:

p £ 1.960 = 500,000 £ 1.96(50,000) = 500,000 = 98,000.

Answer: [$402,000, $598,000].




EXERCISE 5.47

-

5.47 A hospital finds that 25% of its accounts are at least
1 month in arrears. A random sample of 450 accounts
was taken.

a. What is the probability that fewer than 100 accounts
in the sample were at least 1 month in arrears?

b. What is the probability that the number of accounts
in the sample at least 1 month in arrears was be-
tween 120 and 150 (inclusive)?




EXERCISE 5.47 A): SOLUTION

I ‘ Answer:

Parameters:

X ~ Binomial(n = 450, p = 0.25), uw=mnp=112.5, o= +/np(1 —p) = V450 -0.25 - 0.75 ~ 9.1856.

a) P(fewer than 100) = P(X < 100) = P(X < 99).

With continuity correction approximatg by When the normal distribution is used

to approximate a binomial distribution,
a continuity correction of 0.5 can
be applied to improve accuracy —
although in some cases it may be

99.5 — 112.5 omitted
=7 7"~ _1.4153. :
z 9.1856 o3

P(Y <99.5), Y ~ N(112.5, 9.1856°).

Standardize:

Using the standard normal CDF,

P(X < 100) ~ ®(—1.4153) ~ 0.07850.

Answer (a): =~ 0.0785 (7.85%).




EXERCISE 5.47 B): SOLUTION

CJ Answer:

Parameters:

X ~ Binomial(n = 450, p = 0.25), u=mnp=112.5, o = +/np(1 —p) = V450-0.25 - 0.75 ~ 9.1856.

b) P(120 < X < 150) (inclusive). With continuity correction:

P(119.5 < Y < 150.5).

Standardize:

119.5 —112.5 150.5 —112.5
_ ~ 0.7621, _ ~ 4.1369.
A1 9.1856 2 9.1856

So

P(120 < X < 150) ~ $(4.1369) — $(0.7621) ~ 0.99998 — 0.7770 ~ 0.22299.

Answer (b): ~ 0.2230 (22.30%).




LECTURE 7: EXPONENTIAL
DISTRIBUTION




APPLICATIONS OF THE
EXPONENTIAL DISTRIBUTION

» Used to model the length of time between two
occurrences of an event (the time between
arrivals)

— Examples:
= Time between trucks arriving at an unloading dock
= Time between transactions at an ATM Machine

= Time between phone calls to the main operator

Newbold et al (2013)




PDF OF THE EXPONENTIAL
DISTRIBUTION

* The exponential random variable T (t > 0) has a
probability density function

f (t) — ﬁe_ﬁr for [ > 0 The random variable X follows a

Exponential distribution with
parameter A > 0: X ~ Exponential(\).

 Where

— A is the mean number of occurrences per unit time
— tis the number of time units until the next occurrence
— e=2.71828

T is said to follow an exponential probability distribution

Newbold et al (2013)

* Right-skewed distribution
* E(X) = 1/A
* Var(X) = 1/A\?

* Possible values: [0, +2o[




CDF OF THE EXPONENTIAL
DISTRIBUTION

« Defined by a single parameter, its mean A (lambda)

* The cumulative distribution function (the probability that
an arrival time is less than some specified time t) is

F(t) = P(T <€) = I-eX

where e = mathematical constant approximated by 2.71828

A = the population mean number of arrivals per unit

t = any value of the continuous variable where > 0




PDF AND CDF FOR
EXPONENTIAL DISTRIBUTION

Graphical representation of the probability density function
(PDF) and the cumulative distribution function (CDF) of a
random variable with an Exponential distribution for
various values of the parameter A.




EXPONENTIAL DISTRIBUTION
EXAMPLE

Example: Customers arrive at the service counter at
the rate of 15 per hour. What is the probability that the
arrival time between consecutive customers is less
than three minutes?

* The mean number of arrivals per hour is 15, so 4 =15

Three minutes is .05 hours

 Exponential CDF P = 0.05) = ~X(0.09)
P(arrival time < .05) —l—e ™ =1-eBN% ~0.5276

F(t) = P(T < t) = |-eM

So there is a 52.76% probability that the arrival time
between successive customers is less than three

minutes
Newbold et al (2013)

In the Exponential distribution, A is the rate parameter,

representing the mean number of events per unit of time,
while I/A is the mean time between events.




EXERCISE 5.55

5.55 A professor sees students during regular office hours.
Time spent with students follows an exponential dis-
tribution with a mean of 10 minutes.

|

a. Find the probability that a given student spends
fewer than 20 minutes with the professor.

b. Find the probability that a given student spends
more than 5 minutes with the professor.

¢. Find the probability that a given student spends

between 10 and 15 minutes with the professor.

Newbold et al (2013)




EXERCISE 5.55 A): SOLUTION

I ‘ Answer:

If X ~ Exponential(}\), then:

f@) =X, >0

EEERERESE o - <0

We're told the mean = 10 minutes, so:

Meanz%:lﬂ = A=0.1

(a) Probability that a student spends fewer than 20 minutes:
P(X <20)=F(20)=1—¢e ™® =1_-¢"

e?2~0.1353 = P(X <20)~1-0.1353 = 0.8647

[ Answer (a): 0.865




EXERCISE 5.55 B): SOLUTION

I ‘ Answer:

If X ~ Exponential(}\), then:

f@) =X, >0

EERRERRESE o - <0 -

We're told the mean = 10 minutes, so:

Meanz%:lﬂ = A=0.1

(b) Probability that a student spends more than 5 minutes:
P(X>5)=1-P(X<5)=e " =¢"

e 9% ~ 0.6065

[2 Answer (b): 0.607




EXERCISE 5.55 C): SOLUTION

I Answer:

If X ~ Exponential(}\), then:

flzy=xe™, z>0

EERRERRESE o - <0 -

We're told the mean = 10 minutes, so:

Meanz%:lﬂ = A=0.1

(c) Probability that a student spends between 10 and 15 minutes:
P(10 < X < 15) = F(15) — F(10)

— (1 — 6—0-1'15) _ (1 _ 6—0,1«10)

e 1 ~0.3679, e °~0.2231

P(10 < X < 15) ~ 0.3679 — 0.2231 = 0.1448

2 Answer (c): 0.145




MEMORYLESS PROPERTY OF THE
EXPONENTIAL DISTRIBUTION

¢ Definition:

ial distribution i s, meaning:
|P(X>s+t\X>s):P(X>t)

foranys, t > 0.

* Explanation:

The probability that the event occurs after an additional time t does not depend on how much time
has already passed.

+ Bample X~ Exponential(0.1).

Suppose the lifetime of a light bulb is Exponential with A = 0.1 (per hour).

If a bulb has already lasted 5 hours, the probability it lasts at least 3 more hours is:

PX>8|X>5)=P(X >3)=e"3x0.741

F(t) = P(T < t) = |-eN




RELATIONSHIP BETWEENTHE EXPONENTIAL
AND POISSON DISTRIBUTIONS

* Let events occur according to a Poisson process with rate A > 0.

* Poisson distribution: counts the number of events in a fixed interval:

X ~ Poisson(d), P(X =k)= k=0,1,2,...

k!

» Interpretation of A: average number of events per unit time (or per unit interval)

* Exponential distribution: models the time between consecutive events:

T ~ Exponential(\), fr(t) = Xe ™, t >0

* Interpretation of 1/\: average waiting time until the first event occurs

* Key relationship:

P(T >t) = P(noeventsin [0,¢]) = P(X =0) = e

* Usage:
1. Poisson — number of events in an interval

2. Exponential — waiting time until next event




EXERCISE ONTHE POISSON AND
EXPONENTIAL DISTRIBUTIONS

A call center receives calls at an average rate of 5 calls per hour (A = b). Assume that calls arrive according

to a Poisson process.

1. What is the probability that no calls are received in the next 30 minutes?
2. What is the probability that the first call occurs after 30 minutes?

3. What is the probability that at least one call is received in the next 30 minutes?

— _




EXERCISE ONTHE POISSON AND
EXPONENTIAL DISTRIBUTIONS: SOLUTION

Step 0: Define variables
I Answer: « X ~ Poisson(5) - number of calls per 1 hour

* Y ~ Poisson(2.5) —» number of calls in 0.5 hours (Y is scaled from X)§

* Call center: average 5 calls per [l Probability of no calls in the next 30 minutes
hour,A =5 9 5025
* Interval: 30 minutes = 0.5 hours PY =0)= — o1 = e 2% ~ 0.0821

] Probability the first call occurs after 30 minutes (Exponential)
e T ~ Exponential(A = 5) per hour

[ Same as P(Y = 0), because P(Y=0) = P(T > t)

[ Probability at least one call in 30 minutes

P(Y >1)=1—P(Y =0) = 1—0.0821 ~ 0.9179




LECTURE 7: CHI-SQUARE
DISTRIBUTION




CHI-SQUARE DISTRIBUTION

* |f the population distribution is normal then

_ (n—1)s’

2
O

Q

has a chi-square (y°) distribution
with n — 1 degrees of freedom




RELATIONSHIP BETWEEN NORMAL
AND CHI-SQUARE DISTRIBUTIONS

o letZy,Zs,...,2Zy ~ N(0,1) be independent standard normal variables.

e Then the sum of their squares follows a Chi-Square distribution:

Q- z~xem | [
=1

* Key properties:
1. Support: Q > 0
2. Shape: Right-skewed, becomes more symmetric as n increases

3. Additivity: If Q1 ~ x?(n1) and Q2 ~ x*(n2) are independent, then

Qi1+ Q2 ~ Xz(nl + ng2)

Usage: Widely used in goodness-of-fit tests, tests of independence, and variance estimation.




DERIVATION OF THE CHiI-
SQUARE DISTRIBUTION

Let

be a random sample from a normal population.

The sample variance is

= T 2 (K- XY
i=1
Then, the following result holds:
Q — 0_2 ~ X(n 1)

That is, the statistic () follows a chi-square distribution with n — 1 degrees of freedom.




WHY Q HAS n — 1DEGREES OF
FREEDOM (DF),NOT n

When we compute the sample variance

1 i a
= —) (X;— X)’
i=1

n—1+%

we use X, the sample mean, which is itself estimated from the data.

Because X is calculated from the n observations, only n — 1 deviations (X; — X) are free to vary

independently.

Hence, the sum of squared deviations >_ (X; — X )2, and the statistic

0 01T

follows a chi-square distribution with n — 1 degrees of freedom.

Key idea: subtract 1 because 1 parameter (the mean) is estimated from the data.




WHY Q HAS n — 1DEGREES OF
FREEDOM (DF), NOT n: EXAMPLE

Idea: Number of observations that are free to vary after
sample mean has been calculated

Example: Suppose the mean of 3 numbers is 8.0

Let X, =7 If the mean of these three values is 8.0,
LetX,=8  |—=>|then X; must be 9
What is X;? (i.e., Xj is not free to vary)

Here, n = 3, so degrees of freedom=n-1=3-1=2

(2 values can be any numbers, but the third is not free to vary for a given
mean)




MEAN AND VARIANCE OF THE
CHI-SQUARE DISTRIBUTION

o Let x? ~ x%(n), where n = degrees of freedom.

* Mean:
Bl = n e~
e Variance:
Var(x?) = 2n
Notes:

e The Chi-Square distribution is widely used in goodness-of-fit tests, tests of independence, and variance

estimation.




CHI-SQUARE DISTRIBUTIONSWITH
DIFFERENT DEGREES OF FREEDOM

* The chi-square distribution is a family of distributions,
depending on degrees of freedom:

cdf.=n-1

/\ |

0«48‘1216202428/1/2 048 12 16 20 24 28 /1/20481216202428 /1,2

d.f.=1 df.=5 df.=15

+ Text Appendix Table 7 contains chi-square probabilities

Newbold et al (2013)

The chi-square distribution
becomes more symmetric as the
degrees of freedom increase.



CHI-SQUARE EXAMPLE

« A commercial freezer must hold a selected temperature
with little variation. Specifications call for a standard
deviation of no more than 4 degrees
(a variance of 16 degrees”®).

« A sample of 14 freezers is to be tested

*| What is the upper limit (K) for
the sample variance such that
the probability of exceeding this
limit, given that the population
standard deviation is 4, is less

than 0.057

Newbold et al (2013)




EXAMPLE: FINDING A CRITICAL
VALUE/QUANTILE FORTHE SAMPLE

We have a! = E% (so o = 4), sample size n = 14. For a normal population

(n—1)5?

0‘2

2
~ Xﬂ.—l'
Here n — 1 = 13. We want k such that
n = 14 (sample size)

P(S? > k) < 0.05. 0% = 16 (population
variance)

Set the chi-square cutoff at the 95th percentile:

 P(5%>k)=10.05

F1(0.95) = X*(0.95,13) is the quantile of probability 0.95 of That means P(S? > 27.522) = 0.05, so
the chi-square distribution with 13 degrees of freedom. choosing this k ensures the probability is
The method to find this quantile using the chi-square table is < 0.05 (strictly speaking equal to 0.05;any

explained on the next slide. slightly larger k gives < 0.05).




EXAMPLE: FINDING A CRITICAL
VALUE/QUANTILE FORTHE SAMPLE

VARIANCE

We want to determine the value k such that the probability of the sample variance being greater than k is

0.05: I
P(S* > k) = 0.05
n = 14 (sample size)
Let 02 = 16 (population
o (n—1)82 variance)

F1(0.95) = X*(0.95,13) is the quantile of probability 0.95 of

the chi-square distribution with 13 degrees of freedom.
The method to find this quantile using the chi-square table is

explained on the next slide.



FINDING A CHI-SQUARE QUANTILE:
EXAMPLE

Table 7a Upper Critical Values of Chi-Square Distribution with » Degrees of Freedom

v 0.10 0.05

, _(n—=1)s* Is chi-square distributed with (n—1)=13

1 2706 3841 4 o2 degrees of freedom _
2 4.605 5.991
3 6.251 7.815 . . ) . . .
: 77 s » Use the the chi-square distribution with area 0.05 in the
6 10.645 12592 il-
7 12.017 14.067 upper tail:
8 13.362 15.507
9 14.684 16919 Xz(o.?5,|3_) =22.36 (0! =.05and14-1=13 df)
10 15.987 18.307 -
11 17.275 19.675
12 18.549 21.026
» 13 19.812 # ih
14 21.064 prOb{?;)I“ty
= o=
N

!

X2(0.95, 13) ~ 22.36

Because the chi-square quantile X* s, 13y is associated with a probability of

0.95, the area behind (to the left) of this pointis | — o = 0.95, while the
area ahead (to the right) is o = 0.05.



EXERCISE ON THE CHI-SQUARE
DISTRIBUTION

Questions

1. Determine the following probabilities:
a) P(x3 > 5.99)
b) P(x% < 11.07)
A P(3 < x3) < 18)
d) P(x3, > 21.03)
e) P(x? < 0.584)
2. Determine the following chi-square quantiles:
a) The 95th percentile Xéq) df=8
b) The 1st percentile X%.ﬂl. df=10

¢) The 97.5th percentile X%.sm. df—4




EXERCISE ON THE CHI-SQUARE
DISTRIBUTION: SOLUTION

These values cannot

I be obtained using the
Answer: table presented.

Questions

Table 7a Upper Critical Values of Chi-Square Distribution with » Degrees of Freedom . . .
s 1. Determine the following probabijlities:

PROBABILITY OF EXCEEDING THE CRITICAL VALUE a) P(X% = 599)
v 0.10 0.05 0.025 0.01
2

1 2.706 3.841 5.024 6.635 b) P (XE' < 11'07)

2 4,605 5.991 7.378 9.210 o P(3 < X%n < 18)

3 6.251 7.815 9.348 11.345 .

4 7.779 9.488 11.143 13277 d) P(xis > 21.03)

5 9.236 11.070 12.833 15.086 2 .

6 10.645 12.592 14.449 16.812 e) P(x3 < 0.584)

7 12.017 14.067 16.013 18.475 2. Determine the following chi-square quantiles:
8 13.362 15.507 17,535 20.090 ) 5

9 14.684 16919 19.023 21.666 a) The 95th percentile X g5 4¢3
10 15.987 18.307 20.483 23.209 . 9

11 17.275 19.675 21.920 24.725 b) The 1st percentile X0.01,df=10

13 19.812 22.362 24.736 27.688

Answers (for checking with the chi-square table)

Ta) 0.0500 1b) 0.9500 1c) 0.9265 1d) 0.0499 1e) 0.0999
2a) 15.5073 2b) 2.5582 2¢) 11.1433




LECTURE 7: STUDENT’ST
DISTRIBUTION




STUDENT’ST DISTRIBUTION

* Consider a random sample of n observations
— with mean X and standard deviation s
— from a normally distributed population with mean u

* Then the variable _

X —p Tty
T:: Ntn
S/vn !

follows the Student’s t distribution with (n — 1) degrees
of freedom

Newbold et al (2013)

i
« [
LIRS |



RELATIONSHIP OF THE STUDENT’S T
DISTRIBUTION WITH NORMAL AND
CHI-SQUARE

o Let Z ~ N(0,1) (standard normal) and X ~ x?(n) (Chi-Square with n degrees of freedom),

independent.

* The t-Student distribution with nn degrees of freedom is defined as:

Z
|
X/n

* Key properties:
1. Support: —oo < t, < 00
2. Symmetric and bell-shaped, like the Normal distribution.
3. Asn — oo, t, — N(0,1) (approaches the standard normal).

Usage: Commonly used in hypothesis testing and confidence intervals for small sample sizes.




DERIVATION OF THE
STUDENT’ST DISTRIBUTION

o Let X and S? be the sample mean and variance from a normal population with mean p and variance
2
o”.

¢ Define:
X

4= v

~ N(0,1)

(n—1)82

Q = 5 ~ x*(n —1), independent of Z

g

B Z _X—,(LN
C ]

* Then the t-statistic is:

Key points:

1. Shows how the t-Student arises from normal and Chi-Square variables.
2. Degrees of freedom = n — 1 because the sample variance is estimated.

3. Provides the link between the theoretical t and the practical sample t used in hypothesis testing.




MEAN AND VARIANCE OF THE
STUDENT’ST DISTRIBUTION

o Lett ~ t(n), where n = degrees of freedom.

*» Mean:

Et]=0, forn>1

Var(t) =

mn
f > 2
Y orn

Notes:

e The t-distribution is symmetric and bell-shaped, used mainly in hypothesis testing for small samples and
confidence intervals.

* Variance is only defined for n > 2.




STUDENT’ST DISTRIBUTION

* The Tis a family of distributions

» The 1 value depends on degrees of freedom
(d.f.)

— Number of observations that are free to vary after sample
mean has been calculated

df.=n-1




STUDENT’ST DISTRIBUTIONSWITH
DIFFERENT DEGREES OF FREEDOM

Note: T— Z as nincreases

Standard
Normal

ammm=w)\\

t-distributions are bell-
shaped and symmetric, but /‘\

have ‘fatter’ tails than the
normal ‘yf\

t (df = 13)

t (df=5)

Newbold et al (2013)




FINDING AT-STUDENT QUANTILE:
EXAMPLE

Note on Notation:

Table 8 Upper Critical Values of Student’s t Distribution with » Degrees of Freedom e B (5eve) EemRTRET Ways to express

BABILITY OF EXCEEDING THE CRITICAL VALUE t-student quanti|es: t(z 0 95) = tO 95 2
) . . )
v 0.10 0.05 0.025 0.01 0.005 0.001 n
1 3.078 6.314 Objective
» s 1.886 To determine the quantile of probability 0.95 for a t-distribution with 2 degrees of freedom, denoted by
3 1.638 .
4 1.533 2132 t(2,0.95)
5 1.476 2.015 Z07TT D000 FUDL 2.070
6 1.440 1.94
Procedure
7 1.415 1.8¢
8 1.397 1.8¢ 1. ldentify the parameters:
9 1.383 1.8:
T ——————————— P(T <(2,0.95)) =0.95, withdf =2

2. Using the t-distribution table, find the row for 2 degrees of freedom and the column corresponding to
0.95 cumulative probability.

3. The value obtained is

£(2,0.95) = 2.920

Interpretation:
The value t(2, 0.95) = 2.920 means that 95% of the area under

the t-distribution curve with 2 degrees of freedom lies to the
left of 2.920, and the right tail area is « = 0.05.




STUDENT’ST TABLE

Upper Tail Area

Let:n=3
df=n-1=2

df| .10 | .05 | .025 ”a:_lo
%05

1 13.078(6.314 12.706 2

1.8862.920|4.
2 |1.886[2.920] 4.303

3 11.638]2.353 |3.182

The body of the table :
contains t values, not 0™
probabilities

Newbold et al (2013)



T DISTRIBUTION VALUES

With comparison to the Z value

Confidence t t t z
Level (10 d.f.) | (20 d.f.) | (30 d.f.)
.80 1.372 1.325 1.310 1.282
.90 1.812 1.725 1.697 1.645
.95 2.228 2.086 2.042 1.960
.99 3.169 2.845 2.750 2.576

Note: T 5> Z as n increases




EXERCISE ONTHE STUDENT’ST
DISTRIBUTION

Questions

1. Determine the following probabilities:
a) P(t;p > 1.812)
b) P(t15 < —2.131)
) P(—1.753 < tg < 1.860)
d) P(tao > 2.845)
e) P(t; < 0)
2. Determine the following t-distribution quantiles:

a) The 95th percentile g 95 4f—12

b) The 97.5th percentile £9.975, df=9
c) The 2.5th percentile £g g25, =30




EXERCISE ONTHE STUDENT’ST
DISTRIBUTION: SOLUTION

These values cannot
I be obtained using the
Answer: table presented.

Table 8 Upper Critical Values of Student’s ¢ Distribution with » Degrees of Freedom

Questions

PrOBABILITY OF EXCEEDING THE CRITICAL VALUE . . e .
1. Determine the following probabilities:

v 0.10 0.05 0.025 0.01 0.005 0.0
1 3.078 6.314 12.706 31.821 63.657 318. a) P(tm > 1.812)
2 1.886 2,920 4303 6.965 9.925 2.
3 1.638 2.353 3.182 4541 5.841 10. b) P(t15 < —2.131)
4 1533 2132 2776 3.747 1604 7 ) P(—1.753 < t5 < 1.860)
5 1.476 2,015 2571 3.365 4032 5
6 1.440 1.943 2447 3.143 3.707 5 d) P(ta > 2.845)
7 1415 1.895 2365 2.998 3499 1
8 1.397 1.860 2306 2.896 3355 1 e) P(t; < 0)
9 1.383 1.833 2262 2.821 3.250 4 2. Determine the following t-distribution quantiles:
10 1.372 1.812 2228 2764 3169 4 )
1 1363 1.796 2201 2718 3.106 4 a) The 95th percentile £g.95, df-12
12 1.356 1.782 2179 2681 3.055 3 b) The 97.5th percentile 9,975/ 4f—o
13 1350 1.771 2160 2650 3012 3 )
14 1.345 1.761 2145 2.624 2977 3 ¢) The 2.5th percentile £p,025, df=30
15 1.341 1.753 2131 2.602 2947 -
16 1.337 1.746 2120 2583 2921 . .
- s Loa S0 o s Answers (for checking with the t-Student table)
18 1.330 1.734 2101 2552 2878
19 1.328 1.729 2,093 2539 2.861 13) 0.05 1b:} 0.025 1{:) 0.90 1d) 0.005 13) 0.50
20 1325 1.725 2086 2528 2.845
’ 2a) 1.782 2b) 2.262 2c) —2.042

21 1.323 1.721 2.080 2.518 2.831




LECTURE 7: F-SNEDECOR
DISTRIBUTION




F-SNEDECOR DISTRIBUTION

* The F-distribution with m numerator and m denominator degrees of freedom arises from the ratio of

two independent Chi-Square random variables:

P (X /n) waz(n)’ waz(‘m) _

(Y/m)’

Properties:
1. Support: F' >0
. Shape: Right-skewed (positively skewed), becomes more symmetric as 72 and m increase

2
3. Mean and Variance: Defined for m > 2 and m > 4 respectively
4. Limit: Asn — ocoandm — oo, F' — 1

Usage: Commonly used in ANOVA, regression analysis, and tests of equality of variances.




F-SNEDECOR DISTRIBUTIONS WITH
DIFFERENT DEGREES OF FREEDOM

140

L=

1,20 -

1,00 - F(2,50)
0,80 - F(30,30)

0.60 1

0,40

0,20 -

' 8,66
b J]
-0.20

Distribuicao Qui-quadrado, Distribuiciao t-Student e Distribuicio F-Snedecor - Distribui¢cdes - Studocu
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MEAN AND VARIANCE OF THE
F-DISTRIBUTION

o Let F' ~ F(n, m), where n. = numerator degrees of freedom, m = denominator degrees of freedom.

* Mean:
E[F]:mni , form > 2 _
* Variance:
2m?(n +m — 2
Var(F) = n(m(—Q_;(m—i)’ form > 4
Notes:

* Only defined for m > 2 (mean) and m > 4 (variance).

* Useful in ANOVA and hypothesis testing. . Test for equality of two variances:

==, po S

* Analysis of Variance (ANOVA):

Mean Square Between Groups

F =
Mean Square Within Groups

* Regression: testing significance of multiple coefficients.




MEAN AND VARIANCE OF A F-
SNEDECOR DISTRIBUTION: EXAMPLE

If Uy ~ x%(4) and Uy ~ x%(10), independent, then

(U1/4)
(U2/10)

F =

~ F(4,10)

Mean = % =1.25

2
210°(4+10-2) _ (3 911

Variance = 5)26)




RELATIONSHIP BETWEEN F, CHI-
SQUARE,AND STUDENT’ST
DISTRIBUTIONS

Let X ~ x%(n) and Y ~ x?(m) be independent Chi-Square random variables.

The F-distribution with n numerator and m denominator degrees of freedom is defined as:

(X/n)
F = , F~F(n,m)
(Y/m)
Connection with t-Student:
ti ~ F(1,n)

That is, the square of a t-Student variable with n degrees of freedom follows an F-distribution with 1
and n degrees of freedom.
Key points:

1. Fis always non-negative.

2. Chi-Square is a special case of F when m — oc:

* Reciprocal property of F:

1
IfF ~ F(n,m), 7 F(m,n)




FINDING A F-SENEDCOR QUANTILE:
EXAMPLE

Table 9a Upper Critical Values of the F Distribution

For vy NUMERATOR DEGREES OF FREEDOM ANDtNOMINATOR DEGREES OF FREEDOM 5% SIGNTIFICANCE LEVEL F5( v, v2)

va /vy 1 2 3 4 5 6 7 8 9 10 l
1 161448 199.500 215707 224583 2307 T TTT T TToTT o STUomm o semmem oo ees
2 18513 19.000 19164 19247 19 Objective
3 10.128 9,552 9277 9.117 9,
4 7700 6.044 6,501 6388 » To determine the quantile of probability 0.95 for an F-distribution with 4 numerator and 10 denominator
5 6-608 2786 2409 5192 5 degrees of freedom, denoted by:
6 5.987 5.143 4757 4534 .
7 5591 4737 4347 4.120 .
8 5318 1459 4.066 3.838 F(4,10,0.95) or Fo.95.4.10
9 5.117 4256 3.863 633 3. Procedure

10

4.965 4.103 3.708

1. Identify the parameters:

* Numerator degrees of freedom: v; = 4
* Denominator degrees of freedom: v, = 10
e Cumulative probability: 0.95
2. Using the F-distribution table, locate the row for v; = 4 (numerator) and the column for v3 = 10
- (denominator) corresponding to 0.95 cumulative probability.

3. The value obtained is:

Fo.95.410 = 3.48

Interpretation
Left area: 0.95 (area under the curve to the left of 3.48)
Right tail: a = 0.05 (area to the right of 3.48)




EXERCISE ONTHE F-SNEDECOR
DISTRIBUTION

Questions

1. Determine the following probabilities:
a) P(F(35) > 2.5)

b) P(Fs6) < 3.1)

0 P(1.2 < Fa5) < 4.8)

2. Determine the following F-quantiles: ;
|

a) The 95th percentile F{ g5(2 5)
b) The 97.5th percentile Fj g75(38)

c) The 90th percentile F gg(4,6)




EXERCISE ONTHE F-SNEDECOR
DISTRIBUTION: SOLUTION T vlecnnobe

obtained using the
table presented.

Questions

I Answer 1. Determine the followi

. a) P(F3g) > 2.5)
- l ; ; ; ; ; : . m .graur;de Ilherd;a‘;ie do nur:‘l:mdor - - b) P(F(4,6) < 3 1)

1] .100 39.86 49.50 53.59 55.83 57.24 58.20 58091 5944 59.86 60.19 60.71 6122 61.74
050 16145 19950 21571 22458 23016 23399 23677 23888 24054 24188 24390 24595 24802 C) P ( 1 . 2 < F(2 5)

025 | 64779 T9948  B64.15  899.60 92183 93701 94820 95664 96328 96863 976.72 98487 99308 ’

010 [ 405218 499934 540353 562426 576396 585895 592833 598095 602240 605593 610668 615697 620866

2] .100 8353 9.00 9.16 9.24 929 933 935 937 9.38 939 9.41 942 944
050 1851 19.00 19.16 19.25 19.30 19.33 1935 1937 19.38 19.40 19.41 19.43 19.45
025 3851 39.00 3907 39.25 39.30 39.33 3936 3937 39.39 39.40 3941 3943 3945
010 98.50 99.00 99.16 99.25 99.30 99.33 99.36 9938 99.39 99.40 99.42 99.43 90 .45

3] .100 554 5.46 539 5.34 531 528 527 525 524 523 5.22 5.20 5.18 2. Determine the fo"owing F_quantiles:
050 1013 9.55 028 9.12 9.01 894 889 HES 281 279 874 870 B.66

025 | 1744 1604 1544 1510 1488 1473 1462 1454 1447 1442 1434 1425 1417 ile F
010 | 3412 3082 2946 2871 2824 2791 2767 2749 2734 2723 2705 2687 2669 a) The 95th percentlle 0.95(2,5)

4| 100 454 432 419 411 405 401 398 395 394 392 390 387 384 .
050 771 694 659 639 626 616 609 604 600 596 591 5.86 5.80 b) The 97.5th percent||e Fﬂ 975(3.8)

025 | 1222 1065 998 960 936 920 907 898 890 88 8§75 866 856 =99,

010 | 2120 1800 1669 1598 1552 1521 1498 1480 1466 1455 1437 1420 1402

probabilities:

4.8)

¢) The 90th percentile Fg_gn(g_l,ﬁ)

s| w0 | 406 378 362 352 345 340 337 334 332 330 327 324 321
050 | 661 579 541 519 505 495 488 482 477 474 468 462 456
025 | 1001 R43 776 739 75 698 685 676 668 662 652 643 633 |
010 | 1626 1327 1206 1139 1097 1067 1046 1029 1016 1005 989 972 955
6| .00 | 378 346 320 318 311 305 301 298 296 2904 290 287 284 ~
050 | 599 504 476 453 439 428 421 415 410 406 400 394 387 1a) P(F('3,8) > 25) ~ 0.22
025 | 881 726 660 623 599 58 570  S60 552 546 537 521 507
010 | 1375 1092 978 915 875 847 826 810 798 78 7172 756 740 1b) P(F(4 6) < 31) =~ (.85
7] 00 | 350 326 307 296 288 283 27% 275 272 270 267 263 259 ’
050 | 559 474 435 412 397 387 379 373 368 364 357 351 344 ~
025 | 807 654 589 552 529 502 499 490 482 476 467 457 447 1) P(12 < F(Z,EJ) < 48) ~ 0.35
010 | 1225 955 45 785 746 719 699 684 672 662 647 631 616
8| .00 | 346 301 292 281 273 267 262 259 256 254 250 246 242
050 | 532 446 407 384 369 358 350 344 339 335 328 32 35 _
757 606 542 505 482 465 453 443 436 430 430 410 400 2a) E}.QE}(Z,ﬁ) =5.79

11.26 8.65 7.59 T.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 552 5.36

336 301 281 269 261 255 251 247 244 242 238 23 230 2b) E}_g75(3 8) — 5.42
512 426 386 363 348 337 320 323 30§ 314 307 301 204 ’
721 571 508 472 448 432 420 410 403 396 387 377 367

1056 802 699 642 606  S80  S61 547 535 526 S11 49 48] 20) E}.Q(}(é_l,(i) = 3.18




HOMEWORK OF LECTURE 7:
QUESTIONS




EXERCISE 5.58

5.58 Suppose that the time between successive occurrences
of an event follows an exponential distribution with a
mean of 1/A minutes. Assume that an event occurs.

a. Show that the probability that more than 3 minutes
elapses before the occurrence of the next eventis e

b. Show that the probability that more than 6 min-
utes elapses before the occurrence of the next
eventis e °.

c. Using the results of parts (a) and (b), show that if

3 minutes have already elapsed, the probability that

a further 3 minutes will elapse before the next occur-

rence is e A Explain your answer in words.

3A

Newbold et al (2013)




EXERCISE 5.60

5.60
|

Delivery trucks arrive independently at the Floorstore

Regional distribution center with various consumer

items from the company’s suppliers. The mean num-

ber of trucks arriving per hour is 20. Given that a truck

has just arrived answer the following;:

a. What is the probability that the next truck will not
arrive for at least 5 minutes?

b. What is the probability that the next truck will ar-
rive within the next 2 minutes?

¢. What is the probability that the next truck will arrive

between 4 and 10 minutes?

ewbold et al (2013)
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