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HOMEWORK OF LECTURE 17:
QUESTIONS AND SOLUTIONS




EXERCISE 10.10

10.10 A political science professor is interested in compar-
ing the characteristics of students who do and do not
vote in national elections. For a random sample of 114
students who claimed to have voted in the last presi-
dential election, she found a mean grade point aver-
age of 2.71 and a standard deviation of 0.64. For an
independent random sample of 123 students who did

not vote, the mean grade point average was 2.79 and
the standard deviation was 0.56. Test, against a two-
sided alternative, the null hypothesis that the popula-
tion means are equal.




EXERCISE 10.10: SOLUTION

Data

e Voters:n; = 114, &, = 2.71, s1 = 0.64.
* Non-voters:ng = 123, T2 = 2.79, s9 = 0.56.

Hypotheses (two-sided)

Hy: py = po Hy: pa # po

Test used

Welch two-sample t-test (variances unknown and not assumed equal).




EXERCISE 10.10: SOLUTION

I Answer:

Test statistic 1
B B Vv is given by the
P L1 — L2 t(v) Welch—Satterthwaite
o2 32 \ formula. Calculated
°1 + °2 _value:
o v &~ 225.23.

Compute pieces:

e Difference of means: 1 — Ty = 2.71 — 2.79 = —0.08. Test statistic:

e Standard error: T —0.08
t ~ ~ —1.0207.
0.07837

_ 0.07837

S _ \/0.642 L 056" _ \/ 0.4096  0.3136
Vo114 123V 114 123




EXERCISE 10.10: SOLUTION

I ‘ Answer:

P-value (two-sided)

Using £ = —1.0207 with v ~ 225.23 (large df), the two-sided p-value is approximately

p ~ 0.307 (about 0.31).

Rejection region (two-sided): reject H if |¢| > to/2,0-

e Fora = 0.05, t0_025?y ~ 1.9706.

Compare: | — 1.0207| = 1.0207 < 1.9706 = test statistic does not lie in the rejection

region.




EXERCISE 10.10: SOLUTION

I Answer:

95% confidence interval for ;17 — o

Critical value (approx.) £ 975, ~ 1.971.

(Z1 — Z2) £ togrs. - SE = —0.08 + 1.971(0.07837)

= CI ~ (—0.234, 0.074).

Conclusion

® The two-sided p-value is about 0.307, which is greater than common significance

levels (e.g. 0.05).
Fail to reject H|y. Both the test statistic and the p-value indicate no statistically

significant difference in mean GPA between students who voted and those who did

not.
e The 95% confidence interval for 13 — p2 contains 0 (=~ —0.234 to 0.074),

consistent with the same conclusion.



LECTURE I8:TESTS OF THE
DIFFERENCE BETWEENTWO
NORMAL POPULATION
PROPORTIONS




TWO SAMPLETESTS

Two Sample Tests

Group 2

Population Population _ ,
Means Means Population Population
Dependent Independent Proportions Variances
Samples Samples
Examples:
Same group Group 1 vs. Proportion 1 vs. Variance 1 vs.
before vs. after independent Proportion 2
treatment

Variance 2




TWO POPULATION PROPORTIONS

Population proportions

Tests of the Difference Between Two Population Proportions
(Large Samples)

Goal: Test hypotheses for the
difference between two population
proportions, P, — P,

Assumptions:
Both sample sizes are large,

nP(1-P)>5




TWO POPULATION PROPORTIONS

Population proportions
* The random variable

 (p-h)(n-n)

R(1-r) P(1-P)

\ n, ny

has a standard normal distribution




TEST STATISTIC FORTWO
POPULATION PROPORTIONS

Population proportions _

The test statistic for  [H:p,-p =0

Hy:P.—-P =0 H:P.-P,#0
is a z value:
_ (h.—P,)
po(1=£0) , By(1-,)
n. n,

R n.p,.t+ n,p,
Where p, =

n.+n,



GENERAL HYPOTHESISTEST FOR
DIFFERENCE OF TWO PROPORTIONS

Hypothesis
Hy:p1—p2=a
Hi :p1 —p2 # a (or one-sided alternative) HO: I:)I — P2 =a
Test Statistic Note:
($1 — fa) —a When Hy:p; — p, = 0 ,we assume the two
z= P P2 population proportions are equal (p; = p;) and
s (1— 5 ( 1,1 ) use the pooled variance for the test.
\/Pn( Po) (s & When Hy:p; — p, = a # 0 ,the proportions are
) - not equal, but we assume a fixed difference

where the pooled proportion under H is: aunder the null. The pooled variance is still

. n1p1 + noPo “ 1 + Ty used because it reflects the expected

T, Po = L+ 7 variability of the difference under H,.

For confidence intervals, we do not assume
any fixed difference, so we use the separate

variances of each sample.
* Note: if a # 0, we still pool under the null assumption of equality shifted by a. Key idea:

e I, Ty number of successes in each sample

® N3, N2 sample sizes

Pooled variance — for hypothesis testing under
the null

Separate variances — for estimation (confidence
intervals)




DIFFERENCE OF TWO POPULATION
PROPORTIONS:WHY ARETHE STATISTICS
DIFFERENT FOR CONFIDENCE INTERVALS AND
HYPOTHESISTESTS?

Confidence Interval for p; — p» Hypothesis Test for p, — pz

To test:
A 100(1 — a)% confidence interval for the difference of two population proportions is:
Hoy:pi —p2=0
(1 — P2) £ zi_a ;2\/p1(1 — P + Po(1 — p2) the test statistic is:
! mnq o R R
L (p1 — p2)

e Both population proportions p; and ps are unknown. \/}‘;j (1 — po) (L i L)
e The standard error is estimated from the sample proportions p; and p-. 0 0/ \ni T n
e The goal is estimation of p; — ps. where the pooled proportion is:

. T1t+ I3

P= ny + No

e Under Hy, the two population proportions are assumed to be equal.

Key Takeaway:

Confidence interval: uses separate sample proportions p; and p,.
Hypothesis test: uses a pooled proportion based on H,,.

The statistics differ because the hypothesis test assumes equality
under H,, while the confidence interval does not.

e The standard error is computed using the pooled estimate p.

e The goal is hypothesis testing, not estimation.




DECISION RULES:TEST STATISTIC
FORTWO POPULATION

PROPORTIONS

Population proportions

Hy:P.—-P >0 Hy:P.—P <0 Hy:P -P =0

H,:P.—P,<0 H,:P,—P >0 H, :P.-P %0

Z ,
a Z|g Z,n Z_n

Reject Hyifz< 7 Reject H, ifz> 5 Reject H, ifz < ,

orz>.

o/2

Z|_an2
RR =]-»;2.] RR = [z,; +=°[

RR =17 -5z ,n]U[z| o5 +°°[



TEST STATISTIC FORTWO
POPULATION PROPORTIONS:

EXAMPLE

Is there a significant difference between the
proportion of men and the proportion of
women who will vote Yes on Proposition A?

* In a random sample, 36 of 72 men and 31 of
50 women indicated they would vote Yes

* Test at the .05 level of significance

Newbold et al (2013)




TEST STATISTIC FORTWO
POPULATION PROPORTIONS:

EXAMPLE N
| TwouledTest

He:P,-P,=0

* The hypothesis test is:
H,:P,—F, =0 (the two proportions are equal) H,:P, - P, 0
H, :P,—-B, #0 (thereis a significant difference between proportions)

« The sample proportions are:

R 36
— Men: Py :E:-SO
n 31

— Women: Pw = 5 =.62
* The estimate for the common overall proportion is:

S 72(2—2]+50(%) 67
b _ My Py Ty Py _ _ — 549

’ n,+n, 72+50 122




TEST STATISTIC FORTWO
POPULATION PROPORTIONS:

EXAMPLE
The test statistic for P, — B, =0 is: M ;Reject H,
7= (Py —Py) 025 | . 025
\/ﬁo(l—po)m(l—ﬁo)
g " 1.96 1 1.96
(.50-.62) -1.31

-
')
wst®
al
.
----
s
wet®
s
-t
)

\/('549(1'549) +'549(1:-'-§ﬂ‘9")j Decision: Do not reject H,

.................... Conclusion: There is not

=131 significant evidence of a

iy difference between men
Critical Values = +£1.96 and women in proportions

For a =.05 who will vote yes.
RR = ] -20;-1.96]U[1.96; +<] ,




LECTURE I8:TESTS OF
EQUALITY OFTWO
VARIANCES




TWO SAMPLETESTS

Two Sample Tests

Group 2

Population Population _ ,
Means Means Population Population
Dependent Independent Proportions Variances
Samples Samples
Examples:
Same group Group 1 vs. Proportion 1 vs. Variance 1 vs.
before vs. after independent Proportion 2
treatment

Variance 2




TESTS OF EQUALITY OFTWO

VARIANCES
T » Goal: Test hypotheses about two
ests for Two population variances
Population e b
Variances Hy 0,20, | D
| H.2 6 < of
F test statistic By 16,50 | RightTaledTest
H :ols 0';‘
o O |
H :ol % 0';

he two populations are assumed to be
independent and normally distributed




TESTS OF EQUALITY OFTWO
VARIANCES

Tests for Two
Population
Variances

F test statistic

The random variable
2
Sx
2
o
F="x s s
2 - "o
_Y
2
o,
Has an F distribution with (7, —1)

numerator degrees of freedom and
(ny —1) denominator degrees of

freedom
Denote an F value with v, humerator and v,

denominator degrees of freedom by va




TESTS OF EQUALITY OFTWO
VARIANCES:TEST STATISTIC

Tests for Two
Population
Variances

F test statistic

The critical value for a hypothesis test
about two population variances is

where F has (n, —1) numerator
degrees of freedom and (ny —1)
denominator degrees of freedom



F-TEST FORTWO VARIANCES:
REJECTION REGIONS

Rt

e Hypotheses:

Hg:arfgag \'E H1:0'3>arg

o Statisticc I = s2/s32

* Rejection Region: F' > F1_, 47, df, RR = [F,; +[

.

Do not Reject H, F
reject H,
: ’ F;:_‘ ~Ln, -1, |-ar

e Hypotheses:

e Statistic F' = s2/s2
* Rejection Region: F' < F,.q7 df RR = [0;F,]

3.
|/\ ¢ Hypotheses:

o Statisticc ' = s7/5s3

* Rejection Region:

Hg:arfzag \E H1:0'%<cr§

2 2 2 2
Hy:0{ =05 vs Hi:o0] # 05

F < Fopdpdf, or F > Fi o245 .df,

RR = [0; F o pJU[F| 05 +°[



F-TEST FORTWO VARIANCES: P-

VALUES

Test statistic

2 /.2 2
F_31/32_31x‘72
o2 52T o?
1/92 2 1

Under Hy, the test statistic follows an

F(ny — 1, ny — 1) distribution.

-

Hypotheses:
2 2
Hy: 0] <03
H,: arf > Jg
p-value:

P—Val‘le = P(Fnl—l..ng—l > Fobs)

e

Hypotheses:
2 2
Hy: 0] > 05
Hy:0? <03
p-value:

p—va.lue = P(Fnl—l..ng—l < Fobs)

p——

Hypotheses:
Hyp: a’f = crg
H, : 2 2
1:07 # 03
p-value:

p-value = 2 x min {JJ(E,QI_M_,_1 < Fobs)s P(Fpyotmy1 > Fobs)}

Note: Due to the asymmetry of the F distribution, the two-tailed p-value is

obtain

ed by doubling the probability corresponding to the more extreme tail.




SOME COMMENTS ON
HYPOTHESISTESTING

 Atest with low power can result from:
— Small sample size
— Large variances in the underlying populations
— Poor measurement procedures

* |If sample sizes are large it is possible to find
significant differences that are not practically
important

« Researchers should select the appropriate level of
significance before computing p-values




HOMEWORK OF LECTURE 18:
QUESTIONS




EXERCISE 10.15

10.15 Random samples of 900 people in the United States
and in Great Britain indicated that 60% of the people
in the United States were positive about the future
economy, whereas 66% of the people in Great Britain
were positive about the future economy. Does this
provide strong evidence that the people in Great Brit-

ain are more optimistic about the economy?




EXERCISE 10.16

10.16 A random sample of 1,556 people in country A were
asked to respond to this statement: Increased world
trade can increase our per capita prosperity. Of these sam-
ple members, 38.4% agreed with the statement. When
the same statement was presented to a random sam-
ple of 1,108 people in country B, 52.0% agreed. Test
the null hypothesis that the population proportions
agreeing with this statement were the same in the two
countries against the alternative that a higher propor-

tion agreed in country B.




EXERCISE 10.24

10.24 It is hypothesized that the total sales of a corporation
should vary more in an industry with active price

' competition than in one with duopoly and tacit col-
‘ lusion. In a study of the merchant ship production
industry it was found that in 4 years of active price

' competition, the variance of company A’s total sales
, was 114.09. In the following 7 years, during which
there was duopoly and tacit collusion, this variance

was 16.08. Assume that the data can be regarded as

an independent random sample from two normal
distributions. Test, at the 5% level, the null hypothesis

that the two population variances are equal against

the alternative that the variance of total sales is higher

in years of active price competition. ,




EXERCISE 10.25

1025 In ]jght of a number of recent large-corporation bank-
ruptcies, auditors are becoming increasingly concerned
about the possibility of fraud. Auditors might be helped
in determining the chances of fraud if they carefully
measure cash flow. To evaluate this possibility, samples
of midlevel auditors from CPA firms were presented
with cash-flow information from a fraud case, and the

T "Were asked to indicate the chance of material fraud on

a scale from 0 to 100. A random sample of 36 auditors
used the cash-flow information. Their mean assessment
was 36.21, and the sample standard deviation was 22.93.
For an independent random sample of 36 auditors not
using the cash-flow information, the sample mean and
standard deviation were respectively 47.56 and 27.56.

Test the assumption that population variances for
assessments of the chance of material fraud were the
same for auditors using cash-flow information as for |
auditors not using cash-flow information against a |
two-sided alternative hypothesis.
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